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Preface 


This book is inicncicd for ;oi in(rocl.Klor> course in nuanlit.ilire melhodc. Il 
has been urilten for sUKloms «ho need lo knou how these inelhods can be 
helpful in (he dccision-niakint; process, but who hare little niatheniatical 
background beyond a course ,n high school algebra. The emphasis, then is on 
application rather than theory . l urthorn, ore. the book has been designed to he 
patient, first trying to cominuntcate with students who are apprehensne about 
quantitative subjects and then trying to reinforce the learning process wi h 
Imerotts examples, problems, and-most important-w ith .d carefully 

"'"it "o a ino-".!- 

are: 

1 Modular Jcsinx. Most chapters contain three units, or modules: („1 the 

core text material; (/)) cases; and Id appendixes. 

2 Orvev The end-of-chapter cases are integrated with the core text 
material and emphasi/e the appltcaiions of the techniques to real-world 

problems. 

The modular design allows an unusual degree of nexihilily. The core text 
mt erTal includes all the baste background and techniques necessary for a 
"^Xd introductory course in qiiantit itoe ^ ^ 

module has a eompre.rmr.xe 

this ^ an elementary but interesting opportunity to try 

preceding co . nicihods just acquired. PinalK. the third module, the 

out the techniques and nuirnu j h 

4 • % 
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appendixes, which follow the cases, can be used by those who desire a more 
advanced or more challenging course. The appendixes cover either similar 
material at a more advanced level or topics appropriate for more rigorous 
courses. Each of the appendixes, like the standard text core, also has a 
complete set of problems. The book. then, can he used to support three basic 

course designs: 

1 A basic, inlroduclory course using only the core material in chapter 
(excluding cases and appendixes) 

2 A basic, introductory course using the core material plus the cases lor a 

more applied emphasis (excluding appendixes) 

3 A more advanced course using the core material, cases, and appendixes. 


Core 

chapter 



Cases 


! Appendix 


£ 

^ o 
o ^ 

Q. 


Appendix 


£ 

<x> 
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f - 

I Appendix 
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The 29 end-of-chapter cases, the book’s second feature, illustrate the use 
of quantitative methods in the functional areas of marketing, production, and 
finance. Their settings are the private, government, and health sectors of the 
economy. Written specifically for this book, they differ from typically well 
structured textbook problems in that they generally involve some ambiguity 
and require that the problem confronting the decision maker be defined, that 
assumptions be made and supported, that a model be formulated, that a mode! 
be solved, and that problems of implementation be considered. In addition 
they often imolvc human and organizational aspects. The cases are not loo 
dithciili. nor are the\ too long. They were written to be meaty and realistic. 

For both the student and teacher, the class sessions devoted to case 
discussion can be lively and exciting learning experiences. Rather than being a 
passive absorber of information, the student becomes an active participant. 
Both my experience and that of nn colleagues, who have used the case 
method to supplement the course, suggest that the quality of the course — 
corroborated by student/teacher evaluations — has been improved. 

For teachers unfamiliar with the case method a complete manual is available 
including guidelines for carrying on a case discussion. 

In keeping with the book s orientation toward the application of quan- 
titative methods in the decision-making process, chapters have been included 
on decision trees, computers, and the implementation <.>f management science. 
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In addition the conventional topics found in most quantitative methods books 

have also been included. . ^ . i u 

The computer chapter, although it appears at the end of the hook, may be 

used at any time during the course. If the students are required to solve 

linear-programming problems on the computer, this may be the appropriate 

opportunity to introduce the chapter. , , ■ , , i 

^ I am indebted to countless people and institutions for the ideas, support, and 

assistance that went into the hook: the Cieneral Electric Company. Boeing 

Company, and Hewlett-Packard Company, where I gained the working 

experience that provided much of the basis for the cases: my coheagucs 

Christoph Haehling von Lanzenaiier. Warren G. Briggs, and I-inda G. .Sprague 

who developed m> interest in the case method; I rofessors Dean Plagei, E h 

Burt Paul R Merry, Marvin Rothstein, and E. J. Manton for their helpful 

suggestions- my students who tested these materials and suggested improve- 

nrentv Jenifer 1-Kinnon. Barbara Horne, and Shirley Bastianelh who typed the 

manuscript- Deirdre Tarzian: my mother for her love and devotion; -'nd hna ly 

my children Tonnie Susan and Denise Eav who often make it all so worthwhile. 

To all of them, a very special thanks. 


Barry Shore 




Chapter 1 


Systems and Models 


INTRODUCTION 

There is no question that good information can be useful during the decision- 
making process It can lead to an improvement in the decision that must be made. 
7Lp\e example of this is the process of deciding what to wear in the 

morning Two factors must be considered. The first is the actwity that will be 
morning. 1 second is the weather. To obtain some 

performed durmg the^day^and^^ call the weather bureau, check the 

information outside. Finally, on the basis of 

rh- tf^Xom a rci^o: irLde , Th'e better the information, the better will be 

oSiatmnai - r^i^z^r^^d 

the problem of ‘^.^s ^^ore complex, but the consequences of 

mforination requir y j millions of dollars and can influence 

these decisions can often be meas 

lrZrZLlo't.3eZons. the payofl to an organization for using 

good information is information which is timely to the 

decisTon"‘at'ha®nd° relevant, and accurate enough to be useful. It can come 
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from the formal or informal analysis of quantitative data or from the formal 
[,r informal analysis of nonquantitative data. Often data from both sources are 

used. Seldom is it justifiable to use one or the other exclusively 

Quantitative data are associated with those pheimmena in the decision 
environment which can be measured. Profits, costs, expenses tnterest. 
dividends, capacities, market share, labor-hours, and demand are all examples 

of these phenomena. . . r 

This book is concerned with the development of methods for analyzing 

these quantitative data and thereby providing information that should be 
useful during the decision process. The methods developed include prob- 
ability analysis, bayesian analysis, decision trees. linear programming, 
simulation, inventory methods, and network analysis. But the emphasis is not 
exclusively on the development of these quantitative methods. Since it is 
equally as important to becoa.e familiar with how these methods are used in 
the decision process, case studies are included at the beginning and end of 
each chapter. The cases at the beginnings of the chapters are used to create a 
realistic setting within which the methods will be presented. The cases at the 
ends of the chapters will test your ability to use these methods in realistic 

decision situations. 

The case which follows will give you the opportunity to become familiar 
with the ways in which quantitative methods might be used in an organization. 
It will also be used to uncover the relationship between systems and models, a 
topic that will be covered later in the chapter. 


CASE STUDY: Jordan Company 


I he Jordan Company’s rate of growth for the past 7 years had been very 
disappointing. During the first few years of this period the stockholders and 
board of directors put little pressure on President Walter Grady. He con- 
tinually reassured them that this was a temporary lull and that several new 
products about to be introduced would return the company to its historical 
growth rate of 8 percent. But these products never performed well, and the 
period of stagnation continued. 

Six months ago the board finally ran out of patience and pressured Mr. 
Grady to resign. Upon receiving his resignation it immediately initiated a 
search for his successor, and just last week named Mr. Van Porter to the 
post. 


Mr. Porter becomes the president of the fourth largest package goods 
company in the United States. Jordan manufactures and distributes glues, 
house paints, candy, potato chips, powdered drink mixes, jellies, milk, and ice 
cream. Ihe company is organized around six major divisions and distributes 
its products from 12 manufacturing plants scattered throughout the country. 
Mr. Porter's job, according to a memo issued by the board, is to “end this era 
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of stagnation and put this complex multiproduct company back on the road to 

sustained growth/' . . . ^ w r, . 

Today the first in a series of staff meetings was held which Mr. Porter 

had scheduled for the purpose of outlining some preliminary changes m the 

organization, changes which he planned to initiate as soon as possible. 

Attending the meeting were Bill Vance, corporate vice president of marketing. 

and several of his staff. 

Bill Vance was nervous. It was rumored that Mr. Porter was particularly 
unhappy with the performance of the marketing department and would make 
several changes within the next month. Bill wondered if one of the changes 
was his job. He hoped he would have a clearer picture of his future after the 

meeting had taken place. . u .u i 

At 10 o'clock, and right on schedule. Mr. Porter walked through the doors 

of the conference room and prepared to address the group. After a bnef 

statement of introduction, which did not seem to put anyone at ease, he got to 

the market share statistics and the profitability of 

our product line 1 spent the weekend immersed in company records, computer 
printouts, and financial statements. It was a frustrating experience because 
Lver got the answers I wanted. 'We don't seem to have the data available in 

f..rm 1 did suspect however, that there are some products such as 

zr” 

Others seem quite profitable. But these hunches aren t enough. 

• We mus" know the facts before we can manage our product line m an 

intelligent way We need relevant and timely data from the divisions, and then 
intelligent y . j ^ data hefore any recommendations can he 

r. » " s ,1 

This will req decisions can be based on hunch, seasoned 

“7 and wetk facts We must learn to manage in a more scientific way. 

®Tc o d ngTy I /ave' recommended to the board of dhectors two major 
Accoraingiy. divisions be substantially reduced 

changes. First, that the au o ^ ^ organization with more authority and 

5.c„„d, ,1... .. . p™ 

responsibility here function it will be to identify problem areas, 

operations ^-'Vs-s group whose toncu ^ recommendations. 

undertake studies. changes can encourage better decision 

-Let me 7//, ,„tild find on market share and product 

making. The only accep division. They currently hold about 

profitability was ° po^^dered drinks. But in the past they have 

15 percent of the rn ^k I suspected that profitability 

had between 10 an - P increased and to gain more insight into this 

increased as the ^"7 '""nst market share [see Figure 1-1). As you 

relationship P'P'^f j’Xes indled increase as market share increases, but as 
can see, prontabuiiy ciu 



Product profitabilitv (as a percentage of salesl 
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Figure 1-1 Market share and product profitability for powdered drinks. 



market share reaches 40 percent any further increase does little to improve 
profitability. The reason behind this, I suspect, is that increases in market 
share beyond this level are very costly. To achieve a 1 percent increase in 
market share when the market share is already 40 percent costs in the vicinity 
of $300,000, while it costs only $100,000 to get this improvement if current 
market share is only 10 percent. From the data, then, one might seriously 
question the wisdom of increasing market share goals from 40 to 50 percent, 
but on the other hand an increase from 15 to 25 percent might make good 
sense. 

'Good data supplied with the help of our new operations analysis group 
can certainly lead to better decisions. With these data we can then recom- 
mend to the divisions those products which must be dropped and set realistic 
market share goals for those products retained. Then, and only then, can we 
set advertising and promotion budgets on a product-by-product basis and hold 
our advertising agencies to the achievement of the market share goal within 
their specified budget. 

■'Another benefit I see from our centralization will be the control we will 
have over our advertising agencies. I was shocked to find that the six 
divisions use a total of 27 agencies. With our advertising money spread so thin 
we receive no close attention from any of them. Perhaps we should reduce 
the number of agencies to five or six. We would then become a major account 
for those agencies that keep our business. 
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“Bill, I would like you to reflect on these thoughts and report to me next 
week. Perhaps you can start by preparing a list of 10 products which could be 

dropped and collect whatever data you can find. 

Bill was somewhat relieved. It was apparent that his job was not 
immediately in jeopardy and that his ability to adapt to this new management 
style would determine whether or not he would be with the Jordan Company 
in the future. The transition was not going to be easy! 


THE ROLE OF QUANTIT/iTIVE METHODS 
IN THE ORGANIZATION 

Perhaps the most significant aspect of the Jordan Company case is that the 
company is undergoing a major change in management style. More emphasis 
will now be placed on facts and rigorous analysis Quantitative methods will 
play a more significant role in the development of useful information. 

The case points out that the use of quantitative methods can P^vide an 

organization with a wealth of information which, if 

decision-making process, can lead to better decisions. Mr Porter for exam 
pie will be able to make a much better decision on the products to dropped 
from the line, on the market share goals for those products which will remain 

in the line and on the advertising budgets for those products. 

Ls^es marketing there are countless other areas within an organization 
Besioes marKc ^ auanlitative methods. In finance. 

that can benefit rom compare alternative capital investment 

quantitative methods ^.“^.^testrer^cisions, and manage real estate 

strategies, help make „,,hods can be used to develop 

investments^ " TLo strategies manage large construction projects, 

and make ^ ^ approach. If these methods are ignored. 

areas that can en overlooking a useful way of generating relevant 

however, ^ placed at a competitive disadvantage 

information. The firm ^ ^ | source of information upon 

But quantitative also be used. Mr. Porter, 

which decisions are mad h^^ thoughts about dropping an unprofitable 

for example, might have months old but that sales 

h, l.und ». .d.. ,u.m, 

rrp.Xi d.d„.. ...to. «... ..k. ,.,o 

account all relevant relatively recent. Although some use 

The use of quantita iv widespread use was not evident until 

of these methods was a brief look at the history of 

the late 1960s. In the n asons behind their recent emergence as a 
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HISTORY 


Quantitative methods were used as far back as the 1920s, but on a limited 
basis. In those years, the major telephone companies used mathematical 
models to determine the number of telephone circuits that were necessary to 
meet the demand for telephone service. Too many circuits would result in an 
unnecessarily large investment, while too few would result in unacceptable 
service to telephone subscribers. The models compared alternative circuit 
levels and identified the most appropriate one. These techniques are still in 


use today. 

The 1920s also saw the first application of quantitative methods to 
inventory control problems. These methods helped the decision maker 
determine when an order for an item should be placed and how much of that 
item to order. Again, some of these methods, covered in Chapter 10, still 
remain in use today. 

The use of quantitative methods remained limited until the Second World 
War. Then, both the British and American governments began developing and 
using these techniques on a broader scale. By the end of the war it was clear 
that quantitative methods were extremely valuable in making both strategic and 
tactical military decisions. Why not. then, transfer these methods to non- 
military decision situations in the postwar economy? 

The 1950s were a decade of transference, development, and invention. 
Where relevant, those methods which proved so useful during the war were 
modified and transferred to civilian organizations. But the progress of quan- 
titative methods did not stop there. New methods were developed by both 
industry and the university: the body of quantitative methods began to grow. It 
was not until the invention of the computer, however, that this growth rate began 
to accelerate at an unprecedented pace. 

Quantitative methods have often required the collection and processing of 
large volumes of data. In the past this has meant the use of large clerical 
staffs. But the cost of maintaining these staffs has often overshadowed the 
benefits that could be attributed to these methods. Consequently, the use of 
quantitative methods remained limited for economic reasons. 

Bui it was the invention of the computer that made the difference. It 
suddenly became possible to process huge volumes of data at a very reasonable 


cost. Now the use of quantitative methods made economic sense. 

During the I96()s the list of successful applications began to grow. Ap- 
plications were reported in the areas of marketing, accounting, operations, 
and finance. They were reported by manufacturing firms, banks, hospitals! 
government agencies, educational institutions, insurance companies and the 
service industry. As these successes became known and as the cost of 
processing data on the computer continued to drop, the appeal of these 
methods attracted a wider and wider cross section of organizations. 

The 1970s have seen a thorough integration of the philosophy and 
techniques of quantitative methods into the managerial process. Computers and 
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quantitative methods are no longer something new and untested. They have 
become an integral part of the skills required of modern managers. 


SYSTEMS 

A useful concept which emerged from the World War II period was the 
team approach. Rather than analyzing a decision problem using experts 
from a narrow area of an organization, the team approach requires that 
several individuals from related areas of an organization take part in this 
process. This means that a team organized to solve a marketing problem 
might include members from marketing, finance, and operations. The major 
benefit of this approach was, and still is, to ensure that a problem is viewed and 
solved in relation to its widest relevant consequences. In fact, this perspective 

is the essense of the "systems approach. 

In the Jordan Company case perhaps a team approach for solving 

product and advertising decisions could prove to be useful. The team could 
consist of staff members from marketing, operations analysis, and manufac- 
turing and might even include representatives from the advertising agencies. 
This team could then have the responsibility for recommending the 
products to be carried in the line, establishing market share goals, estimating 
product profitability, determining advertising budgets, and monitoring the data 

over a period of time to ensure the achievement of these goals 

If the Jordan Company does appoint a team, it is more likely that a 
systems approach to the problem will be taken. A system can be defined as a 
set of elements united by some form of interdependence and interaction 
between these elements and directed at achieving a goal or objective The 
marketing system at Jordan would include such elements as products, 
budgets, consumer tastes, competition, advertising agencies, adver ising 
media, production costs, and profits. They are all interdependent and interac 
with one another in certain ways. For example, if production costs increased 
for a certain product and competitive pressures ruled out a price increase, 
then product profitability would deteriorate. This could lead to lower ad- 
vertisfng budgets, smaller market shares, and the eventual elimination of the 

"'""w;.';” r'-JT, Wi,h . nroNdd. .h. 

which surrounds the problem must be examined. What are the relevant 
demLs'- How are they interdependent^ How do they interact^ Complex 

problems cannot be narrowly defined and solved. t'am 

solved in relation to their widest relevant consequences. Often 

annroach accomplishes this objective. • j ^ 

There Is an interesting story about an inventory manager who prided 

mere is <iii T, ctnrk Onlv on rare occasions were any of his 

himself on never running out of stoc . y rpnrp^ventatives from 

L.,P m 1.1. • "X ~ 

p„dd,,l.n. in..,,.,, a, ^ 

inventory system which naa oecn 
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found was astonishing. His shelves were overflowing with stock. Millions of 
extra dollars were tied up in inventory for the purpose of preventing any 
possibility of an out-of-stock position. They quickly recommended a drastic 
reduction that would on occasion subject the organization to stockouts but 
would release much-needed funds for other investments. The team pointed 
out that the inventory manager viewed his function in very narrow terms and 
completely ignored the financial considerations of inventory control. For- 
tunately for the company, the team took a systems point of view. 

A systems approach should know no organization boundaries. It should not 
be limited to a single functional area such as production, finance, marketing, or 
accounting. The bounds of the system should depend upon the particular 
problem under consideration. But care must be taken not to be too ambitious. It 
is possible to view the whole firm as a very complex supersystem incorporating 
production systems, marketing systems, financial systems, consumer systems, 
stockholder systems, employee systems, government systems, competitive 
systems, and worldwide systems. But ambition of this magnitude can be just as 
crippling as defining the problem from a very narrow perspective. The best 
strategy is to define systems which are relevant to the decision problem at hand 
and are of a manageable size. 

We can summarize by saying that the purpose of a systems approach is 
to provide a larger frame of reference from which to view the decision 
problem. This approach should ensure that a problem is viewed from its 
widest relevant consequences. This should avoid the tendency to specialize 
and solve one part of the problem while ignoring interactions which that part 
has with other elements in the system. 

If we are to be successful in the use of quantitative methods, decision 
problems must be analyzed from this point of view. 


MODELS 

Models are abstractions of systems, generally formulated for the purpose of 
solving specific problems. Models incorporate some but not all of the ele- 
ments from their real-world system and often specify the relationship 
between these elements in an explicit way. Almost without exception these 
models are simpler than the systems they are designed to represent. 

There are several kinds of models. Some are very informal and exist only 
' decision maker. For example, many of us have models for 

child behavior foreign policy, social welfare programs, and husband-wife 

relationships. When these topics must be discussed or decisions made, we 
refer to these informal models. 

There are some models, however, that are not quite so informal. The 
engineer designing an airplane may use a wooden scale replica of the aircraft, 
his model may be flown in a wind tunnel to study the effects of wind flow on 

e Ime rr T ^fategies. Here the model abstracts the essential physical 
ments from the system it ts designed to represent and is used to generate 
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information for decision-making purposes during the design phase of the 
project. 

In the Jordan Company case, Mr. Porter presented a graphic model in 
Figure 1-1. It depicted the relationships between two elements of the 
marketing system, product profitability and market share. The information 
generated by using a model of this kind for each product in the line could 
prove very helpful in making product and market share decisions. 

In mathematical models, the relationships between elements are expressed 
quite explicitly in mathematical terms. Not all organizational systems, of course, 
can be expressed in this way. But those that can include certain investment, 
accounting, quality control, marketing, production, and scheduling systems, to 
name a few. When appropriate, mathematical models can provide extremely 
useful information for use in the decision-making process. 

One of the major benefits of a model is that it allows the decision maker 
to experiment with alternative strategies. Without a model the experimen- 
tation would have to take place in the real-world system. But this is often 
impossible. Imagine the time and expense that would be incurred if a 
marketing manager had to test several new marketing strategies in the 
marketplace. Even if it could be done, other factors, such as changes in 
economic conditions, changes in competitors’ strategies, and changes in 
consumer tastes, could mask the true consequences of these strategies. 
Indeed, a better approach would be to develop a model and use it to compare 

strsitcsics 

Designing such models is no easy task. First it is necessary to become 
familiar with the real-world system, then it must be determined which 
elements of the system will be included in the model, then the model must be 
formulated, and finally it must be verified. We will now look at these steps m 

greater detail. 


The Inclusion-Exclusion Process 

Systems encountered in the real world may contain an overwhelming number 
of elements. Although it might seem realistic to include each and every one of 
them in the model, it is seldom effective to do so. Some elements must be 
ignored and excluded. The reason behind this is that 'he model must be kept 
to a manageable size. If too many elements are included, uncovering and 
expressing the interrelationships between these elements may become ex- 
trer^ely difficult. In addition, the cost of developing large models may be 
prohibitive. Finally, decision makers often find large models too complex to 

It is essential to keep in mind that the purpose of a model is to generate 
inW^r.ion for use by decision makers during the decision-making process. 
Therefore the developmental stage of a model should never be limited to the 

techntal aspects of the model itself. ^^Vntrit^f thrLdeTis'iarg; 
decision-making process must maintain a high priority. If the model is large. 
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complex and difficult to use, no one will use it. For this reason simpler 
modL with fewer elements are often more effective than complex ones. 

^What elements should be included? Only those elements which dominate 
a system should be included. Dominant elements are those that explain most 

hilt not necessarily all of a system s behavior. 

In the development of a model for an inventory system, most models 

would include the per unit cost of purchasing an item, the cost of 

item in inventory, the fixed costs of placing an order, and the ^ 

for that item. Experience with countless inventory systems has shown that 

these elements dominate most inventory systems. 

But there are some inventory systems for which the elements mentioned 

in the last paragraph would be inadequate. In those situations, quantity 

discounts and out-of-stock penalties might also play a dominant role and must 

be included in the model. We must therefore conclude that a model for one 

system might be woefully inadequate as a model for another. There have ye 

to be developed generalized models that can be used in solving all inventory 

problems, scheduling problems, staffing problems, or investment problems. It 

is safer to assume, at the beginning, that each system is unique and that its 

dominant elements must be identified. 

The model used in the Jordan Company case (Figure l-l) includes two 

elements: profitability and market share. It is simple and useful. But several 
elements which could have made it more useful have been excluded. Cer- 
tainly, profit is not strictly tied to market share. Production costs, cost of raw 
materials, administrative expenses, and market price might also have been 
included. We can see, therefore, that the model used by Mr. Porter excluded 
several elements. Nevertheless, the model did convey some important in- 
formation. Do you think that the inclusion of other elements could have 

improved the usefulness of the model? 

Decision makers who use these models must exercise a reasonable 
degree of caution. They must be aware of the elements that have been 
included and excluded. Above all they must recognize that the model is not a 
perfect representation of reality. If it was, other sources of information used 
in the process of reaching a decision would be unnecessary. 


When Is a Mathematical Model Appropriate? 

Some but not all systems can be modeled mathematically. Those that can 
share the characteristic that their dominant elements can be quantified. This 
means that they can be measured in terms of costs, profits, market share, 
labor-hours, efficiencies, rates of return, dividends, and so on. In addition, the 
relationships among these elements also can be expressed mathematically. 


Formulation of the Model 

Once the dominant elements have been identified and it has been determined 
that a mathematical model is appropriate, the formulation of the model can 
begin. 
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To illustrate this procedure, a profit model for an automotive manufac- 
turer will be formulated. Suppose that this manufacturer produces just autos 
and trucks. Let the symbol A represent the number of autos produced and let 
T represent the number of trucks produced. Naturally, each of these elements 

can be measured. 

We learn from financial data that the company makes a $100 profit on 
each auto and a $150 profit on each truck. If the symbol P represents the 
profit level, the profit relationship between these two products can be ex- 

pressed in the following way. 
p = 100vA + 150T 

Suppose that 50 autos and 100 trucks are produced. Our model will tell us that 
the profit is $20,000. 


P = 100(50)+ 150(100) 

P = 20,000 

We can therefore conclude that this is a mathematical model depicting 
the relationship between profit and levels of production. Although this mode 
is too simple to be useful, it will be expanded later he book to indude 
other relevant elements and will then prove to be very useful 
decision-making situations. 

Verification of the Model . . i i 

After the model has been formulated, it is necessary to verify that the model 

" "two L7h:L"?f'veXtLtruferore^;To^et to the model and 

take alesh look at the elements included. Are they the dominant elements in 

the real-world system- Are the excluded 

the interrelationships expressed by the mode reas^ 

earefury analyzed. Do these results correspond to the outcome that would be 
expected from ‘he jeal-world system? r,ant that the model be 

criti^SrnS oi d -is; shoulA be used as part of the 

decision-making process. 

I 

Using the Model to Solve Decision Problems 

c a -. 1 . decision the decision maker can often obtain useful 

Faced with a complex decision. analyzed and 

information frorn a — ■ Jj ht into 

manipulated llfellsll?el"fve'’s'trat'e'gL. Bm it is not the only source 
of information. The final decision must depend upon several sources 
information of which the model is but one. 
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Decision 

problems 



The Modeling Process Summarized 

The modeling process is summarized in Figure 1-2. The need for a model 
arises because a decision problem must be resolved. The first step is to isolate 
the system within which this problem exists and gain familiarity with the 
elements which comprise this system. Then it must be determined which of 
these elements are to be included and excluded from the model. Next, the 
model is formulated by establishing the relationship among the included 
elements. The model is then verified to ensure that it is a reasonable rep- 
resentation of the system of interest. 

After these steps have been completed, the model can be used to 
generate information for the decision process. The decision maker takes this 
information together with information generated from other sources and 
reaches a decision. The last step is to implement the results of the decision. 
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QUESTIONS 

1 What role has the computer played in the development and use of quantitative 
methods? 

2 What is the team approach, and why will it encourage a systems point of view? 

3 Identify the elements in a stereo system. Suppose that you just spent $800 on such 
a system. The receiver cost $400, the turntable cost $200, and the tape deck cost 
$150. The remainder was spent on the speakers. Was a systems view taken? 

4 To be on the safe side, models should include as many elements as possible. Do 

you agree or disagree, and why? . , . i j 

5 What steps taken by Mr. Porter will lead to a systems point of view for the Jordan 

Company? • r • o 

6 What are the consequences of not taking a systems point of view. 

7 Do you think that the continuing increase in the sophistication of mathematical 
models will eventually eliminate the need for middle management? 
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CASE STUDY: Krause Company 

The Krause Company is a manufacturer of mechanical and electrical parts 
used in large printing presses. It is located in Wichita, Kansas, and has been in 
business since 1953. Sales of over $15 million are projected for 1978. 

In September 1977, the company obtained a license to manufacture and 
distribute a rotary conductor, part K5537G, which was designed and patented 
by a West German firm. Mr. Krause considers this product superior to any 
other on the market. 

Rotary conductors have two functions. First they act as bearings which 
connect a rotary printing surface to the frame of a printing press. Second, 
they transmit electrical current to this rotating surface. Both the mechanical 
and electrical design problems associated with a complex unit such as this are 
quite substantial. The West German unit solves these problems in a unique 
way. 

Conductors currently sold by Krause's competition have not satis- 
factorily solved these design problems. Consequently, they have an average 
life of only 3 months. When these units fail, the entire printing press must be 
stopped and a $60 replacement installed. During the 7 hours it takes to 
complete this job. the press is idle as are the workers who operate the 
machine. 

Market Survey Results 

Nancy Green, vice president of marketing, recently surveyed the market for 
rotary conductors. She spoke with printing companies who would be interested 
in the part as a replacement for those currently in use, and she also spoke with 
manufacturers of new presses. When they heard that Krause's unit had a life 
expectancy of 9 months, they became very enthusiastic. Green concluded from 
this survey that if the price could be held to $140 per unit, sales could average 
2400 units per year. 

The survey, however, identified a problem. The physical dimensions of 
part K5537G were not identical to those of all other parts currently in use. 
One unit could not possibly fit all existing presses. But it was possible, 
contended Green, for existing presses to be modified to accept a standard unit. 

However. Green did not believe that a strategy of offering a single 
version was reasonable. In a conversation with the president she explained: 
■'Carl, we have to offer the full line of 24 versions. Without the full line, we 
won't be able to capture any substantial share of the market. Our customers 
will not spend several hundred dollars to modify their presses just so they can 
buy our part. Moreover, you know our customers — when they need a part 
they need it in a hurry. We’ve got to be able to fill incoming orders within 12 
hours. If we can sell them at $140 and give our usual one-day service, I figure 
we 11 see about 10 orders coming in every month, and each production order 
should average about 20 identical units. 
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“But, Carl, we've got to offer that full line of 24 versions. A single 
standard part just won't fill the bill." 


Production Control 

Donald Heintz, manager of production control, was in Krause's office minutes 
after Green left. 

"Look. Carl. I've heard what Green and that marketing bunch have up their 
sleeves, and it won't work. You approve 24 different versions, and our costs will 

go right through the roof. 

“If I am interpreting Green's estimates correctly, approximately 10 
production orders will be issued each month for an average Ok 20 identical 
units. There’s no way that I can schedule all those jobs on our new automatic 
machinery center. I've examined the engineering drawings for these conduc- 
tors and it will take us 10 hours each time we set up that half-million-doilar 
baby. The cost of these setups will be $.^00 each. Now 1 admit that it will take 
only 1 ho'T to manufacture the part once the machine is set up. and per piece 
costs will be only $25. but a 10-hour setup for small jobs needed in a hurry is 
crazy! Besides, our available capacity on this machine will simply not ac- 
commodate 100 hours of setup time per month. 

Krause thought for a minute and asked: "Don. what do our costs look 

like if we don't put this part on the auto center'?" 

"Well if I put it through our conventional machines, the setups will drop 

to 2'A hours, for a total cost of $75. But. Carl, the manufacturing time will be 3 
hours and per piece costs will jump to $40. With 24 versions 1 can l give you 
the service you need with the auto center, and the costs are too damn high. 
Now make a standard part and I'll run lots of 200 through the auto center and 
we can keep them on hand in inventory. That'll spread out the $300 setup cost 
and keep the average cost per unit low. 


QUESTIONS 

1 Describe the problem facing Krause Company. 

2 Identify the alternatives presented in the case. , , r. 

3 In the context of this problem, what arc the objectives of the marketing depart- 

menl'^ Finance'? Production'? The firm? u . i u 

4 Discuss the difference between a systems and a nonsystems approach to describ- 

inc and solving the problem. r j • •. 

5 Formulate a mathematical model which relates the total cos, of produemg a unt, 

to hs fixed and variable machining costs. Do th.s for both the automattc mach.n.ng 

center and the conventional machining method. . • u .. f 

6 Compute the per unit costs of production for each alternative using the results of 

7 ?d“en,'ify the included and excluded elements of the model formulated tnjestion ... 

8 Do the results of question 6 clearly point to a solution of problem. 
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9 How can the results of question 6 be used to find a systems solution to the 
problem? 

10 Have any alternative strategies been left out? 

11 Are there any organizational or managerial strategies which could be employed to 
assure a systems definition and solution of the problem? 

12 Discuss the role of quantitative methods in analyzing this case and reaching a 
decision. 



Chapter 2 


Probability Concepts 


INTRODUCTION 

If decision makes had access to a crystal ball and if this crystal hall were 
able to eliminate the uncertainty which surrounds most systems. ,t would be 

unnecessary to dwell on probability concepts at all. i 

But there are no crystal balls. Uncertainty cannot be eliminated. I should 
be acknowledged and not ignored. Indeed, any inforn.ation which ^ 
maker can obtain about the uncertainty of a system should be carefullj used 

in the decision-making process. , , • • _ 

Information about uncertainty is often available to the decision maker m 

the form of probabilities. The purpose of this chapter is "f 

the fundamental concepts of probability and to examine the way in which 

probability estimates can be made. 

In the case study which follows, some of these concepts and problems of 
estimation are introduced in the context of a decision problem. 


CASE STUDY: Star Appliance Company 


One year ago the Star Appliance Company added a new TV set to their line of 

L ^ ® The set was an immediate success, and sales 

home entertainment products. Ihe set . 

increased rapidly. This year sales will reach 1-0.000 units. 
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Recenlly, the marketing department has complained that sales have been 
lost because the warehouse has occasionally run out of stock. When the 
company president became aware of this inventory problem, he asked several 
of his top managers to take a close look at it. 

Star's current strategy is to manufacture 10.000 sets per month. On the 
last day of each month these sets are shipped to their warehouse and 
distribution center located 200 miles from the factory. During the next month 
this inventory is slowly depleted and is reduced to very low levels by the end 
of the month. Again, on the first of the following month, a new shipment of 10.000 
units arrives from the factory, and inventory is replenished. 

When demand during any one month runs above average, these 10,000 
units are depleted ahead of schedule and the warehouse is empty during the 
last few days of the month. But when demand during other months is below 
average, there are still units in stock when the new shipment arrives. 

The marketing, production, and inventory departments agreed to meet 
and discuss this problem. At the meeting the manager of marketing. Joe Voci. 
was in favor of keeping an extra .^000 sets in inventory at all times. He felt 
these sets would then be available to meet demand in those months when 
demand was above average. In this way the company would never run out of 
slock and no customers would be lost to their competitors. 

Ihc inventory manager. Lester Wilson, thought that this was an un- 
reasonably large surplus to keep in stock. He asked Joe what the highest and 
lowest possible levels of demand were for any one month. Joe replied, “I 
would estimate the highest to be about 13.000 units and the lowest to be about 
7000 units. On the average, our demand will continue to be about 10.000 units per 
month.” 

Lester wanted to pursue this point further. “Joe. exactly what is the 
chance that demand will be as high as 13.000?” 

"Not very likely. " was the reply. 

Lester became insistent. “Exactly how likely?” 

“About a 1 percent chance,” answered Joe. 

“And what is the likelihood that demand will be 12.000?” continued 
Lester. 

"About 5 percent.” was Joe's reply. 

l-estcr continued asking for the probabilities at different demand levels. 
The results, taken from his notes, appear in Exhibit A. Lester examined his 
notes carefully and then spoke, “if 1 understand you correctly, Joe. there is a 
25 percent chance that demand w ill exceed 10.000 units, but only a 6 percent 
chance that it wdll exceed 11.000 units. Suppose w'e decide to slock an 
additional 1000 units. This means that the chance of demand exceeding our 
supply is only 6 percent. Doesn t this seem like a reasonable risk to lake? It 
seems unreasonable to increase stock by 3000 units. 

“Carrying any extra stock is risky and costly,” Lester went on. “En- 
gineering is alw'ays making improvements on our products, and I don't want to 
be stuck with thousands of obsolete units. As far as the cost is concerned. 
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Exhibit A 


Demand level 
(units) 

Probability 

7.000 

.01 

8,000 

.05 

9,000 

.19 

10.000 

.50 

11.000 

.19 

12.000 

.05 

13,000 

.01 


carrying extra units in stock is costly. We might need extra stockroom 
personnel, we will have to pay insurance on the extra stock and it is very 
likely that we will have to lease additional warehouse space. I agree that the 
chances of running out of stock are too high if we carry only lO 000 units m 
inventory. But 1 disagree with the strategy of carrying an extra 3000 units. Our 
warehouse costs will be too high. I vote for adding 1000 units to stock. 


THE USE OF PROBABILITY CONCEPTS 

The Star Appliance case illustrates the role .hat probability -’'"•■-P'-;''; 
solving decision problems. We saw how these concepts can be used to ^truLturc 

aproblm which could have remained ambiguous. By 

associated with each level of demand, it became possible to establish an 
inventory level on the basis of better information. 

• , ‘ ! hPst strategy was still not obvious. But the use of this 

SZ^on reduced the Lbiguity surrounding the problem and provided some 

"“^XhTfSS'ections will be devoted to the logical development of the 
probability concepts used in this case. First we turn to some definittons. 


DEFINITIONS 

Any process that leads to results for which probability concepts are ap- 

an be c.ied a “m ter Trir^h;" 

:intptTarbe“used to express the possible results. Another example is the 
demand for TV sets in the Star APPl^";; ^asic ouUon.es. 

The different PP-t‘’'P/-P^f„t:i^;rZ,iment are heads and tails; the 
Therefore the outcomes of a com lossin^, c 
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outcomes of demand for the Star Appliance case are 7000 units, 8000 units, 9000 
units, and so on. The set of all possible basic outcomes in an experiment is called 
the sample space. 

An event is a subset which consists of one or more basic outcomes of the 
sample space. Suppose an experiment is “the throwing of a die." The basic 
outcomes are I. 2, 3. 4. 5, and 6. One possible event would be the throwing of 
a 1. 2, or 3. Another event would be the throwing of a 3 or 5 on any one toss 
of the die. These are events because they consist of one or more basic 
outcomes of the sample space. 


BASIC STATEMENTS OF PROBABILITY 

There are two fundamental statements of probability: 

1 The probability of the occurrence of an event is always between 0 and 1. 

2 The probabilities of ail mutually exclusive and collectively exhaustive 
events must sum to 1. 


The first statement requires that the probabilities of events should be 
between 0 and 1. If the probability of an event is 0. it is not possible for that 
event to occur. If the probability of an event is 1. the event will happen with 
certainty. As the probability changes from 0 toward 1. it becomes more and 
more likely that the event will occur. 

In order to examine the second statement, the terms “mutually ex- 
clusive and collectively exhaustive must be defined. Two events are said 
to be mutually exclusive if they do not contain common outcomes in the same 
experiment. Consider the tossing of a coin. (3ne of two events will occur: 
either a head or a tail. These two events are said to be mutually exclusive 
since they do not contain common outcomes. 


When a list of events for some experiment 
the list is said to be collectively exhaustive. 
coin-tossing experiment. Such a list includes: 


includes all possible events. 
Consider the events for a 


Head 

Tail 

This list IS collectively exhaustive because it includes all possible events. 

Adding to the list the probabilities of tossing a head and tail, we obtain 
the following. 


Event 

Probability 

Head 

0.5 

Tail 

0.5 


1.0 
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Referring back to the two statements of probability we can verify that they have 
been met. The probability of each event is between 0 and 1. The events are 
mutually exclusive and collectively exhaustive. Furthermore, the probabilities 
sum to 1. 

Returning to the Star Appliance Company case one can see that the two 
fundamental statements of probability have also been met in Exhibit A. First the 
probability of the occurrence of any demand level (event) is between 0 and 1. 
Second, each level of demand is mutually exclusive because none of them 
contains common outcomes. The list is also collectively exhaustive since all 
possible demand levels have been included in the exhibit. Finally, the proba- 
bilities associated with these mutually exclusive events sum to 1. 


OBJECTIVE AND SUBJECTIVE PROBABILITIES 

Probabilities can be classified as either objective or subjective. Objective 
probabilities are supported by relative frequency, the structure of the situ- 
ation, or available historical evidence. 

Consider the tossing of a fair coin. What is the probability of a head? 
Most would agree that it is '/;. In fact if a coin were tossed an infinite number 
of times, the relative frequency of heads would be It is this relative 
frequency analysis that supports the probabilities that are assigned to coin- 
tossing events, and we can therefore conclude that these are objective 

probabilities. 

Consider an urn filled with three red. two green, and five white balls. If 
they are thoroughly mixed, one may say that the probability of selecting a 
certain colored ball is the following: 


Event 

Probability 

Red 

V.o 

Green 

V,o 

White 

V,o 


These are objective probabilities since they are based upon the structure of the 
situation. 

Objective probabilities are used by decision makers m such areas as 
auditing, quality control, and insurance. But in general there are few systems 
in an administrative environment that can be described with objective prob- 
abilities. .... 

Subjective probabilities are based on personal experience or intuition. In 
the Star Appliance case, for example, probability estimates of demand were 
made from personal experience with the product. Objective facts upon which 
to base this demand forecast were unavailable. Therefore, subjective prob- 
abilities were used in the absence of objective data. 
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Since many management decisions must look into the future and since 
there is seldom objective evidence upon which to base predictions, subjective 
probabilities must be used. Any rational system of decision making should take 
into consideration all the relevant information that is available regardless of 
whether the source of this information is subjective or objective. 

Probability concepts are the same for both subjective and objective 
probabilities. In the following sections we continue to explore these concepts. 


A PROBLEM 

The probability concepts to be covered in the remainder of this chapter will 
be developed around the following problem. 

A large convenience-food producer has assembled a panel of 35 con- 
sumers for the purpose of evaluating several new products which the com- 
pany hopes to introduce shortly. The consumers come from the Midwest, 
Northeast, Southwest, and Southeast areas of the United States. The group 
includes 17 women and 18 men. Table 2-1 categorizes the panel by area of the 
country and sex. From the table it can be seen that of the 5 panelists from the 
Midwest, none are female and 5 are male. Of the 10 panelists from the 
Northeast, 6 are female and 4 are male. Of the 10 panelists from the 
Southwest. 2 are female and 8 are male. Of the 10 panelists from the 
Southeast, 9 are female and 1 is male. 

Suppose it is desired to select a panelist at random and ask that person 
several questions. The process of selecting a person would represent the 
experiment, and the selection of a particular person would represent the 
outcome of that experiment. The set of all 35 panelists would represent the 
sample space. 

Since an event consists of one or more basic outcomes, the category 
Midwest" can be described as an event. All outcomes which fall into that 
category will be classified as event 1. Similarly, the Northeast. Southwest, and 
Southeast categories will be classified as events 2. 3. and 4. These events are 

identified in Table 2-2. In addition, the female and male categories will be 
classified as events 5 and 6. 



Female 

Male 


Midwest 

0 

5 

5 

Northeast 

6 

4 

10 

Southwest 

2 

8 

10 

Southeast 

9 

1 

10 


17 

1 

18 ' 

35 


Table 2-1 Categorization of 35 panelists 
into geographic regions and sex. 
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Event 5 

Female 

Event 6 

Male 


Event 1; 
Midwest 

0 

5 

5 

Event 2: 
Northeast 

6 

4 

10 

Event 3; 
Southwest 

2 

8 

10 

Event 4; 
Southeast 

9 

1 

10 


17 

18 

35 


Table 2-2 Event table. 


MARGINAL PROBABILITIES 

Now we are ready to select a panelist at random. Can you determine the 
probability that the panelist selected will be from the Midwest? Since there 
are a total of 35 panelists and 5 of them are from the Midwest, the probability 
of selecting one of them is 

What is the probability of selecting a panelist from the Northeast? You 
should conclude that it is Can you determine the probability of selecting a 
panelist from the Southeast? It is 

Since the outcome "Midwest" was classified as event I. the probability of 
selecting a panelist at random who comes from the Midwest can be expressed 
in the following way: 


P(Ei)= -'A. 

where E\ represents event 1. Continuing with the other events we have. 
PiEz) - 

P(E3)=% 

P(E4)=% 

P(E5)=% 

P(E,)='%, 

These probabilities are all called marginal or unconditional probabilities. 
They are given this name because they can be computed from the margin of 

the table. 


THE INTERSECTION OF TWO EVENTS: 

JOINT PROBABILITY 

Consider events & and Their intersection is defined as those panelists 
who are both from the Northeast and female. In other words, the intersection 
of two events is a new subset which includes outcomes common to both 
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events. The intersection of these two events is written as E 2 n £5 where the 
symbol O is read as “and." Therefore, £20 E 5 can be read as the joint 
occurrence of event 2 and event 5. In the table the new subset EzH £5 occurs 
at the intersection of the second row and first column. 

The probability of this occurrence can be read directly from the table. 
The probability of selecting a female Norlheasterner is because there are 
6 people who are both from the Northeast and female out of 35 panelists. This 
probability can be expressed in the following way: 

P(£2nEs)= %5 

Can you determine the probability of selecting a male panelist from the 
Southwest? It is P(£in£(.)= y,-. 


CONDITIONAL PROBABILITIES 

Suppose that all female panelists are eliminated from consideration. Only 
male panelists remain. Given this condition, what is the likelihood of selecting 
a panelist from the Northeast? Since there are 4 male panelists from the 
Northeast and the total number of male panelists is 18. the chance of selecting 
one from the Northeast is yi^. This is called a conditional probability because 
it is based on the condition that only male participants remain in con- 
sideration. 

Using standard notation, the example presented in the last paragraph can 
be represented in the following way: 


P(£2 £a= V 


IK 


The vertical line implies a conditional statement and is read as “given." 
Therefore we can read this statement as the probability of £> given that Eb 
has occurred. That is. given that the sample space has been reduced to E^, 
what is the probability of E:? 

Can you answer the following questions? 


P(E 2 |Es)= ? 

P(E3|£.)= ? 

p(e,|e5) = ? 

The answers are V,:, Vi,, and 0. 

RULES OF ADDITION 

Now that the concepts of marginal, joint, and conditional probabilities have 
been covered, we can turn to the rules for addition and multiplication. 
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The General Rule of Addition 

Suppose that we would like to determine the probability of event 2 or event 6 
occurring. Using standard notation, this is referred to as 


PiEiUE^) 


where the symbol U is read as “or." Therefore the statement can be read as 
the probability of the occurrence of event 2 or event 6. 

To determine this probability, return to Table 2-2. Now we must identify 
those panelists who either are male or come from the Northeast. There are (S 
panelists who are both female ond come from the Northeast. 4 who are male 


and come from the Northeast, 5 who are male and come from the Midwest. S 
who are male and come from the Southwest, and ! who is male and comes 
from the Southeast. Therefore we have 


6 + 4-1-54-8+1 


or 24 panelists who are in one or the other category. VVe can conclude that the 
probability of selecting a panelist who is either male or from the Northeast is 


P{EzUE^) = -% 


In a very intuitive way we have just developed the general rule of addition. 
Now we will state what has just been done, but in a more rigorous way. 1 .el .A and 
B represent any two events. Then the f>enertil rule of addition can be written m 

the following way: 


PiAU B) = PiA)+ PiB)- PiAD B) 


This states that the probability of event A or B occurring is equal to the 
probability of event A plus the probability of event B minus the probability of 
their intersection. Let's rewrite this rule for our specific events E: and E.: 

P(E: U £(.) = P(H;) + PiE^) ^ ^ 

From Table 2-2 we have 

P(£6) = '7j.s 
P(E2nE.)= % 
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We therefore have 


P(E>nE.)= % + %- % 
P ( E: n E.) = 


and this coincides with the answer which we obtained from our intuitive 
approach. Let’s compare both approaches, and you will see that they are the 
same. 

6 + 4 + 5 + 8+1 24 

Intuitive approach: P{Ei U Eh) ^ 

= ( ( 'V35 + + '735) “ 

counted only once 

— -**/ 

— /35 

By the general rule: P(E 3 U Eh) = PCE;) + P(Eh) — PCE: D £*) 

= + ‘%5 - V35 

= ( V 35 + 73.) + ( -'A. +^735 + 735 + 'A.) - 735 

counted twice and 
then subtracted - — 

— 24/ 

“ /35 

In the intuitive approach we were careful to count the intersection of £2 and 
Eh only once. Using the general rule, if the probability of Ei is added to the 
probability of Eh. the intersection £20 Eh is counted twice. Therefore in the 
general rule we find the probability of one intersection subtracted. Otherwise 
we would have double-counted. 

Mutually Exclusive Events 

Earlier in the chapter we defined mutually exclusive events in the following 
way. Two events are said to be mutually exclusive if they do not contain 
common outcomes in the same experiment or trial. Returning to Table 2-2. we 
can see that events 1 and 5 are mutually exclusive because a zero is entered in 

that cell. Therefore it would not be possible to select a female panelist from the 
Midwest. 


P(E, nE5) = 0 

When, m fact, two events are mutually exclusive, the general rule of addition 
can be simplified to the special rule of addition. 

Special Rule of Addition 

We have just seen that when two events are mutually exclusive, their joint 
probability is 0. If A and B are any two mutually exclusive events, then 
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P(AnB) = 0, and the general law of addition can then be simplified to the 
following. 


P(AUB) = P(A) + P(B) 


This is called the special rule of addition. Returning to Table 2-2. we can compute 
the P(£i U Bs) in the following way: P(Hi U = P(Bi) + P(Bd ^ + ’’A' " 


RULES OF MULTIPLICATION 

We will now examine the rules of multiplication. First the general rule of 
multiplication will be presented. This will be followed by the concept of 
independence, and finally the special rule of multiplication. 


General Rule of Multiplication 

The general rule of multiplication can be developed by 
concept of conditional probability. In an earlier section we 
the probability of event 2 aiven event 6 was the following: 


returning to the 
determined that 


P (£:!£,.)= % 


Let’s look behind this ratio. The numerator 4 represents n^ber o 
panelists who are both male and from the Northeast. 

represents the number of panelists who belong to the jo.nt E: n £. 

The denominator represents the number of panelists ^ ; 

sequently, the conditional probability can be e.xpressed m the follovemg 

way: 

I PiE^nEu) % _ 4/ 

P(£2B6) = - = — ' Ah 


P(B.) 




Generalizing this conditional probability statement for any two events A and 
B, we have: 


P(a1b) = 


P(AnB) 

P(B) 


If we cross-multiply, we have 
P(A|B)P(B) = P(AnB) 
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and by reversing sides this becomes 


P{AnB)= PiA\B)P{B) 


which is the general rule of multiplication. 

Independence 

Two events are said to be independent if the occurrence of one is in no way 
affected by the occurrence or nonoccurrence of the other. Consider the 
following events: 

Event A = head on the second toss of a coin 
Event B = head on the first toss of a coin 

From our experience and intuition we know that the result of a second toss of 
a coin is in no way affected by the occurrence or nonoccurrence of a head on 
the first toss. Event A and event B are independent. 

What about the following two events? 

Event A = 3 on the second toss of a die 
Event B = 5 on the first toss of a die 

Again these two events are independent, for the outcome of the second toss 
in no way depends on the outcome of the first loss. 

If events are not independent, they are dependent. Consider the following 
two events: 


Event A — drawing an ace from a deck of 51 cards on the second draw 
Event B = drawing an ace from a deck of 52 cards on the first draw 


Clearly the likelihood of event A is dependent on the outcome of event B. 
That IS. if an ace is drawn on the first draw, there are only 3 aces left in the 
51-card deck and the probability of drawing a second ace is If on the 

other hand a non-ace was drawn first, the probability of drawing an ace on the 
second draw is y.,. In this case it can be concluded that the probability of 
event A is dependent on the outcome of event B. 


Special Rule of Multiplication 

If two events are independent, any given information about the one event 

does not affect the probability of occurrence of the other event Therefore if 
A and B are independent events, then 

P(a|B) = P(A) 
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Returning to our example, where 

Event A = head on the second toss of a coin 
Event B = head on the first toss of a coin 

then P(a1b) = P(A) = %. since the probability of a head on the second loss is 

the same regardless of the outcome of the first toss. 

Returning to the general rule of multiplication, we had the follouing: 


P(AnB) = P(AlB)P(B) 


If A and B are independent events, this rule can be simplified in the folkns mg 
way: 


P(AnB)= P(A)P(B) 


This is called the speciu/ rule of nutltiplicolion. 
Returning to our example, where 


Event A = head on the second toss of a com 
Event B = head on the first toss of a com 


the likelihood of a head on the firs, toss and a head on the second toss can he 
computed by using the special rule of multiplication. 

P(A n B) = P(A)x P(B) = '/:X '/, = ‘A 


SUMMARY 

1 £ I hehavior is noi known with 

Often systems are composed of eleme ^ must be used in the 

certainty. When this is the case, probab lii> cm p 

formulation and analysis ^ P,ed to develop a model for 

In the next chapter these concepts arc uscu 

solving certain decision problems under risk. 


QUESTIONS 


1 


2 

3 

4 


Define the following terms: 
a Mutually exclusive 

b Collectively exhaustive . nr..h-,hilities 

Differentiate between objecnve i'ndependeni at the same lime ? 

Can two events be mutually exclus nmh ibilities 

Differentiate between conditional and uncond.l.onal prob..bd>t,e. . 
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5 A physician has just completed a test and now feels that the likelihood of your 
having a specific disease is .7. Is this an unconditional or conditional probability? 

6 Are the following events dependent or independent? 
a Two throws of a die 

b The outcomes of a series of medical tests 
c The selection of five cards from a deck of cards 

d Today's stock price and tomorrow’s stock price ^ 

e The level of sales this month and next month 


PROBLEMS 

2-1 Of 100 students in a particular course. 20 received a grade of A (Event 1). 30 
received a grade of B (Event 2), 30 received a grade of C (Event 3) and 20 received a 
grade of D (Event 4). In the accompanying table, this group of 100 students is 


Course 

grade 

Dean's 

Event 5 
Yes 

Event 6 

No 

Event 1 

A 

20 

0 

Event 2 

6 

15 

15 

Event 3 

C 

25 

5 

Event 4 

D 

1 

19 



61 

39 


20 

30 

30 

20 


2-2 


further broken down into those who were on the dean's list (Event 5) that semester 

and those who were not (Event 6). Given this information, answer the following 
questions: ^ 

I-anVlisP probability that a student selected at random will be on the 

b What is the probability that a student selected at random received a C in the 
course? 

‘ ^ore^wre"’' " ‘hat his 

What is the probability that a student received a B and is on the dean's lisf> 
^^^hat the probability that a student received an A and is not on the dean's 


d 

e 


f P(£,nE.)? 
g P(£,|£^)? 
h P(E, U £s)? 
i P(£,U£.)? 

= "'<= fo'lorving 

a P(AnB) if A and B are independent. 

b P(A nB) if A and B are not independent. 

c P(A U B) if A and B are mutually exclusive. 
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d Pi A U B) if A and B arc not mutually exclusive, but are independent, 
e P(A|B) if A and B are independent. 

2-3 Given that the P(X) = .2 and Piy) = .3. find the following; 
a P(X n V) if X and V are independent, 

b P(X n y) if X and V are not independent, 

c P(X U V) if X and V' are mutually exclusive. 

d P{X U V) if X and V are not mutually exclusive, but are independent, 

e PfXjV) if X and Y are independent. 

2-4 Of 1000 shoppers who have made recent purchases in a department store. .300 
made small purchases (less than S5). .^00 made average purchases (between S5 
and $15), 150 made large purchases (between S15 and S50). and 50 made major 
purchases (over $50). In the accompanying table, these purchases are further 
broken down according to whether the customer had a charge card for that 
particular department store. 




Event 5 
docs 
have 

Event 6 
does not 

have 

Event 1 

Small 

100 

200 

Event 2 

Average 

260 

240 

Event 3 

Large 

100 

50 

Event 4 

Major 

50 

0 



510 

490 


300 

500 

150 

50 


Given this information, answer the following questions: 

a What is the- probability that a customer selected at random made a large 

purchase? , , . u , 

b What is the probability that a customer selected at random does not haxe a 

c What is the probability that a customer selected at random made a large 
purchase w'ilh his charge card.’ 

d Of those that do have charge cards, tshat percentage made average pur- 

e Givrn'ihat a customer did not have a charge card, vv hat is the likelihood that a 

major purchase was made .’ 
f P(E2nE„) = ? 
g P(E4UE.) = ? 

h P(E, 1 e.) = ? 
i P(E,U £,.) = ? 

2-5 Given the following; 


El = head on the first toss 
£2 = head on the second toss 
E, = head on the third toss 
£4 = head on the fourth toss 
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find the following: 

p(E, n E^n E,n E4) 

In other words, you will find the likelihood of tossing four heads in a row. 

2-6 Given the following: 

El = 3 on the first loss of a die 
E; = 3 on the second loss of a die 
E^ = 3 on the third toss of a die 


find the following: 


PtEiDE.nE,). 

2-7 Ciisen the following: 


El = a diamond on the first draw from a deck of cards 
E; = a diamond on the second draw 

find: 

P(£i n E:) 



The problem presented in Table 2-2 of the text can be depicted as a probability tree. 
Identify and enter the marginal, joint, and conditional probabilities. 



2-9 


2-10 


Draw a probability tree for problem 2- 1 . Identify the marginal joint and conditional 
probabilities. 

A game is played vUierc the player first tosses a die and then, depending upon the 
outcome of that li'ss. selects from tme of three urns. 

If the result of the toss is I or 2. the player selects from urn A; if the result is 3, 

4. or 5. the player selects from urn fi: and if the result is 6. the player selects 
from urn C. 

l-rn A has 90 red and 10 green marbles: urn B has 40 red and 60 green marbles; urn 
t has 10 red and 90 green marbles. 

Draw the probability tree. Identify all the marginal and conditional probabilities 
What IS the probability that a player u ill select urn A and draw a green marble*’ 
What IS the probability that a player will select a red marble? 
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CASE STUDY: Natural Cosmetics 

The Natural Cosmetics Company of Philadelphia. Pennsylvania, produces u 
line of women’s cosmetics including lipsticks, eye shadows, deodorants, 
shampoos, and facial creams. The company was founded in 1%7. uith 
first-year sales of $525,000. This year sales are expected to exceed $85 million. 

Through careful screening of products and financial control of opeia- 
tions, the firm is able to earn a 15 percent profit on sales. This return is higher 
than the return earned by any other firm in the cosmetics industr>. 

The marketing department receives new -product ideas from one of 
several sources: marketing, research and development, production, retail 
chains, or sales representatives. Once these ideas have been received they are 
carefully screened before any major commilmenl of funds is made. So 
thorough is this screening that few products have ever failed m the market- 
place. 

Screening Process 

Screening generally involves two stages. First, a complete economic analysis 
of the product is undertaken. If it passes this profitability test, a budget is 
authorized for the purpose of developing a sample product. Shortly after the 
sample is finished, it is tested before a panel of consumers, and i! it passes 
this test, full-scale plans are made for production and marketing 

The record established by the consumer panel has been excellent. Ninels 
percent of the products which they have approved have turned out to be 
Lccessful. But before the panel was used for all products, only 40 percent of 

the products not tested were successful. 

New Products 

At the present time the company is considering two new-product ideas The 
first is a shampoo which will have n naturnl additive for comhatmg dnnd^ 
The second is a line of pan.y hose. This product. 

departure from the kinds of products that currently const, tnte the product 

''""The market research group has spent the last weeks compiling 

, . tK nrniliicts It hus complcicd thc aniilysis tor the panty 
economic data on these products. ii nas n y 

hose project and is in the process of analysing the shampoo project. 

Panty Hose 

The data on the panty hose project indicate that could prove to he very 
profitable. Sales a,e projected to be 2 m.lhon annually w,th a profit of 

treking these -A- estimates. Natural C^meti. .so ,n^es 
what they call a -B” estimate. An -A ' cst.mate rcp,esents he jst hkely 
level of profit that the project is expected to return ,f „ ,s sueeessfni. The B 
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estimate represents the most likely loss that can be incurred if the project is 
unsuccessful. 


The “B” estimate for the panty hose project is a sales level of $600,000 
with a loss of $150,000 annually. 

Once “A " and “B" estimates have been made, the probabilities of 
achieving these estimates are determined. But determining these probabilities 
for the panty hose project has been difficult. The market research group has 
had very little experience with products in this category. Therefore, there was 
very little historical data that could be used. The group finally had to rely on 
its own judgment. 

The probabilities that the product would achieve its “A" and “B” 
estimates were concluded to be 30 and 70 percent, respectively. However, 
once a sample of the product is developed and shown to the consumer 
panel, the probabilities associated with the '‘A" and "B" estimates would 
change to 85 and 15 percent, respectively, if the panel approved the product. 


Shampoo 

I he data on the shampoo project have been collected and are summarized in 
Exhibit A. Included in this exhibit are both the "A" and ‘B’’ estimates. 

Since this project is not unlike most of the projects considered at Natural 
Cosmetics, the market research group has concluded that the probabilities of 
achieving the A and B estimates are 40 and 60 percent, respectively. But 
if the panel approves the sample, these probabilities will change to 90 and 10 
percent, respectively. 


Exhibit A Sales and Expense Data: Shampoo Project 


Sales 

Labor 

Material 

Marketing expenses associated with 
new product 

Administrative expenses associated 
with new product 
Decrease in profit contribution 
of other shampoo products 
Allocated Expenses 


A B 


1 . 300.000 

850.000 

300.000 

250.000 

200.000 

170,000 

350.000 

280.000 

100.000 

80,000 

40,000 

20.000 

130.000 

85.000 


Nole 1 All figures are on an annual basis 

Note 2 Allocated expenses represent the fixed expenses of the firm that 
are too difficult to allocate on an individual basis to each product Since the 
fixed expenses of the firm represent 10 percent of the firm s total sales each 
product IS charged an amount equal to 10 percent of ifs sales. 
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A Preliminary Recommendation 

Sally Lumm, a market research analyst, has recommended that only the panty 
hose project be accepted. She has supported this position on the basis of several 

factors. 

First, and most important, the panty hose project can clearly generate 

higher profits than the shampoo project. 

Second, the probability that the panty hose project will be successful is 

high. 

Third, she feels that the company should take this opportunity to expand 
into new markets. Unless new markets are developed, future growth may be 
limited. 


QUESTIONS 

1 Determine the "A" and "B" profit estimates for the shampoo project, 

2 What are the marginal and conditional probabilities associated with these 
projects? What do they mean? At what stage in the screening process is each one 

relevant? . . • . c.- 

3 Assume that the budget for new-product development is limited. Since it will cost 

over $10 000 to develop a sample of each product for testing purposes, only one 
can be developed. On the basis of the "A" estimate alone, and neglecting the 

probabilities, which project should be selected? 

4 Assume, as we did in question 3. that only one project can be selected. Identify 

the most attractive project on the basis of all the information given ^ 

5 What probabilities did you use in quesUon 4, marginal or conditional. Why . How 

did these probabilities affect your decision? 

6 Why and under what conditions would you recommend that sample products be 

developed for both products? i .u , k tu 

7 Suppose .hat a decision was made to develop both sample products and ha. bo h 

of them passed the consumer panel test. If budgets limited the approval to only 

one new product, which one would you choose.’ Why. i- , 

8 Suppose that the firm had the resources to invest m 

assume that both projects passed the consumer panel. What ,s the hkehhood that 
both will be successful? Are any additional assumptions about the projects necessary 

9 UnTeTthTs.lVL'ltumptions of problem 8, what is the likelihood that one or both 


will be successful? 

10 Are these projects mutually exclusive? 

11 Do you support Sally Lumm's position? Why? 

12 What is your recommendation for action? Why? 
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APPENDIX A; Random Variables 

A random variable is a rule or function which assigns numerical values to the outcome 
of an experiment. Suppose the experiment is the toss of a die. The outcomes 
correspond to the number of spots on the top face of the die. It is therefore possible 
for the outcome to take on one of the following numerical values: I. 2, 3, 4, 5. or 6 
spots. The random variable in this case is “the number of spots." 

In a supermarket tomorrow's demand for bread may take on one of several 
numerical values. Demand might be as low as 100 or as high as 300 with all numerical 
values in between these extremes possible. The random variable in this case is “demand.” 
These and other random variables are summarized in Table 2A-1. 


Table 2A-1 Random Variables 


Random 
variable 
(denoted by 
capital letter) 

Values of 
the random 
variable 

Description of the values 
of the random variable 

A 

1.2. 3. 4, 5. 6 

Possible outcomes from 
throwing a die 

B 

100, 101 300 

Possible demand for bread 

C 

0. 1.2 

Possible number of heads in 
two tosses of a coin 

X 

10.15.20. 25 

Possible rates of return for 
an investment project 

Z 

20. 21 1000 

Possible reorder quantities 
for a part kept in inventory 


Probability Function 

Vvc can define a probability function as a rule which assigns probabilities to each of 

i^hese nuniencal values of the random variable. For example, a probability function can 

be determined which will assign probabilities to the occurrence of 0. I, or 2 heads in 

two tosses of a com. fhese probabilities are given in Table 2A-2. The probability 

function ^hich assigned these probabilities is called the binomial probability function 
and will be covered later in Appendix B. 


Table 2A-2 Coin*tossing Experiment 
with Probabilities 


Value of the 
random variable 
(no. of heads) 


Probability 
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Expected Value of a Random Variable 

The expected value of a random variable is computed by multiplying each possible 
value of the random variable by the probability of that value and then adding all these 
weighted values. For example, the expected value of the coin-tossing experiment in 
Table 2A-2 is 


£(C) = '/4(0)+'/2(1)+'/4(2)= 1 

where E(C) is the expected value of the random variable C 


CONTINUOUS AND DISCRETE PROBABILITY FUNCTIONS 

Probability functions can be either discrete or continuous. A probability function is said 
to be discrete when the random variable can take on only a limited number of selected 
values. For example, the random variable in Table 2A-2 can lake on only the values 0. 1. 
and 2. The probability function which generated those probabilities would therefore be 
referred to as a discrete probability function. The binomial probability function is one 

example of a discrete probability function. 

A probability function is said to be continuous when the random variable can take on 

any number within some given range of values. Consider the random variable -‘w eight. It 
is possible that one package transported by an air freight company weighs 1()6..4 pounds, 
another weighs 1162. 1 32 pounds, and another weighs 322 1 .34 pounds. Indeed it is possible 
for this random variable to take on any value between zero and infinity. Consequently . the 
probability function which would generate the probability of a certain weight is called a 
continuous probability function. The most useful continuous probability function is the 
normal probability function. It is covered in Appendix C . 


APPENDIX B: Binomial Distribution 


BERNOULLI’S PROCESS 

A Bernoulli process is said to exist under the following conditions; 

1 The outcome of each trial can he placed ,n one of two catesor.es; that is. the 

categories or events are mutually exclusive. ,ri .i r.^m .inv ih.' s. ime 

2 The probability of the outcome of any one exper.mcnt or tr.al rcmatn. the s.tme 
for each subsequent trial. 

3 Each trial is independent of all trials before It. 

4 There are a discrete number of trials, such as 10. L. 

In the tossing of a coin, a Bernoulli process is said to exist beca 

. f i. . • ori'.ik (-•»n he caieaorized as either head or tail. 

1 The outcome of each toss .^y^sequent trials. 




trials. 


4 There will always be a discrete number of tr.als tl. makes no sense to talk about 
lO'/i tosses of a coin). 
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The tossing of a coin is only one example of a Bernoulli process. Others are the 
generation of good or bad parts from a machine and a research questionnaire designed 
to uncover whether consumers intend to buy a new product. 


BINOMIAL PROBABILITY DISTRIBUTION 

Certain questions concerning a Bernoulli process can be answered by the binomial 
distribution. For example, we might like to know the likelihood of two heads in three 
tosses of a fair coin. First we will discover how this can be answered by drawing a 
probability tree and then by using the binomial distribution. 

On the first toss of the coin, a head or tail can occur, on the second toss a head or 
tail, and on the third toss a head or tail. These possible outcomes are portrayed as a 
probability tree in Figure 2B-1. 

From the tree it can be seen that exactly two heads can occur in the following 
ways: 

1 HHT 

2 HTH 

3 THH 

Since these are all independent events, the likelihood of each can be expressed in the 
following ways: 
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P(H n H n T) = ‘ACAH'A) = ‘A 
p(H n T n H) = ‘A(‘A)('A) = '/» 

P(T n H n H) = ‘A('A)('A) = 'A 

All three of these outcomes are mutually exclusive: therefore the likelihood of sett.ng 
two heads the first way or the second way or the thtrd way ,s 

'A + % + 'A = y. 

we can therefore conclude that the probability of 

tosses of a coin is % This in three tosses, you 

Suppose that instead ^ in heads in 50 tosses. The use of a probability tree 

wanted to find the Itkelihood of exac y . _ - Indeed there is, and it 

would be impossibly cumbersome, there must be a b^ter way 

employs the binomial function to n t cse number of successful 

,f we let n be the numbet of exPenmen.s oj^-K r the ^ 

outcomes, and p the P^aM, y f ,he binomial function, 

exactly r successes in n trials can oc h 

The notation ! is called a ^.^YhTnum^^^^^ by all integers below it.' 

sequently a factorial directs us ^ exactly two heads (r = 2) in three 

To return to our example, th p . ^o^^pyted the 

(n = 3) tosses where the probability of a head is A on any 

following way; 

P(2|3,'A) = 5ij^('/>l'‘'/=>' 

3X2X1 (1/, )'(>/:)' 

2x1x1 

= 3('A)' 

P(2l3,'/2) = y8 

.sich a. » >..* i- » 

following: 

. snl ..,v:o/,/v'« 


P(2ol50,'A) = 5|^‘y'>"<'^^’ 


r Fortunately we have binomial tables and these can 

Solving this would be quite 

' xt ule'of th- "ble'^rr^; I^ues'of n, P. and r. P.rst we locate the group of 


' By definition 0! - I- 
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probabilities under /i = 50. then we find the column in this group labeled p = .50, and 
finally we find the row in this column labeled r — 20. Where these intersect, we find our 
probability. 

P(20|50. '/:)= .0419 

We can therefore conclude that there is slightly more than a 4 percent chance of 
tossing exactly 20 heads in 50 tosses of a coin. 


PROBLEMS 


2B-1 


2B.2 


2B-3 


2B-4 

2B-5 

2B-6 

2B-7 

2B-8 


Using a probability tree, determine the likelihood of tossing two heads in four 
losses of a fair coin. 

Using the binomial probability table, determine the probability of tossing two 
heads In four tosses of a fair coin. 

From the binomial probability table determine the probability of the following: 
a F-xactly 10 heads in 20 losses of a fair coin, 
b Exactly 15 heads in 20 tosses, 
c Exactly 10 tails in 20 tosses, 
d Compare the results of parts <i and c. 

What is the probability of tossing sixteen Is in 100 tosses of a fair die? 

A machine produces an axerage of 3 percent defective items. If you sample 50 
items, \shal is the probability of observing exactly two defective items? 

If a machine produces an average of 3 percent defective items, what is the 
likelihood of observing two or fewer defectives (n = 50)? 

If a machine prt^ducos an average of 3 percent defective items, what is the 
likelihood of obserxing more than two defectives (u =50)? 

The qualilN control manager for the Craftxvorks Company has received several 
caunplainls about the quality of one of his products from sales representatives in 
the field, lo combat this problem he ha'- decided to inaugurate a new quality 
control system in final inspection. He has instructed one of his employees lo 
randomly select 100 items from a very large lot and then determine if the items are 
good or bad. If txxo or fexver are bad. the lot is accepted. If more than two are bad, 
the lot is rejected and returned to the machine shop. 

If the actual lot percent defective were I percent, xvhat would be the 
probability that the lot xx’ould be accepted? 

If the actual lot percent defective were 2 percent, xvhat would be the 
probability that the lot would be accepted? 

Coiumue this analysis for an actual lot percent defective of 3. 4, 5, and 6 
percent. 

Plot your result using the following format. The X axis will be “percent 
defective." and the Y axis will be “probability of acceptance." 

Suppose that you consider good-quality lots to be 1 percent defective. Is 
there a chance that lots of this quality can be rejected? What is this chance? 
This is referred lo as a type I error or producer's risk. 

Suppose that you consider bad-quality lots to be 6 percent defective Is it 
likely that you will accept lots of this quality? What is the probability? This 
IS called a type II error or consumer's risk. 


a 


c 


f 
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APPENDIX C: Normal Probability Function 


The normal probability function can be represented as a smooth, continuous, hell- 
shaped curve as shown in Figure 2C-I. It is completely described by ns mean m and 
standard deviation rr. where the mean is the expected value of the distribution and the 

standard deviation is a measure of its variability.' iic.ilhnnd 

The area under the curve between two values u and h represents the likelihood 

that the random variable will fall in this interval. For example, suppose the sales 

forecast for a particular product can be represented by a normal distribution with 

averace sales of 150 units and a standard deviation of 20 units. This distribution is show n 

fn Figme 2C.2 Frl i" we can see tha, the likelihood of sales between 90 and ,1 0 is much 

smaller than the likelihood of sales between 150 and 170. , he likelihood 

The total area under the normal distribution is equal to 1 .0. Therefore, he like ihood 

that the random variable will take on one of the values under the curve is 1 .0, or certainty . 

Since r norll distribution is symmetrical, the likelihood that <he random 
variable will take on values below the mean is 50 percent, and the likelihood that it will 
take on values above the mean is also 50 percent. 


CHARACTERISTICS OF NORMAL 
PROBABILITY DISTRIBUTIONS 

j j ^ • .j vn «Q^nciated with a normal distribution, it has special 

When the sundard the random variable will fall between plus 

properties. For examP'®' f,s.2b percent. The likelihood that the 

and minus fairbetween plus and minus 2 standard deviations is 95.44 

random variable will tall peiween \ will fall between plus and minus 

percent, and the likelihood > ectl properties ar^ illustrated in 

2.5 standard deviations is 98.76 percent, inesc i 

Figure 2C-3. 

■The standard deviation can be computed in the following w.ay: 


itx.-r*)' 


O' 



N 


where = the ith observation in the population 
u = the mean of the distribution 
N = the number of observations in the population 


Probability 



Mean 
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Figure 2C-2 Sales forecast represented 
by a normal distribution. 


Applying this to the example where the average sales forecast is 150 units and the 
standard deviation is 20 units, we can conclude the following. There is a 68.26 percent 
chance that sales will fall between plus and minus 1 standard deviation of the mean. 


M - 

150 ± 1(20) 

130 to 170 

Therefore, there is a 68.26 percent chance that sales will fall between 130 and 170 
units. In the same way we can also determine that there is a 95.44 percent chance that 
sales will fall between 150 ±2(20), or 110 and 190 units, and a 98.76 percent chance that 
sales will fall between 150 ±2.5(20), or 100 and 200 units. 


USE OF THE STANDARD NORMAL TABLE 

The special properties of the standard deviation can be read directly from a table. 
Table 1 at the back of the book includes the areas under the curve between the mean 
and some number of standard deviations Z from the mean for a standard normal 
distribution. To use this table, it is necessary to convert the distribution with which 
you are working into standard form. The conversion takes place in the following way:' 




<7 


' The variable £ is a relative measure which permits the standardization of all normal 
distributions in order to use tables. The standard normal distribution into which all distributions 
are thereby converted has a mean of zero and a standard deviation of 1. 



Figure 2C-3 Special properties of the standard deviation fora normal probability distribution. 
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where Z = 


X = 

fJ- = 
a = 


converted value of X representing the number of standard deviations 
which the value X is away from the mean m 
value to be converted 
mean of the population 
standard deviation of the population 

. A utf»lihood that sales will fall between 150 and 

Suppose we are interested in the likelihooa ‘ 

b“thf ^an a^dloLtumb" Z of the mean, we must first 

compute Z. 

X-M 190- 150_40_^ 

^ ' 20 20 

Then we look down the first column "tndTd 

the next column that the 7 ^ enl Since the normal distribution is 

deviations from the mean is .47 _ ■ between plus and minus 2 standard 

symmetrical, likehhood o ^va - fallmg.betw^ ^ 

deviations from the mean is 9.. P J jgtermine the likelihood that 

sales will fall between 160 and however. 

should be clear that the ,he mean and 185 must be determined; 

requires three steps; first, the a b^ determined; and third, the difference 

second, the area between 150 ana 

between these two must illustrated in Figure 2C-5. Performing the 

The area between 150 and i»:> 

conversion, we have the following: 

75 

^ " 20 20 

4 ^ 99 . 

From Table 1 we find the area ,'^0^^160. This is illustrated in Figure 

Next, we determine the area 
2C-5. Performing the conversion, we have 


2 = 


160- 150 10^ 


20 


= — = .50 
20 



Figure 2C-4 

185. 


The area between 160 and 
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Figure 2C-5 The component parts which 
must be subtracted to find the area be* 
tween 160 and 185. 


From Table 1 we find that the area between the mean and Z = .50 is .1915. 
Subtracting the two areas, we have the following: 

.4599 
- .1915 
.2684 


We can conclude that the likelihood of 
percent. 


sales falling between 160 and 185 is 26.84 


PROBLEMS 

2C-1 A normal distribution has a mean of 100 and a standard deviation of 5. 
a Find the likelihood of values below 100. 

b Find the likelihood of values between plus and minus 1.5 standard de- 
viations of the mean. 

c Find the likelihood of values between 90 and 115. 
d Find the likelihood of values between 1 10 and 115. 

2C-2 A normal distribution has a mean of 50 and a standard deviation of 2. 
a Find the likelihood of values above 50. 
b Find the likelihood of values between 48 and 50. 

c Find the likelihood of values between plus and minus 1.6 standard deviations 
of the mean. 

cl Find the likelihood of values between 47 and 49. 

2C-3 The daily demand for a product can be described by a normal probability 
distribution with a mean of 1000 and a standard deviation of 50. Find the 
likelihood that demand will fall above 1125 units. 
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2C-4 The length of time it takes assembly-line workers to assemble a part can be 
described by a normal distribution with a mean of 105 seconds and a standard 
deviation of 5 seconds. What percentage of the workers require more than 112 

seconds to complete the job? . u 

2C.S The length of time it will take to finish a large project can be described by a 

normal distribution with a mean of 25 days and a standard deviation of 2 days. 

A penalty will be imposed if the project takes longer than 26 days. What is the 

likelihood of incurring this penalty? 



Chapter 3 


The Structure 
of Decisions 


INTRODUCTION 

One decision problem is not completely unlike another. Most problems have 
several characteristics in common. The purpose of this chapter is to identify 
these characteristics and to develop a general framework for the formulation 
and analysis of models that can be used to generate useful information for the 
purpose of resolving these decision problems. 

The case which follows will be used to identify these common charac- 
teristics. 


CASE STUDY: City of Southbridge Parking Garage 

Parking in the business district of Southbridge has always been a problem. A 
recent study indicated that the city needed a total of at least 1000 parking 
places, but current facilities accommodated only 600 cars. This shortage of 
spaces has increased traffic, led to congestion, and discouraged shoppers from 
driving into the downtown area. 
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Several months ago, the city planner, Ray Ouellette, started to gather 
some data that could be used in support of a city parking garage. He found 
that the federal government would finance 80 percent of the structure, the rest 
coming from a municipal bond that Southbridge would have to issue. 

Although the federal government would finance the largest share of the 
structure, operating expenses such as wages and maintenance would have to 
be met from parking fees. These fees would have to be h|gher than the ones m 

effect at parking meters. Ray had some concern about ^ f “ 

generate the revenues necessary to meet these expenses. Above h" ^ n >> 

Lnt this project to be a drain on the city's limited resources. It must no lose 

Toney Any profit which it could make would, of course, be welcomed, 
money. Any pr garage. With the use of a piece of 

Profit was closely tied to the size 01 me gai at i^v^l ^^nrlosed 

land the town already owned, three sizes were possible. ^ 

facility would accommodate .“iOO autos, a two-level facility would accom 
idcimy wuuiu facility, wou d accommodate 1500 

modate 1000 autos, and a thiee-lcvei lacimy. 

'“‘"profit for each of these alternatives was dependent on demand for 
parking. If a 500-space ^ '’“'^Ttuld b^^ 

If a 1000-space ..'“'Vi^le^TTdemtmd, however, would 

annual loss of 10,000 would result. A g 

lead to a profit of $75,000. 

If a 1500-space facility w ^ ^ high level of demand would lead 

annual loss of $50,000 would be incurred. A high 

to a profit of $120,000. alternatives to recommend. The 

Ray was uncertain as to whic facility since it would ensure an 

business community would favor e l ^ however, 

adequate supply of parking places 
more interested in the economics of the projee 

1000-space facility. 


COMMON CHARACTERISTICS 

nnd- two-, and three-level garages. The 
Ray Ouellette must decide among ' system, of which this garage 

choice is not an easy one to ma „p (^is system include 

Will be a part, is complex. 1 he fees, public transportation, 

automobiles, current parking taci _ business community, shop- 

city politics, city financing, federal financing. 

pers, and city residents. . j making the decision. But 

Perhaps a model of this sys em_ n-gM ^^Ip ^ 

how can the model be formula . yblems. and an understanding of 

tenstics which are common to a development of such a model. 

these characteristics can . . following five characteristics: 

Every decision problem exhibits the following 
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1 Alternative strategies 

2 Outcomes 

3 Environmental states 

4 Decision criterion 

5 Likelihoods for each environmental slate 

Regardless of where the problem is found — factory, retail store, hospital, 
bank, governmental agency, school — all will share these characteristics. 

Each of these characteristics will now be explored in greater detail. 


Alternative Strategies 

The most obvious characteristic shared by all problems is the choice between 
alternatives. In the parking garage case three alternatives were possible. They 
included one-, two-, and three-level garages. 

As another example, consider the problem faced by an institutional 
investor who must invest $340,000 in a group of stocks and bonds listed on 
the New York Slock Exchange. The number of alternative investment com- 
binations is beyond comprehension. 

Having too few alternatives from which to choose can alTect the quality 
of the decision. As many relevant alternatives as possible should be con- 
sidered. Do you think the choice should be limited to three alternatives in the 
parking garage case? What about the expanded use of public transportation? 
Might this alternative alleviate traffic problems in the downtown area? Could 
better public transportation completely eliminate the need for a parking 
garage? 

Every problem has its set of alternatives. In some problems these 
alternatives are obvious and plentiful, but in others they may be few and 
difficult to uncover. It is management's job to ensure that no reasonable 
alternative has been ignored. 


Outcomes 


The choice of an alternative will eventually result in one of several possible 
outcomes. In the parking garage case the choice of a two-level garage capable 
of parking 1000 autos will eventually lead to a loss of $10,000 or a profit of 
$75,000. The $10,000 loss and $75,000 profit are called outcomes. 

When the institutional investor chooses a particular investment group of 
Stocks and bonds, this choice will eventually lead to an outcome measured as a 
rate of return on the investment. 


The second characteristic common to all decision problems is that every 
alternative will have associated with it one or more possible outcomes. 


Environmental States 

I he outcome of each alternative is seldom under the control of the decision 
maker. In the parking garage case the outcome of a two-level garage depends 
upon the demand for parking. This is completely beyond the control of Ray 
Ouellette. 
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In the institutional investment problem the outcome of a particular 
investment group depends upon the behavior of the stock and bond markets. 
Clearly their behavior is beyond the control of the institutional investor. 

In both of the examples given above the outcome for each alternative 
depends upon the environmental state that occurs. In the parking garage 
example there are two environmental slates: low and high demand In the 
institutional investment example the environmental stales represent the per- 
formance of the stock and bond markets. 

To clarify the relationships among alternatives, outcomes, and environ- 
mental states, it is useful to construct a model which makes these inter- 

'''“zSrjS 

outside column are listed the three alternatives. Across the '^’P ^ 

are listed the two possible environmental states: low and high demand for 
parkini The outcoLs are entered into the cells which occur at the intersec- 
Uon of an alternative and an environmental stale. For example if a one-le 
™ is choten and if the environmental state is low demand, the outcome 
will be a profit of $10,000. The model should make it clear that the outcome is 
Consequence of a chosen alternative and the occurrence of a particular 

environrnental state. ^ , 

modll because each outcome (or payoff) is conditional upon the se ection of a 
particular alternative and the occurrence of an environmental slate. 


DECISION CRITERION 

Determining how the of*" -i** model '^'1' 

...» 

market share? 


Table 3-1 Conditional Payoff Table 
for Soulhbridge Parking Garage 


Environmental state 

Alternatives 

Low 

demand 

High 

demand 

One-level 

garage 

$10,000 

$50,000 

Two-level 

garage 

-$10,000 

$75,000 

Three-level 

garage 

- $50,000 

$120,000 
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In the parking garage case, the criterion was profit. Each outcome was 
measured in terms of its annual profit contribution. But in the institutional 
investment case the criterion was rate of return. Each outcome was measured 
as the rate of return earned by that particular group of stocks and bonds. 

Before a model can be formulated and the problem solved, the decision 
makers must agree on a criterion. If there is disagreement with this criterion, 
it is unlikely that there will be agreement with the decision. 

But in some problems the outcomes cannot be measured by a single 
criterion. Several criteria must be used. For example, when the federal 
government evaluates different fiscal strategies, it forecasts the effect that 
these strategies will have on unemployment, GNP, inflation, and the balance 
of payments. Not one but four criteria are involved. Consequently it is 
impossible for the government to summarize a possible outcome with a single 
number. Indeed, multiple-criteria problems are very complex. 

If we return to the parking garage case, we can see that on closer inspection 
more than one criterion might be suggested. Besides profit, the case implies that 
the criterion held by the business community in the downtown area might be the 
maximization of parking places or the maximization of shoppers' convenience. 
To what extent should these criteria be considered by Ray Ouellette? 

How. then, can multiple-criteria problems be modeled? One way is to 
reduce the criteria set to its most dominant criterion. The secondary criteria 
are excluded from the model. This is essentially what was done in the parking 
garage model. But care must be exercised when this model is used to solve 
the real-world problem. Remember that the model is only an abstraction of 
reality and not reality itself. Nonetheless we will shortly see that the model can 
still be very useful. 


Most of the decision problems w hich you will encounter in this book are of 
the single-criterion variety. In these problems it will be clear that there is one 
dominant criterion and that little is sacrificed by ignoring secondary criteria. 
Nonetheless the alert critic wdll always ask: What are the relevant criteria, and 
will the use of a single criterion oversimplify the model? 


KNOWLEDGE OF THE DEQISION ENVIRONMENT 

% 

Although decision nwkets.pjay have no control over the environmental states, 
they often possess us^eful ^knowledge about them. In some decision-making 
situations it may be known with certainly which environmental state will 
occur. In another situation it may be possible to subjectively or objectively 
estimate the probability that each environmental state will occur, and yet in 
still other situations there may be absolutely no knowledge concerning the 
probability of these environmental stales. 

These three situations are classified as certainty, risk, and uncertainty. 
When It IS known for certain which environmental state will occur, a decision 
problem under certainty is said to exist. When probability estimates can be 
made for the environmental states, a decision problem under risk is said to 
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exist. A decision problem under uncertainty exists when no statement about 
the probability of these environmental states can be made. 


Decision Making under Certainty 

When decisions are made under conditions of certainly there is but one 
relevant environmental state. To some extent this simplifies the analysis of 
the model. 

Consider the following example. The production department of a large 
manufacturing firm is faced with a replacement decision. Four machines have 
been identified for possible replacement, but the budget allows the replace- 
ment of only one. The four replacement alternatives have been listed down 

the first column of Table 3-2. 


Although these machines require a substantial investment, they are far 
less costly to operate and maintain than their predecessors. The difference 
between these costs represents the savings or benefits associated with the 
investment. In Table 3-2 these savings are stated as the rate of return that will 

be earned on the investment. 

These rate-of-return figures have been carefully determined by the 
production department, which feels quite confident about these outcomes. 
Other outcomes are not likely. Consequently it is reasonable to assume that 
this is a decision problem under certainty and only one environmental state is 

relevant. . , . 

The model presented in Table .T2 can be analyzed quite easily. Since the 

criterion by which alternatives are compared is rate of return, the grinding 

machine should be replaced. I he return earned by replacing this machine is 


higher than that for any other alternative. ... 

We can conclude that for decision problems under certainty the al- 
ternatives are listed and the outcomes determined. Then the alternative with 

the most attractive outcome is selected. 

It might seem at first glance that all decision problems under certainty are 

simple to solve. To the contrary, some are quite com ^x. Th ey are complex 


. 


Alternative strategy 

Milling machine 
Lathe A 
Lathe B 

Grinding machine 


Environmental state 
(rate of return) 

15 % 

20 % 

17 % 

35 % 



Table 3-2 Conditional payoff table for a 
decision-making problem under certainty. 
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because there may be a long list of alternatives that must be compared. 
Consider an inventory ordering problem. An order may be placed for urn , 
10 000 units, or any quantity in between. For each alternative order quantity 
there is a cost to the firm. Even if these costs are known with certainty it 
would be a lengthy job to compare the alternatives. Contributing to the 
complexity of this problem is the fact that firms do not have just one item in 
stock but thousands. Therefore this analysis must be repeated thousands of 
times. Fortunately inventory theory can help us in solving this problem. 

Many of the problems analyzed in this book are decision problems under 
certainty. But they may be very complex problems because of the countless 
alternatives open to the decision maker. Without access to a model, they 
could be very difficult to compare. 

Decision Making under Risk 

When the decision maker is not certain as to which environmental state will 
occur but is able to forecast the likelihood with which these states will occur, 

we have a decision problem under risk. 

In the Southbridge parking garage case two possible environmental states 
were giveni low and high demand for parking. On closer examination Ray 
Ouellette concluded that he did have an opinion on the probability of these 
states. He felt that the probability that demand would be low was 20 percent, 
while the probability that demand would be high was 80 percent. 

It is these probability estimates that make this a decision problem under 

risk. 


Expected Monetary Values Now that Ray Ouellette has estimated the 
environmental state probabilities, all information necessary to analyze the 
model is available. 

A reasonable method for analyzing the model is to weigh all the 
outcomes for each alternative by the probability associated with its en- 
vironmental state. Then each of these products is summed. The result will be 
the ( Kpected monetary value for the alternative. 

Turning to the first alternative in Table 3-1 we can see that if the first 
environmental state, low demand, occurs the outcome will be $10,000. If the 
second slate occurs, the outcome will be $50,000. Furthermore we know that 
the probability that state I will occur is 20 percent and the probability that 
stale 2 will occur is 80 percent. The expected monetary value of alternative 1 
can be computed in the following way. 

.20($ 10.000) + .80($50.000) = $42,000 

I he expected monetary value of the first alternative is therefore $42,000. 

The expected monetary values of the second and third alternatives are 
computed in Table 3-3. Alternative 3. a three-level facility with parking for 
1500 cars, results in the largest expected monetary value. 
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Alternative 1 : .20(10.000) + .80(50,000) = 42.000 

Alternative 2; .201-10,000) + .80(75.000) = 58.000 

Alternatives; .20(-50,000) + .80(120.000) = 86,000 

Table 3-3 Computation of expected monetary values for Southbridge Parking Garage case. 

The expected monetary value method is equivalent to assuming that 
alternative 3 is used not just once but over and over again and that en- 
vironmental state 1 will occur on 20 percent of those occasions and en- 
vironmental state 2 on 80 percent. The long-run average outcome will be 

But in our case study it is not reasonable to assume that alternative 3 will 
be used over and over again. It will be used only once. The size of the facility 

is chosen, and the decision is not made again. 

Does this mean that the expected monetary value method is not very 

useful for ‘•one-shof decisions? No. Even in situations such as this one it can 

still be shown to be the preferred strategy. If a manager makes all decisions 

on the basis of expected monetary value, even though every decision is 

different, expected value will be maximized in t e ong run, 

We can therefore conclude that the outcome of 'he parking garage mode 
implies that a three-level garage should be recommended. What remains is for 
Ray Ouellette to use this information in reaching a decision. 


ANOTHER EXAMPLE 

When an alternative is used over and over again, the use of the expected 

L j * u fk ■ntiiitivp and convincing. We will now turn to an 
monetary method is both intuitive anu conviiiLiig 

"’‘"T'supermarket manager is faced with the following decision problem 
unde^fsk'! Each day an order must be placed for the ° ^es of milk 

Which he desires to have in stock at the beginning of the following day. 
wnicn ne ucsiics known with certainty 

Demand fluctuates from day to day r»rHpr<»d the leftover 

::::s murb^Xc::^ : "nd of .he day and at a complete loss to the 

supermarket If too few are ordered, sales are lost. The manager s problem is 

to determine how many beln^rpT'fo" 'the last 100 days. They 

Suppose that demand records^have^^^^^ tha" on 20 percent of the days 

7LZT:: fo'r".3 cases, on^ 30 ^percent of the^^^^^^^^ deman^d w. for .6 case. 

L"r"ecPst°the Lrl'T^erXe Table 3-4 will be used as a probability forecast 

for future demand. which when sold 

The supermarket manager must pay 
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Table 3'4 Demand for Milk 


Number of 

cases 

demanded 

Number of days 
on which this 
number of cases 
was demanded 

Probability 
of demand 

15 

20 

.20 

16 

30 

.30 

17 

40 

.40 

18 

10 

.10 


yields $13 in revenue. The problem, including its alternatives, environmental 
states, and outcomes is presented in Table 3-5. A more detailed analysis 
behind the outcomes associated with “order 17” is given in Table 3-6. 

The next step in the solution of this problem is to compute the expected 
monetary value for each alternative by weighing the possible outcomes of that 
alternative by their likelihood of occurrence. This is done in Table 3-7. The 
best strategy is to order 16 cases every day. This will result in an average 
daily profit over the long run of $45.40. 


Environmental state (demand) 


Order 

quantity 


15 16 17 18 

P(15) * .20 P(16) * 30 /»(17) = 40 P(18) = .10 


15 

S45 

45 

45 

45 

16 

35 

48 

48 

48 

17 

25 

38 

51 

51 

18 

15 

28 

41 

54 


Table 3-5 Conditional payoff table for milk problem 


Order 

quantity 

(1) 

Order 

cost 

(2) 

Demand 

(3) 

Revenue 

(3) - (1) 
Profit 

17 

17X10= 170 

15 

15 X 13 = 195 

25 

17 

17 X 10 = 170 

16 

16 X 13 = 208 

38 

17 

17 X 10 = 170 

17 

17 X 13 = 221 

51 

17 

17 X 10 = 170 

18 

17 X 13 = 221 
_1 

51 


Note: Although demand is 
for 1 8 units, only 1 7 are 
in stock to be sold. 

Table 3-6 Computation of outcomes for alternative "order 17." 
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Alternative 

Expected monetary value 

Order 15 

.20(45) + .30(45) + .40(451 + .10(45) = $45 0 

Order 16 

.20(35) .30(48) ♦ .40(48) + 10(48) = $45.4 

Order 17 

.20(25) + .30(38) .40(51) + 10(51) = $41.9 

Order 18 

.20(15) + .30(28) + 40(41) + 10(54) = S33.2 


Table 3-7 Computation of expected monetary values for milk problem. 


PERFECT PREDICTIONS 

To gain some insight into the cost of risk, we will first deterrnine the level of 
profit that could be obtained if the decision maker could forecast the en- 

vironmental state with complete certainty. 

Returning to our milk example, suppose there existed a forecasting service 

that could perfectly forecast tomorrow's demand. Naturally we would expect a 

fee to be charged for this service. From Table .V.S it can be seen that if the service 

forecast 15 cases of demand, 15 cases would be ordered and the 
$45. Since this is a perfect forecast, there would be no doubts about this $4.5 
profit. Similarly if they forecast 16 units of demand. 16 units would he ordered 
and profit would be $48. If 17 units were forecast 17 units would be ordered for a 
profit of $51, and if 18 units were forecast. 18 units would be ordered for a profit 

of $54. These profits are summarized in Table 3-8. 

A forecast demand of 15 with a resulting profit of ^ 'vould occur 20 
percent of the time, a forecast of 16 with a resulting profit of $48 '^ou d occur 
30 percent of the time, a forecast of 17 with a resulting profit of $51 ju d 
occur 40 percent of the time, and a forecast of 18 with a resulting profit of $54 


Demand 

forecast 

Order 

quantity 

Profit 

Lilcelihood 

of 

occurrence 

15 

15 

S45 

20 

16 

16 

48 

.30 

17 

17 

51 

.40 

18 

18 

54 

10 


Expected profit: 

.20145) + .30(48) + .40(51) + 10(54) = $49. 2 

Table 3-8 Expected profits under perfect 
forecasting. 
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would occur 10 percent of the time. In the long run the expected profit from 
these perfect forecasts would be $49.20. See Table 3-8. 


EXPECTED VALUE OF PERFECT INFORMATION 

In the preceding section we learned that a perfect forecast would result in an 
expected profit of $49.20. In the absence of a perfect forecast, we concluded 
from Table 3-7 that 16 units should be ordered all the time at an expected 
profit of $45.40. The difference between $49.20 and $45.40 is 

$49.20 -$45.40 = $3.80 

which represents the most that the decision maker should be willing to pay for 
a perfect forecast. This $3.80 is really the cost of risk; it is called the expected 
value of perfect information (EVPI). 

The expected value of perfect information is an especially important 
concept in decision theory. Decision makers are always interested in reducing 
their risk. They accomplish this by collecting more information, and this might 
involve obtaining more data, using a more complex model, soliciting additional 
advice, or hiring outside consultants. But these steps toward risk reduction come 
at a cost. The expected value of perfect inforntation places an upper limit to the 
price that the decision maker should pay to reduce the risk. It would certainly be 
unwise in the milk case to spend $20 per day for a perfect forecast which would 
result in a $3.80 improvement in profits. 


DECISION MAKING UNDER UNCERTAINTY 

In decision making under uncertainty, the decision maker faces several 
alternatives, and just as in decision making under risk there may be several 
possible environmental states. The major difference, however, is that in 
decision making under uncertainty the decision maker is unable to estimate 
the likelihood with which these environmental stales will occur. Clearly some 
other criterion than expected value must be used. In Chapter 4 several criteria 
for solving these decision problems under uncertainty are explored. 


SUMMARY 

Early in the chapter we examined the characteristics common to all decision 
problems. Later these characteristics served as a guide in the formulation of 
some simple models. For each of these models the alternative strategies 
were identified and listed down the outside column of the table, the environ- 
mental slates and their likelihoods were listed across the top, and the estimated 
outcomes were entered in the body of the table. 

In subsequent chapters, you will find that an understanding of these 
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characteristics will be very helpful in the formulation and analysis of more 
complex models. 


QUESTIONS 

1 Identify, define, and compare the five characteristics common to all decision 

problems. , 

2 Why are some decision problems under certainty complex? Give an example. 

3 Are decision problems under certainty always limited to one relevant environ- 

mental state? .... , 

4 In addition to the information supplied by the model in the parking garage case. 

what would you take into consideration before reaching a decision? 

5 What decision would you make in the parking garage case? Why. 

6 Suppose that a new demand forecast was obtained for the garage c^e and ,t 
indicated that the probability of low demand for parking was 50 percent. Would this 

affect your decision? 


PROBLEMS 

3-1 Given the following payoff matrix, determine the best strategy using the 
expected monetary value method. 



3-2 


3.3 


Compute the expected payoff with perfect information and the value of perfect 

information for problem 3-1. . iminp the 

Given the following payoff matrix, determine the best strategy using the 

expected monetary value method. 


Envifonn^sntsl sistt? 


Alternative 

1 

P(1) = .40 

2 

P{7) * 60 

A 

5 

12 

B 

1 

10 

5 

1 

1 

C 

12 

6 

D 

6 

14 1 
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3^ Compute the expected payoff with perfect information and the value of perfect 
information for problem 3-3. 

3-5 Given the following payoff matrix, determine the best strategy using the 
expected monetary value method. 



3-6 Compute the expected payoff with perfect information and the value of perfect 
information for problem 3-5. 

3-7 A large trucking company, located in city 1, must route one of its trucks through 
four major cities each week. The driving times in hours are given in the 
following table; 


From 

city 


To city 


1 

2 

3 

4 

5 

1 


2 

4 

3 

7 

2 

2 


5 

2 

6 

3 

4 

5 


4 

7 

4 

3 

2 

4 

— 

3 

5 

7 

6 

7 

3 

— 


a What constitutes an alternative? 

b Is this a decision problem under certainty, risk, or uncertainty? 
c How many alternative strategies are there? 

d Is there an implied criterion in the statement of the problem? What is it? 

Might other criteria be useful? 

3-8 A sales representative must call on four customers today. They are located far 
enough apart so that the driving time between them is substantial, and the sales 
representative would like to schedule them in such a way as to minimize 
traveling lime. 

For convenience the cities are named A. B. C. and D. Assume that you 
have access to the driving times between city pairs, and that driving conditions 
do not change during the day. 

Structure the problem in terms of alternatives, environmental states, and 
outcomes. Is this a decision problem under risk or certainty? 

3-9 The Midvale hospital is reconsidering the layout of its facilities. The hospital is 
divided into four main sections. The intermediate-care ward currently occupies 
the front of the building on the lower floor, the emergency room occupies the 
rear of the building on the lower floor, the intensive-care unit occupies the upper 
rear, and the operating rooms occupy the upper front. 
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3-10 


3-11 


The layout is being reconsidered in the hope that traffic flow— both patient 
and personnel — can be reduced. What constitutes the alternative strategies? 
What criterion should be used in comparing these strategies? 

Chris Houvras has spent 210 straight days at the track waiting for his favorite 
horse, Nip-n-Tuck, to run. Today is the day. Just before post time he rereads 
The Turf carefully and estimates that his horse has a 70 percent chance of 
winning, a 20 percent chance of placing, a 5 percent chance of showing, and a 5 
percent chance of losing. The betting odds are such that if his horse is first, he 
will win $12. If his horse places (comes in second), he will win $8. and if his 
horse shows (comes in third), he will win $4. Placing a bet costs $2. 
a Structure the problem and construct a payoff table. 

b On the basis of expected monetary value method, which strategy should he 


choose? 

c Is the expected monetary value method a reasonable way to narrow the 

alternatives? ^ ^ j 

d A friend of Chris’s, affectionately known as "Hot Gus , has some inside 

information on today's race. For $3 he will tell Chris exactly what the results 

of the race will be. Should Chris pay the $31 
A retail chain has been approached by a large clothing manufacturer to deter- 
mine whether the chain would be interested in purchasing the surplus inventory 
of their 1977 winter-wear line. The manufacturer has 4000 pieces and will sell 
only in thousand-piece lots. The cost to the retail chain will be $5 Per Piece, and 
the selling price will be $10 each. Those items unsold at the end of the sa e can 
be sold to a discount chain at $2 each. The estimate of demand is as follows: 


Units 

Probability 

1000 

.40 

2000 

.30 

3000 

.20 

4000 

.10 


How manv nieces should the retail chain purchase? 

3-12 Xokstore must place an order for this month's issue of Down West magazine. 
The issues sell for $1 each and cost $0.80 each. Unsold copies cannot be 
returned. The probability of demand over the next month can be expressed in 

the following way: 


Demand Probability 


100 

.10 

101 

.15 

102 

.25 

103 

.25 

104 

.15 

105 

.10 


How many copies should the bookstore order'’ 
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3-13 Jobs 1, 2. and 3 must be processed on two machines. Each job must pass first 
through machine A and then through machine B. Process times for each job are 
given in the following table: 


Job 

Machine A, hours 

Machine B, hours 

1 

2 

6 

2 

4 

2 

3 

3 

4 


a What are the alternative schedules? 
b Which one minimizes the elapsed time? 

3-14 A large ski shop in Denver must place its order for skis within the next week. 
Demand for their skis is strictly dependent on the weather. If the winter is 
snowy, demand is high, but if the winter is not snowy, demand is low. In snowy 
winters they sell about 4000 pairs of skis; in other winters they sell about 2000 
pairs. The average ski costs $50 and sells for $80. Leftover skis must be put on 
sale at the end of the season at half price. These half-price sales are always 
successful and all the skis are sold. 

Historical records show that 60 percent of the winters in the Rocky Mountains 
are snowy. How many pairs should the ski shop order? 

The Rocky Mountain Weather Service Company can supply a perfect 
long-range weather forecast for $500. The forecast is based not only on 
historical trends but also on the scientific extension of present-day weather 
patterns. Should this service be purchased? 
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CASE STUDY: Atwater Publications, Inc. 


Atwater Publications, Inc., has been a leading publisher of trade magazines 
for over 50 years. The magazines it publishes are very specialized and are 
sold by subscription only to those in certain trades and industries. A list of 
their publications includes Steel Industry, Electrical Equipment, Hotel Sup- 
plies, Electronics Monthly, and Hospital Manafiement. 

Until recently the company has been growing at a steady rate of lO 
percent per year. But in the last 2 years sales revenues have increased by only 

2 percent. 

In response to this decline in growth, the board of directors suggested 
that the company consider diversifying into other special-interest areas out- 
side the trade field. After this suggestion was made, several proposals were 
received by the president, Charles Benson. The most promising was from Ann 
Wilson director of marketing. She proposed a monthly women's magazine 
devoted to the issues, problems, and challenges facing today's younger 

women. . , , >1 

Some preliminary analysis of this proposal had already been undertaken. 

Based on Ms. Wilson's recommended newsstand price of Sl.SO pel copy, a 

market research study showed a 2(1 percent likelihood ihiu demand for t e 

first issue would be 5().()()(l copies, a 4(1 percent likelihood tha demand wou d 

be 100,000, a 30 percent likelihood that demand would be 150,000, and a 10 

percent likelihood that demand would be as high as 200,000. 

The market research study went on to develop a demand forecast fo 
those issues bevond the first one. It showed a 10 percent chance that demand 
would be 50.000, a 20 percent chance that demand would be 
percent chance that demand would be 150,000, and a 30 percent chance that 

demand would be 200,000 for each issue. 

With this forecast in hand Ms. Wilson met with several advertising 

agencies in New York City. They purchased enough adver.ismg spime in the 

first 12 issues to guarantee advertising revenues averaging $30,0(0 per issue. 

With all asoects of the project going extremely well. Mr. Benson was 
'^ ‘1^ he printed for the first issue and estimate. the 

prepared to set the ^ ^^st year. In addition this 

quantity for the remainder of the issues curing me y 

tf uiui) lu ,,,,rt.initv to confirm earlier estimates of the project s 

Would oive him the opportunii) lo cunim 

profitability. When it was first proposed, Ms. Wilson estimated a per year 

The quantities un Wilson fell that 200. 000 should be printed 

150,000, and 200,000 copies. ^ exposure at news- 

and distributed because the hist issue nceueu ,h„„.,ht ihii ihis 

stands, supermarkets, and drugstores as possible. She ^ght 

display of strength -;>“'‘‘^f;;t"^'’;‘e7t‘hat"only .SIhOOO should be printed in 

Wha^:^ ^ir^hnl^t --V .o prim 
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more than could be sold, and that a modest start would give them the time to 
learn more about this venture into a marketplace that was new to them. 

Mr. Benson justified his conservative approach by referring to the costs 
of this project. It was by far the most costly project that Atwater Publications 
had ever considered. Even the present facilities were inadequate to house the 
new staff. Additional space would have to be leased at a cost of $2000 per 
month. 

The additional staff necessary to support the magazine would cost 
$240,000 per year, and this did not include $24,000 per year in new ad- 
ministrative costs. Promotion costs for the magazine were budgeted at 
$10,000 per month. Printing costs were divided into two categories. First was 
a fixed cost of $10,000 per issue regardless of the quantity printed. Second 
was a variable cost of 20 cents for each magazine. 

Atwater did not receive the full $1.50 newsstand price for each copy. 
Since many would be sold at subscription discounts and the rest sold to 
dealers at wholesale prices, the average net revenue to Atwater would be $1. 

Using these figures. Mr. Benson prepared a pro forma profit and loss 
statement based on the printing of 50.000 magazines. The statement is shown 
in Exhibit A. His conclusion was that a loss of $2000 would be incurred if the 
first printing was limited to 50.000. 

He felt that if more were printed, there would be no guarantee that they 

% 

could be sold. In addition to the printing costs which would be lost for the 
magazines not sold, Atwater would incur an additional handling charge of 25 
cents for each magazine returned. (It is an industry practice to accept all 
unsold niagazines at the end of the month and to give full credit to the 
distributor.) 

Exhibit A Pro Forma Profit and Loss Statement for the Printing and Distribution 
of 50,000 Magazines, First Issue 


Net revenue .... $50,000 

Less: Staff salaries $20,000 

Printing 20.000 40,000 

Less: Administrative costs 2,000 

Promotion 10,000 12.000 

Loss $ 2,000 


QUESTIONS 

1 Identify the key issue(s) in the case. 

2 What criterion should guide the choice between alternatives? 

3 Explain Exhibit A. Is it complete? 

4 Are the alternatives suggested by Ms. Wilson and Mr. Benson the only ones? 
.Specify other alternatives. 
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5 Which alternative would you recommend for the first issue? Why? 

6 Which alternative would you recommend for future issues? 

7 What is your profit projection for this magazine over the first year of its life? 

8 What is the most that the company should pay to improve the demand forecast for 

the first issue? 

9 Do you feel that Atwater should continue with this project? 

10 Did the company’s lack of experience in this new market affect your decision- 
making process? , • . • 

11 Describe the role that you feel quantitative methods should play in decision- 
making situations similar to this one. 
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APPENDIX A: Conditional Losses 

An opportunity loss is that loss incurred by failing to choose the best alternative given 
a particular environmental state. It is possible to reach the same conclusions for a 
decision problem by focusing on expected opportunity losses as we did by focusing on 
the expected value of payoffs. 

The first step in approaching a decision problem from an opportunity loss point of 
view is to construct a conditional opportunity loss table. Starting from the conditional 
payoff table for the milk problem. Table 3-5, the conditional opportunity loss for each 
outcome is computed in the following way. First, the most profitable alternative for 
each environmental state is identified. Second, a zero is placed in that cell. Third, the 
remaining outcomes in that column are subtracted from the most profitable outcome. 
This is done in Table 3A-I. These steps are then repeated for the remaining en- 
vironmental states. The numbers which now appear in the cells represent the op- 
portunity loss for failure to select the best alternative. For example, if demand were 15 
units and 15 units were ordered, then there would have been no opportunity loss since 
the maximum profit of $45 was earned. If, instead, 17 units were ordered, then a profit 
of only $25 would have been earned. This is $20 lower than the profit that could have 
been earned. We call this an opportunity loss. 

It seems reasonable to set as the objective the minimization of expected op- 
portunity losses. These are computed in Table 3A-2 for each alternative. The al- 
ternative "order 16" has the lowest expected opportunity loss. This corresponds 
exactly to the choice of "order 16" in Table 3-7. 


N 


Order 
quantity 

15 

16 

17 

18 


Environmental state (demand) 

15 16 17 18 

P(15l = 20 />(16) * 30 ^(17) = .40 P{^8) 


= .10 


45 - 45 = 

48 45 = 

51 - 45 = 

54 - 45 » 

0 

3 

! 6 

9 

45 - 35 = 

48 - 48 = 

51 - 48 » 

h 

CO 

1 

10 

0 

3 

6 

45 - 25 = 

48 - 38 * 

51 - 51 » 

54 - 51 = 

20 

10 

0 

3 

45 - 15 = 

00 

(N 

f 

CO 

51 - 41 * 

54 - 54 = 

30 

20 

10 

0 


Table 3A-1 Conditional opportunity loss table for milk problem 


Alternative 

Expected opportunity loss 

Order 15 

.20(0) + .30(3) + 40(6) + .10(91 = S 4.2 

Order 16 

20(10) + .30(0) + .40(3) + .10(6) = S 3 8 

Order 17 

-20(20) + .30(10) + 40(0) + 10(3) = $ 7.3 

1 

Order 18 

.20(30) + 30(20) + .40(10) + .10(0) = $16.0 


Table 3A-2 Expected opportunity losses. 
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Also note that the expected opportunity loss for the best strategy. $3.80, ,s the 
same as the expected value of perfect information. It should be. since perfect 
information will reduce the expected opportunity loss to zero and thereby save $3.80. 


PROBLEMS 

3A.1 Develop a conditional loss tabic for problem 3-1. identify the best alternative. 

nnd determine the value of perfect information. 

3A.2 Develop a conditional loss table fur problem 3-3. identify the best alternative. 

and determine the V5. identify the best alternative. 

3A-3 Develop a conditional loss table tor prooicin 

and determine the value of perfect information. 


APPENDIX B: Normal Probability Distributions 

and the Expected Value 
of Perfect Information 

INTRODUCTION 

. « ■ -nnsiderinu an investment in a new breakfast cereal. The 

A consumer product firm s c d ^ 

project has reached ‘he stage introduce the product, 

ternatives: to introduce the pro c following information. The break- 

The market research -[-ha, K. the firm will earn a profit if more 

even point for the product will ■ - .f ,han 5200 units are sold, 

than 5200 units are sold hut w ' me hreak-even point will be $3, while 

Furthermore the profit for each ,,,,,.even point will be $3. 

the per unit loss for every unit „ared a demand forecast. It suggests that 

The market research grouj • _ P described by a normal probability 

future demand for the ^ nnits and a standard deviation of 600 units. 

distribution with an neater than the break-even point (5200), the 

Since expected ,hc company would prefer to collect some 

project appears to be prohtab • alternative of undertaking the 

additional information before i c he expensive. Consequently it 

project. Obtaining that the company should spend to obtain this 

would be beneficial to know 'hP information. " 

information. It needs the expec aevelopmenl of the EVPI when the 

The purpose of ^;’^'’^n.,ir„nmental states can be described by a normal 

probabilities associated with the e 

probability distribution. 


CONDITIONAL PAYOFF 

.K. FVPI is to construct a conditional payoff table. This is 

The first step in computing the . j „ above. Notice that it is a partial 

done in Table 3B-1 for the information g 
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1 

1 

1 

Environmental state 
(demand) 


Alternative 

5198 

5199 

5200 

5201 

5202 

Introduce 

-6 

-3 

1 

0 ! 

1 

3 

6 

Not introduce 

1 0 

0 

1 

1 

0 

0 

0 


Table 36-1 Partial conditional payoff table. 


conditional payoff table since the table actually continues beyond the points at which it 
has been terminated. 


CONDITIONAL OPPORTUNITY LOSS 

A conditional opportunity loss table can be constructed from Table 3B-1. See Table 
3B-2. The conditional opportunity loss, if the product is introduced, increases linearly 
below the break-even point and is zero above that point. 

This loss can be expressed mathematically in the following way. 

C(X^-X) if 

0 if X > Xh 

where C = linear loss per unit 
Xh = breakeven point 
X = actual demand 

In our example, C is equal to $3 per unit and X^ is 5200 units. A graph of the 
conditional opportunity loss function is presented in Figure 3B-1 for the alternative 
“'introduce.'’ 


EXPECTED OPPORTUNITY LOSS 

To determine the expected opportunity loss associated with introducing the product, 
the conditional opportunity loss function is weighted by the probability distribution of 
demand. In Figure 3B-2 the conditional loss function is shown superimposed on the 
normal probability distribution of demand. Indeed, it would be impractical to take each 
possible value of the loss function, multiply it by its probability of occurrence, and 
sum these products. A more practical method is outlined in the next section. 




Environmental state 


Alternative 

5198 

5199 

(demand) 

5200 

5201 

5202 

Introduce 

6 

1 

3 

0 

0 

0 

Not introduce 

0 

0 

0 

3 

6 


Table 3B-2 Partial conditional opportunity loss table 
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Rgure 3B-1 Conditional opportunity loss function (based on the condition that the product is 
introduced). 



Rgure 3B.2 Conditional opportunity loss function superimposed on the normal probability 
distribution of demand. 


Computation of EOL 

The expected opportun.ty loss (EOL) can be computed in 


the following way: 


EOL = C<rN(D) 


where C is the linear loss, a 
N(D) can be determined by 


is the standard deviation of the normal 
first finding the value of D. 


distribution, and 


D = 




where Xt, = break-even point 

The va;e;rD"is°lher:fr;hlt'ler'“of standard deviations that the break-even 
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point is from the mean of the distribution. To find N{D) turn to the loss function 
which can be found in Table 4 at the end of the book. Proceed down the first column 
until the value of D just computed is found. The value N(D) can be read from the 
body of the table. 

Returning to our example we now have the following: 

C = 3 

O- = 600 

(T 

_ 1 5 200-60001 
600 

D = 1..33 



N{D)= .04270 
therefore 


EOL = C (r N{D] 

= 3(600)(. 04270) 
EOL = 76.86 


The expected opportunity loss associated with the alternative of introducing the 
product is therefore $76.86 

It is reasonable to assume that the expected opportunity loss associated with 
introducing the product is lower than the expected opportunity loss of nol introducing 
the product. The reason for this is that the expected level of demand is above the 
break-even point. It can therefore be concluded that the expected opportunity loss of 
the decision to introduce the product is also the expected value of perfect information. 

I hcreforc if the firm had access to perfect information, it should be willing to 
spend up to $76.86 for this information. This new information w ould prevent the firm from 
introducing the product only if it showed that demand would actually be below the 
break-even point. 


PROBLEMS 


3B-1 


3B-2 


3B-3 


Suppose the standard deviation of the demand distribution for the problem 
given in Appendix B was 400. Recompute the expected value of perfect 
information. Explain why it has gone down. 

Suppose the standard deviation of the demand distribution for the problem 
given in Appendix B was 800. Recompute the expected value of perfect 
•nfomiation. Explain why it has gone up. 

A firm is about to invest in a product whose break-even point is 3000 units. 
Below this point they will incur a loss of $4 per unit, and above this point they 
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will earn $4 per unit. Demand can be described as a normal distribution whose 
mean is 3500 and whose standard deviation is 500 units, 
a Should the firm undertake the project? 

b What is the expected value of perfect information.^ 

c What effect would a higher certainty (lower <r) have on the expected value 

of perfect information? . 

3B4 A product with fixed costs of $12,000 is be.ng considered. The product will sel 

for $5 per unit. Its variable manufacturing costs are $. per unit. Expected 

demand is 5000 units, and the standard deviation of expected demand ,s 1000 

r‘on the basis of the expected value method, should the firm undertake the 

investment? . „•» 

h What is the expected value of perfect information. 

c What effect would even less certainty (higher o) have on the EVPI Explain^ 

3B-5 One year ago a large aircraft manufacturer contracted to manufacture several 
One year ag g government. The contract included a penalty 

Xu^Tf r milf:^ was Ue on delivery, a penalty of $,0,000 per day 

AlLugh!.f,hl^lmVo™si'fcX' thrcr,nic, the mimufacturer considered it 
very unfikefy that it would deliver the aircraft late, the present status of the 

cU.y has . d.s in 

S:" ZZ . norma, f “ 

r What fs'the fikcdiliood thm the^roteU will be completed on time .- 
b What is the expected penalty cost at the present ,tme> 



Chapter 4 


Decision Making 
under Uncertainty 


INTRODUCTION 

When the decision maker has no knowledge concerning the probability of 

environmental states, a decision problem under uncertainty is said to exist. 

I he purpose of this chapter is to explore the use of models in analyzing these 
situations. 


CASE STUDY: Crossover, Inc. 

Crossover. Inc., is a large chain of hi-fi stores located on the West Coast. It 

has been in business for 15 years and has built a reputation for selling the 
finest in audio components. 

Most of Crossover s stores are located in San Francisco and Los An- 
geles. with a few in Portland. Oregon. Recently the chain decided to expand 
beyond these areas. At the present lime it has the opportunity to lease floor 
space in a new shopping mall located in Seattle. Washington. 

Three alternatives are open. The first is to sign a lease for 1600 square 
feet. This will enable Crossover to open a branch store with a limited 
selection of audio components. The second alternative— one which enables 
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Environmental state 

- Alternative 

High sales 

Low sales 

1. Branch store 

50,000 

10,000 

2. Full line store 

150,000 

-15,000 

3. Neither 

0 

0 


Table 4-1 The payoff table illustrating the consequence of opening a new store 


Crossover to open a full-line store-is to sign a lease for 8000 square feeb The 
third alternative is not to sign any lease and look elsewhere for space. These 

alternatives are incorporated in the model presente in a e • 

The outcome of these alternatives depends upon the level of business 

that this new shopping mall will attract. If the level 's '8 • a 

store will net $50,000 per year. If the level is low. it will net only $10,000 per 

year. A full-line store will net $150,000 per year if the level “f business is high 

but will lose $15,000 if the level is low. If the chain decides 
in this area the payoff will be zero. These payoffs are entered ,n Table 4-T 
The executive of Crossover spent several hours discussing the potential 

business in the Seattle area. They concluded that " 

them to predict the future level of sales with the information they 

‘"'“y would have preferred a demand forecast, but such a forecast would 

take at iLrone month to develop. Unfortunately 'here were severa o 

« ' . • fUA m'lll ^nd 2l (JcciSIOn to 1C3SC iilC SPilCC 

retail firms interested in space in the ma , 

had to be made within four days. 


DECISIONS UNDER UNCERTAINTY 

xvhirh there is little or no knowledge about 
The case illustrates a " environmental states. In the sections 

the probabilities associated , j problems of this kind will be 

which follow several methods for y 

covered. 


THE METHODS OF ANALYSIS 

. L . « used when a decision problem under 

There are several methods ^ the following; 

uncertainty must be analyzed. Thes 


1 Maximin 3 Laplace 

2 Maximax 4 Mimmax regret 

We first turn to the maximin method. 
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Maximin 

In the maximin method, the outcome with the lowest payoff is identified for 
each alternative. Then the alternative associated with the best of these 
becomes the recommended alternative. In other words the maximum of the 
minimums is chosen, hence the name for this method. 


MAXIMIN 

1 Determine the lowest outcome 
for each alternative. 

2 Choose the alternative as- 
sociated with the best of these. 


To return to our case, the lowest payoff for each alternative is recorded 
alongside its row in Table 4-2. The highest of these is $10,000. According to 
this method, a branch store should be opened. 

Reflecting on this method for a moment should make it apparent that it is 
the approach of a pessimist. With the worse expected for each alternative, the 
alternative that has been chosen is the one that will at least assure the best of 
the worse. 

Next we turn to a selection method that would be taken by an optimist. 

Maximax 

The second method for choosing an alternative is to determine the best 
outcome for each alternative and then choose the best of these. 


MAXIMAX 

1 Determine the best outcome for 
each alternative. 

2 Select the alternative associated 

with the best of these. 


In Table 4-3 the best outcome is identified next to each alternative. The 
best of these is the full-line store with a payoff of $150,000. Therefore if the 



Environmental state 

Alternative 

High sales 

Low sales 

1 . Branch store 

50,000 

10,000 

2. FulMine store 

150,000 

-15.000 

3. Neither 

0 

0 


Lowest 

payoff 

10 . 000 * 

-15.000 

0 


Table 4-2 Maximin method 
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Environmental state 

Alternative 

High sales 

Low sales 

1. Branch store 

50,000 

10,000 

2. Full-line store 

150.000 

-15,000 

3. Neither 

0 

0 


Table 4-3 Maximax method. 


Best 

ou tcome 
50.000 

150.000* 


0 


decision maker uses the maximax method, a 
This is clearly the optimistic approach since 
best outcome that could possibly occur. 


full-line store would be opened, 
the choice is determined by the 


Laplace . . 

• • thmi the focus was on the lowest outcome for each 
In the maximin methc , jhe highest outcome for each 

alternative; m the maximax me . information 

alternative. The LaP'“« ^ accomplished by assigning equal probabilities to 
in the payoff matrix. This is a P considered equally 

each environmental state, n tv^ronmenta, states, each one 

hkely. In our example, ^he expected value for each 

would be assigned the pro ^ jj,- possible outcomes by 'A and 


LAPLACE 

1 Assign equal probabilities to 
each environmental state 

2 Compute the expected value for 

each alternative by multiplying 
each outcome by its probability 

and then summing. 

3 Select the alternative with the 
highest expected value. 


In our example the rules can be a 


pplied in the following way: 


AJternative 1: 
Alternative 2; 
Alternative 3: 


‘A(50.000) + '/:( 10.000) - $30,000 
%( 150,000) + 'hi' 15.000) = $67,500* 

'A(O) + 'ACO) = 0 
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Alternative 2 has the highest expected value and is therefore chosen as the 
most attractive alternative under the Laplace method. 

Minimax Regret 

The minimax regret method focuses on the opportunity loss concept. First a 
conditional opportunity loss table is developed. From the data presented in 
Table 4-1 a conditional loss table is developed (Table 4-4). Often this is called 
a regret table. It is developed in the following way. First, the most attractive 
outcome for each environmental state is identified. Second, a zero is placed in 
those cells. Third, the remaining outcomes in each column are subtracted 
from the most attractive outcome. For example, the most attractive outcome 
for the environmental state of “high sales” is $150,000. A zero is entered in 
that cell. For the cell above that one the outcome is $50,000. Therefore the 
opportunity loss for that cell is the following: 

150.000 

- 50,000 

100.000 

This can be interpreted in the following way. If the environmental state were 
indeed high sales and if a branch store were opened, an opportunity loss of 
$100,000 would have been incurred when compared with the best alternative 
that could have been selected. 

After the regret table is completed the maximum opportunity loss is 
identified for each alternative. Finally the alternative associated with the 
lowest value of maximum opportunity loss is selected as the recommended 
alternative. See Table 4-4. The minimax regret method therefore identifies that 
alternative which minimizes the maximum opportunity loss that could be 
incurred. 


MINIMAX REGRET 

1 Construct a payoff table. 

2 For each environmental state 
identify the most attractive al- 
ternative. Place a zero in those 
cells. 

3 Compute the opportunity loss 
for the other alternatives 

4 Identify the maximum op- 
portunity loss for each alter- 
native. 

5 Select the alternative associated 

with the lowest of these. 




DECISION MAKING UNDER UNCERTAINTY 


75 


Alternative 

1. Branch store 

2. Pull line store 

3. Neither 


Environmental state 


High sales Low sales 


* 150.000 - 50.000 = 
100,000 

0 

0 

10.000 - 1-15,000) = 
25,000 

150.000 - 0 = 
150,000 

10.000 - 0 = 
10.000 


Maximum 
opportunity loss 

100.000 

25,000* 

1 50,000 


Table 4-4 Conditional opportunity loss table and the mlnimax regret method. 


WHICH METHOD? 

Although the decision makers in our case could have used any of these four 
methods, the problem is far from over because they did not reach 
the same conclusion. The decision makers are still left with the question 
“What should be done?” Well, this depends on their attitude toward risk. If 
they are very conservative, they should follow the conclusion of the maximin 
method: branch store. If they are optimistic and risk takers, they should 
follow the outcome of the maximax method: full-line store. If they feel that 
any state of nature is just as likely as any other, they can follow the Laplace 
method- full-line store. And if they would like to minimize their maximum 
opportunity loss, they can follow the minimax regret method and open a 
full-line store It can be concluded that unless the decision must be veiy 
conservative, a full-line store is the most attractive alternative. 


IS IGNORANCE NECESSARY? 

In some situations decision makers may indeed remain ignorant of en- 
vironmental state probabilities. Often this ignorance can be attributed to 
either a lack of time or money or both. With more time or money additional 
information could be obtained and the problem converted to one of risk rather 

than uncertamty.sov^r, case there was insufficient time to obtain new 

information. In other situations there may not be enough funds to obtain 
additional information. Regardless of the reason, there do exist situations m 
which decisions must be made under conditions of uncertainty. 

In general, however, most decision problems are problems under risk 
rather tLn problems under uncertainty. Most decision makers find the time 
and money to collect some information-formally or informally-on en- 

vironmental stale probabilities. 
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SUMMARY 

The models and analysis presented in this chapter have been directed at those 
decision problems where the decision maker is totally ignorant as to which 
environmental state is likely to occur. The formulation of these models proceeds 
in the same way as the models in Chapter 3, but several different techniques, 
including maximin, maximax, Laplace, and minimax regret, are used for the 
purposes of analysis. The choice of a particular technique depends upon the 
decision makers’ attitudes toward risk. 


QUESTIONS 


1 

2 

3 

4 

5 

6 


Is decision making under uncertainly a common phenomenon? 

What is the purpose of a payoff table? 

C'ompare the maximin and maximax approaches. 

When would a decision maker employ the Laplace method? 

Compare the maximin and minimax regret methods. 

Suppose that you were faced with the decision problem presented in the case. 
Which method would you use and why? What is your decision? 


PROBLEMS 

4*1 The following problem has four alternatives and three environmental slates. 
Find the most desirable alternative under each of the following methods: 
a Maximin 
b Maximax 
c Laplace 
d Minimax regret 


Alternative 

A 

Ei'ivironn)ui>tol statu 

B 

C 

1 

5 

10 

6 

2 

n 

6 

12 

3 

14 

3 i 

7 

4 

1 

4 

6 

,4 


4-2 


In the following problem there are three alternatives and four environmental 
states. Find the most desirable alternative, using each of the following methods: 
a Maximin 
b Maximax 
c Laplace 
d Minimax regret 
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most desirable alternative under each of the following four methods: 

a Maximin 
b Maximax 
c Laplace 
d Minimax regret 




The following problem has four allernalives and four environmental stales. Ftnd 
the most deshable alternative under each of the following methods: 

a Maxi nin 


b Maximax 
c Laplace 


d Minimax regret 





78 


CHAPTER 4 


4-5 


4-6 


The Beta Company is about to choose a marketing strategy for one of their new 
products. The vice president of marketing, Frank Mastro, feels that he must 
choose from three levels of promotional activity. The most he can allocate is 
$100,000. He can also allocate $60,000. but the least he can allocate is $30,000. 

The outcome of these promotional levels depends upon competitors’ strate- 
gies. If $100,000 is allocated and competitors also allocate “large” sums to their 
product. Beta's payoff will be $90,000. If Beta allocates $100,000 and com- 
petitors allocate an “average” sum. Beta's payoff will be $170,000. And if Beta 
allocates $100,000 while competitors allocate “little, " Beta's payoff will be 
$ 200 , 000 . 

If instead Bela allocates $60,000. their payoff will be $70,000. $90,000, or 
$140,000, depending upon whether competitors allocate large, average, or little 
sums to promotion. 

Finally, if Beta allocates $30,000. their payoff will be $20,000, $70,000, or 
$125,000. depending upon whether competitors allocate large, average, or little 
sums to promotion. 

Given these estimates the vice president of marketing is faced with making 
a decision. .Since the product is new and he has never competed in a similar 
marketplace. Mr. Mastro feels that he is unable to predict the level of promo- 
tional activity chosen by his competitors. 

His new product represents a very small percentage (2 percent) of es- 
timated sales, and even if the project fails, it will not seriously jeopardize the 
financial viability of the firm. If, on the other hand, it is successful, it will 
provide a much-needed boost to Mr. Mastro’s career with Beta. 

What should Mr. Mastro do? Why? 


The Willow Manufacturing Company will be producing a new product this 
month, and the production scheduling department is trying to decide how many 


to schedule. It can schedule either a low. 


medium, or 


high quantity of this 


product. 


If a low quantity is scheduled and demand is low. the payoff from this 
strategy will be $500. If demand is medium or high, the payoff will still be only 
$500, since there will not be enough stock to take advantage of the higher level 
of demand. 


If a medium quantity is scheduled and demand is low. profit will be only 
$100. since many of the items produced will go unsold. If demand is medium, 
profit will be $700. and if demand is high, profit will still be only $700. 

If the order quantity is high and demand is low, net profit will be zero. If 
demand is medium, profit will be $500, and if demand is high profit will be 
$ 1000 , 


The scheduling department is quite concerned over this order quantity 
because the company has been losing money lately and further dramatic losses 
could jeopardize the viability of the firm. 

Which alternative would you choose and why? 

A sales lepresentative must make four calls today. Unfortunately, the customers 
are between 15 and 35 miles apart. The problem is to determine the order in 
which the customers should be seen. Confusing the problem, however, is the 
facn that driving time between customers depends upon traffic. Traffic may be 

ig t, average, or heavy. Unfortunately, it is impossible to predict in advance 
exactly what the traffic will be like. 
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Structure this problem and justify the criterion you would use in its 
solution. 

4-8 Return to problem 3-11 and reach a decision under the assumption that nothing 
is known about the probability of demand. Use the maximin criterion. 

4-9 Return to problem 3-12 and reach a decision under the assumption that nothing 
is known about, the probability of demand. Use the maximax criterion. 

4-10 Return to problem 3-14 and reach a decision under the assumption that nothing 
is known about the probability of demand. Use the minimax regret criterion. 
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CASE STUDY: Lawrence Hospital 

The Lawrence Hospital is a 400-bed hospital located in the rapidly growing 
region of Miami, Florida. It was built in 1960 as a 200-bed hospital and since 
that time has expanded to keep pace with the growing community. 

In the past expansion plans were routinely approved. Financing was never a 
problem. But this has changed in the last few years as the public has become 
increasingly reluctant to accept the spiraling costs of medical care. Pressure 
groups, including insurance companies, politicians, and area residents, have all 
voiced their concern over the problem. They have insisted that the hospital hold 
the line on expenses while providing — at a minimum — the same quality of 
service. 

In response to this pressure, a new hospital administrator. Fred Lathy, 
was hired 6 months ago. In the short period of time he has been with the 
hospital, he has proved a tough administrator. Several employees have been 
terminated, while those who have remained have been working harder. 
Already costs have been reduced by 12 percent. The hospital, however, is still 
operating at a loss. 

Ever since Mr. Lathy joined the hospital staff there has been a mora- 
torium on both hospital construction and investment in new equipment. 
Several proposals have been submitted, but no action has been taken. 

Yesterday Mr. Lathy received a call from Winfred Knoble. Jr., chairman 
of the board of trustees. Mr. Knoble told Fred that several physicians had 
expressed their concern to him about the delay on three proposals that had 
been submitted during the past 6 months. Both Mr. Knoble and Mr. Lathy 
agreed that there were sufficient funds to accept one but not all three of these 
proposals. Mr. Knoble closed the conversation by asking Fred to recommend 
one of the proposals to the board of trustees at its next meeting in 2 weeks. 

After the phone call Fred removed the proposals from his file cabinet and 
began to examine them carefully. The first was for the expansion of the coronary 
care facilities from 5 to 10 beds, the second was for the addition of a fourth 
operating room, and the third was for the addition of radiology facilities. The 
following paragraphs were taken from these proposals. 


Coronary Care 

I he coronary care facilities at Lawrence are inadequate to meet the needs of 

the community, and as the community continues to grow this problem will 

become even more acute. Current facilities operate at an occupancy rate of 90 

percent. This is higher than the occupancy rate for other units in the hospital. 

On many occasions patients must be accommodated in the corridor or sent to 

neaiby hospitals. There is no question that improved facilities could save 
• • 


lives. 


According to our estimates if aggregate demand for the facilities at 
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Lawrence averages 1 1 ,000 patient-days' per month, the excess of revenues over 
all costs for this project will be $ 1 20,000 per year. If demand is 9000 patient-days 
per month, revenues will exceed costs by $60,000, but if demand is 7000 
patient-days then costs will exceed revenues by $.70,000 per year. 

Operating Room 

Lawrence Hospital currently maintains three operating rooms. Use of these 
facilities is high and on several occasions elective surgery has been postponed 
to accommodate surgery of an emergency nature. New facilities would not 
only alleviate this problem but would end the reluctance of many surgeons to 
schedule elective surgery at Lawrence. An important by-product of this 
project— one not considered in the economic data-woiild be the increase in 
the demand for hospital beds in the surgical wards. Since these wards are 
currently operating at a net loss, this would he a welcomed addition to 

If the aggregate demand for facilities at Lawrence Hospital averages I ,()tm 
patient-days per month, revenues associated with ihis projec. will exceed cos s 
bv $190 000 per year. If demand averages 9000 patient-days per month, revenues 
wUI exceed costs by $70,000 per year, and if demand averages 7000 per month, 

costs will exceed revenues by $60,000 per month. 

Radiology 

. . niirchasc equipment used in cancer 

^ll^a^ --s^::;;o rcilte %1S therapy must be 

"'THrlaiSelnnltClhtiesat Lawrence Hospital averages^ , ,000 

patin;f^e^mon.h..enuesassocnUed..h^ 

^i!:3^:t:^s^.s;r;::::rdifde:,ndaveri^^^ 

exceed costs by $60,000 per year. 

The Recommendation 

K Ur I ithv reali/cd that this decision depended 
After reading these demand for hospital 

to some extent on h . imoossibie First, he had been with the 

facilities. But -vera, factors ma^th.-poss,^^^^ 

hospital just 6 never made demand forecasts before and 

demand. Second, the “IP ‘ „yff. Third, there was not enough 

there was no one with inis tApci 
lime to make an intelligent forecast. 

. . -nis the unit of demand fnr hospital services. One paticnl using ihe 

'A paiicnt-day represents the (^,rrent dcm.md for all hospital factiuies averages 

hospital for I day is tabulated as one paticnt-uav 

7000 patient-days per month. 
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The decision was therefore made on the basis of available information. 
Mr. Lathy recommended that the board of trustees accept the operating room 
proposal. He felt that it had the advantage of contributing more than the other 
projects toward the elimination of the hospital’s financial difficulties. 


QUESTIONS 

1 What criterion did Mr. Lathy use in comparing the alternative proposals? 

2 Construct a conditional payoff table. 

3 Identify the proposal that would have been recommended had the following 
methods been used. 

a Maximin 
b Maximax 
c Laplace 
d Minimax regret 

4 Which method did Mr. Lathy informally use to reach his conclusion? Was he 
justified in using this method? 

5 Do you think that the choice of a criterion is an issue in this case? If so, why is it 
an issue? What criterion or criteria would you use? 

6 Suppose that you had to make a recommendation to the board of trustees. Which 
proposal would you choose. Why? 

7 Suppose that the probabilities associated with each of the demand levels had been 
estimated in the following way. 


Demand 

Probability 

7.000 

.40 

9.000 

.50 

11,000 

.10 


8 


Is this still a decision problem under uncertainty? Find the expected monetary 
value of each alternative. Which alternative has the highest EMV? Which al- 
ternative would you recommend? 

On the basis of the demand forecast given in question 7. what is the most that 
Lawrence Hospital should be willing to pay for a perfect demand forecast? 
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APPENDIX A: Game Theory 


INTRODUCTION 

Competitors or rivals always seem to be trying to outguess one another. Regardless of 
whether these rivals are competing on the battlefield of war, in a parlor game of poker, 
in a political campaign, or in the marketplace for goods and services, there seems to be 
considerable effort directed at outguessing the competition. Indeed, there is good 
reason for this effort. If the competitor can be outguessed, the rewards can be great 
Game theory deals with this process of competitive interaction. The purpose of 
this appendix is to develop models and techniques of analysis for selecting strategies 

in these competitive situations. 


THE DEFINITION OF A GAME 

Games have alternative strategies and payoffs. Each player has a set of alternatives 
from which to choose. The outcome which results from a given strategy is called the 

^ A simple model of a two-person game is summari-'cd in Table 4A-1. The left-hand 
column represents the strategics open to player A. and the top row represents the 
strategies open to player B. The entries within the table represent payoffs to player A. 
For example if player A chooses strategy I and player B chooses strategy 2. the payoff to 

player A will be 5. . - , l r i 

Game theory is qu.le dilTercnt from deeisions under risk, wh.ch were d.scussed in 

Chapter 3. In decisions under risk the decision maker ,s^ playing agamst an en- 
vironment which changes its strategies m some random fashion n game theory the 
decision maker is playing agamst an intelligent competitor who will careful y con ide 

L * -I-- rsovvt «‘ninlov and then ca culate his own most promising 

what strategies his opponent might cmpio> aiiu u.*. 

strategy. 


TWO-PERSON ZERO-SUM GAMES 

A game is said to be a two-person zero-sum game if the gain of one player is 
A game is saia Consider a poker game between two players m 

comple.ely at expense of he o her^ t^n^ P^^^ 

which the winner s gain is iMi » nis t. 

gained the other lost). We call this a two-person zero-sum game. 



Table 4A-1 Payoff matrix for player A. 
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Pepsi 


Coke 

1 

2 

3 

4 

1 

.BO 

.30 

.40 

.60 

2 

.25 

.10 

.20 

.15 

1 

3 

.60 

O 

(N 

• 

.30 

.25 


Table 4A-2 Coke-Pepsi payoff matrix. 


As another example consider the competition between Coke and Pepsi in the 
soft-drink market. For the moment, let's assume that they are the only two com- 
petitors. One objective of their marketing departments is to capture as large a portion of 
the market as possible. To accomplish this, they regularly choose from among countless 
promotional strategies. 

Suppose that Coke has recently narrowed the choice down to the three strategies 
presented in Table 4A-2. and that Pepsi has narrowed its choice to four strategies. The 
body of the table represents the market share that Coke will achieve for various 
strategy combinations. For example, if Coke chooses strategy 2 and Pepsi chooses 
strategy Coke's share of the market will be 20 percent. 

Clearly this is a zero-sum game: what Coke gains. Pepsi loses, and what Pepsi 
gains. Coke loses. If Coke gains percent of the market. Pepsi loses 5 percent. 

Since this is a zero-sum game, it is possible to determine Pepsi's market share for 
various strategy combinations directly from Table 4A-2. For example, if Coke chooses 
strategy 2 and Pepsi chooses strategy 3. Coke's share of the market will be 20 percent. 
Pepsi's share will therefore be 1.00 -.20. or 80 percent. 


ASSUMPTIONS ABOUT THE PAYOFF MATRIX 

1 here are two basic assumptions which underlie the theory of games. These include 
complete knowledge and utility. 

Complete Knowledge 

The theory of games which is about to be unfolded requires that competitors be fully 
aware of the strategies open to each other and their resultant payoffs. Therefore, Coke 
and Pepsi decision makers must have the knowledge depicted in Table 4A-2. 

Utility 

The second assumption is that the payoffs must represent utilities. This means that in 
our example a market share of 80 percent must have twice as much utility to Coke as a 
market share of 40 percent. 


MAXIMIN AND MINIMAX STRATEGIES 

According to Table 4A-2, the decision makers at Coke have three strategies open to 
them. Suppose for a moment that they decide to play it safe. To accomplish this, they 
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could identify the minimum market share which would result from each strategy. If 
strategy 1 were taken, the minimum would be 30 percent. If strategy 2 were taken, the 
minimum would be 10 percent; and if strategy 3 were taken, the minimum would be 20 
percent. These minimums are recorded in Table 4A-3. The conservative strategy would 
then be to select the maximum of these minimums. Therefore, strategy 1 would be chosen, 
since its minimum of .30 is greater than the other two minimums. This is called the 

maximin method for selecting a strategy. , • . 

Now let's turn to the other player in the game: Pepsi. Suppose Pepsi also decides 

to play it safe. What will its strategy be? To answer this. Table 4A-3 must be 
reexamined. From Pepsi's point of view, lower values in the table are more desirable 
than larger values. This is true because a low value (.20) for Coke represents a high 
value (1 00- 20= 801 for Pepsi. Consequently, a safe strategy for Pepsi would be to 
identify the maximum value in each column and then choose the minimum of these. 
The maximum in the first column is .80, and the maximums of the remaining columns 
are .30, ,40, and ,60, These are entered below the body of Table '•A-d. The minimum of 
these is ,30, and we can therefore conclude that Pepsi's strategy should be strategy 2 if 
indeed it wishes to play it safe. Since we chose the minimurn of the maximums in 
determining Pepsi's strategy, a minimax method has been used. 


SADDLE POINT 

In Table 4A-3 it was determined that the maximin and minimax values were both .30. 
Furthermore, the row minimum was at the same time the column maximum. Under 
this condition the game is said to have a saddle point, and the nn/ue of ,he ,a,ne is 30 
When a saddle point does exist, a very interesting situation occurs. Suppose that 
the players of this game do, indeed, choose their strategies cautiously-in other words, 
playerTuses the maximin criterion and player 2 uses the minimax criterion, then they 
will ha!e no incentive to change their strategies, even if each knows exactly what the 

”'’"TcokTp"ltys'°uategy 1, Pepsi will have no incentive to use any strategy other 
II i.oKe ctratefiv to any other one. its market share would 

than strategy 2. If Peps, changed .t ^ ^ 2 ^ Coke will stay with 

decrease. Correspondingly, as long as Pepsi piays gy 

strategy 1 to ,hat even if the players do no, use maximin 

It IS especiaUy imp . m-diy both players will revise their strategies until 

and minimax as their criterion, eventually ooin p y 
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the saddle point is reached and will thereafter have no incentive to change. As an 
example of this, suppose that Coke initially considered strategy 3. However, since it 
had full knowledge of the consequences of Its own and Pepsi’s strategies (assumption 
of game theory), it realized that if it did indeed play strategy 3. Pepsi would play 
strategy 2. Its counter strategy to Pepsi would then be to switch to strategy 1, and it 
would be back to the saddle point. Neither would have the incentive to change. 

We can therefore conclude that in games where saddle points exist, player 1 will 
play a maximin strategy while player 2 will play a minimax strategy. Furthermore, 
there will be no incentive for either to change strategies. 


PROBLEMS 

4A-1 The following is a payoff matrix which describes the strategies available to two 
players and the payoff to player 1. 



a Does a saddle point exist? 
b What strategies should players I and 2 take? 
c What is the value of the game? 

d Would it be advantageous for player 1 to change strategies? Explain why. 
4A-2 The following is a payoff matrix describing the strategies available to two players 
and the payoff to player 1. 



a Does a saddle point exist? 
b What strategies should players I and 2 take? 
c What is the value of the game? 

d Would it be advantageous for player 1 to change strategies? Explain why. 
^A-3 The following is a payoff matrix which describes the strategies open to two 
players and the payoff to player 1. 
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Player 2 


Player 1 \ 

1 

2 

3 

4 

1 

14 

16 

12 

20 

2 

11 ' 

15 

10 

31 

3 

21 

4 

5 

8 


4A-4 


a Does a saddle point exist? 
b What strategies should players I and 2 take? 
c What is the value of the game? 

d Would it be advantageous for player 1 to change strategies? Explain why. 
The following is a payoff matrix describing the strategies open to two players 

and the payoff to player 2. 


Player 2 


Player 1 

1 

2 

3 

1 

, 14 

7 

21 

2 

6 

10 

8 

3 

5 

1 

4 

3 


a 

b 

c 

d 


Does a saddle point exist? ^ 

What strategies should players 1 and - take. 

player I .o Ch.n,e s.ra.egies^ Explain why. 


APPENDIX B: Games with No Saddle Point 


INTRODUCTION 

iH'it whenever 3 Ctime hud <\ suddle point, it 
We discovered in the P''ev'oPy,PPen ^ according to the maximin 

was in the best interest of each player to 

or mmimax criterion. If the ga I , strategy is relied upon, we say that 

would be repeatedly employed. Whenever a single 

the player is using a pure strategy. 

Not all games, however. ,n,,ead. a combination of 

shortly see that a pure strategy should not oe use 

strategies or mixed strategies "■^‘’"‘‘^ ^oame presented in Table 4B-1. Each player can 
Consider the two-person zero-sum game presenie 
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Minimax 

Table 4B-1 Example of a two-person zero-sum game with no saddle point. 

choose between two strategies whose payoffs to player I are measured in dollars. For 
example, if both players choose strategy I, player I gains $12 and player II loses $12. 

Suppose that the maximin and minimax criteria are used to identify the best 
strategies. According to Table 4B-1 the maximin value is 12 and the minimax value is 15: 
the row minimum, however, does not correspond to the column maximum. We can 
conclude that there is no saddle point, and we would not expect to find the use of strategy 1 

by player I and the use of strategy I by player II to be the most effective. Suppose for a 

* 

moment that they did decide to use these pure strategies. Let’s examine the consequence 
of this action. 

If player 1 selects strategy I (maximin), player II will respond by also choosing 
strategy 1. However, player 1 in the interest of increasing his payoff, will then switch 
to strategy 2. Subsequently, player II will switch to strategy 2 to protect himself. When 
player II switches to strategy 2, player I will then switch to strategy 1. Player II will 
then respond by switching to strategy 1, and we are right back where we started. This 
unstable cycle will go on and on. There will be no set of strategies out of which these 
players will not switch. In other words, this game has no saddle point. 

Clearly, there is no simple pure strategy that will work. It Is possible, however, to 
develop a mixed strategy such that both players will reach an equilibrium and will have 
no incentive for changing their mixed strategies. A mixed strategy is some combination 
of pure strategics. For example, a mixed strategy for player I might be to use strategy 
1 in one-third of the games and strategy 2 in two-thirds of the games. Next we will 
develop a method for determining these mixed strategies. 

A GRAPHICAL METHOD FOR 2x2 GAMES 

The game presented in Table 4B-1 is referred to as a 2 x 2 two-person zero-sum game 
because there are two strategies open to player I and two strategies open to player II. 
If there had been three strategies open to player I and five strategies open to player II, 
it would have been a 3x5 two-person zero-sum game. 

The 2x2 game presented in Table 4B-1 can be solved by graphical analysis, where 
the vertical axis of the graph represents the payoff to player I. The horizontal axis 
represents the probability of player I choosing strategy 2, P(1.2). This axis starts atOand 
ends at 1.0. Therefore, at the right end of the axis it is certain that strategy 2 is chosen, 
P(l,2) — 1.0, while at the left end of the axis it is certain that strategy 2 is not chosen, 
P(I,2) = .0. 

From the payoff matrix in Table 4B- 1 , we see that if player I chooses strategy 1 , his 

payoff will be 12. provided that player II chooses strategy 1 . This point is plotted in Figure 
4B-1: 
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Figure 4B-1 Payoff to player I given that player II uses strategy 1 


Payoff to player 1-12 

P(I,2) = .0 


On the other hand, if player I chooses strategy 2 and player 
strategy 1, the point in Figure 4B-I wdl be the follotvmg. 


II continues to choose 


Payoff to player I - 15 

P(I,2)= 1.0 

... connected by a straight line. Points along the line represent 
These two points are , ^ combination of strategy 1 and strategy 2 gireii 

the payoff to player I point /t implies that if player II chooses 

that player II chooses ' , looses strategy 2 eighty percent of the time and 

strategy 1 exclusively, and . ^dlVe 14.4. 

strategy 1 twenty ,ine which depicts payoffs to player I when player II 

Our next step is to determined in the 

chooses strategy 2 exclusively. Ihe two enu p 

following way: 


Payoff to player I - 30 

P(I,2) = 0 




CHAPTER 4 


Payoff to player 1=11 

P{1.2)= 1.0 

These points are identified in Figure 4B-2 and are connected by a straight line. Points 
along this line represent payoffs for various mixed strategies when player II stays 
exclusively with strategy 2. 

To this line is now added the line determined in Figure 4B-1. With both lines 
presented in Figure 4B-3 we can now proceed to select player Fs best strategy. 

According to the maximin principle, the minimum payoff for all possible strategies 
open to player I must be identified. But player I not only has the pure strategies of strategy 
1 and strategy 2 available but has the option of playing any combination of these as well. 
The minimum payoff for these combinations is shown as the crosshatched line in Figure 
4B-4. The final step is to select the maximum of these minimum points. Point M is that 
point. 

According to the maximin principle, then, player 1 should choose the mixed 
strategy depicted by point M.' This strategy requires that strategy 2 be played '“/iz or 
82 percent of the time and strategy 1 be played or 18 percent of the time. The 
value of the game will therefore be 14.4.'S45. 

From Figure 4B-4 it should be clear that this mixed strategy is indeed an 
equilibrium strategy in which player I will have no incentive to change. 

The strategy that should be taken by player II can be determined in the same way. 
From Figure 4B-5 it can be seen that according to the minimax criterion, point M 
represents the second player's best mixed strategy.^ Accordingly, player II should 
employ the second strategy 722 of the time and the first strategy *722 of the time. The 
value of the game to him will be 14.4545. 

From Figure 4B-5 it can be seen that if player II does play this mixed strategy, 
there v'ill be no incentive for him to change. 

We can therefore conclude that if both players employ the mixed strategies which 


' The solution can be computed in the following way: 

30(1 - />(l.2)l + I1P<I.2) = 12[l - P(l.2)l+ 15P(I.2) 

Solving for P(l.2). 

P(1.2) = 'V 22 and />(|.i)=y,, 

The value of the game is computed in the following way: 
30( ! - '*/2:) + 1 1('»/^;) = 14.4545 

The solution can be computed in the following way: 

1511 - P(n.2)!+ 1!P(II.2)= 12(1 ~ P(U.2))+30P(n.2) 

Solving for P(II.2), 

P(ll.2)=y32 and = ly.. 

The value of the game is computed in the following way: 
15(1 - 722)+ IK yj,)= 14.4545 


Payoff to player 1 
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Rgure 4B-2 Payoff to player I given that player II uses strategy 2 






Payoff to player II 



• • 
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we have just developed, neither will have the incentive to change strategies and the 
value of the game will be 14.4545 to both of them. 

THE USE OF MIXED STRATEGIES 

The solution to the game presented in Figure 4B-1 requires that a mixed strategy be 
used. Player I, according to the solution, was required to employ the first strategy 82 
percent of the time and the second strategy 18 percent of the time. To do this, the 
player must use some random device, such as random number tables, to ensure that 
there is no predictable pattern in the choice of his strategies. Clearly, it would not do 
to employ strategy 1 during the first 82 of 100 occurrences and then switch to strategy 
2 for the last 18. The competitor, player II. would quickly become aware of this 
pattern and exploit this information. Strategies 1 and 2 indeed must appear 82 and 18 
percent of the time, but in a random fashion. 


PROBLEMS 

4B-1 The following is a payoff matrix which describes the strategies open to two 
players and the payoff to player 1. 


4B.2 

4B-3 



Determine the strategy that player 1 should lake. What is the value of the 

to problem 4B-I and determine the strategy that player 2 should take. 

IVhat is the value of the game.' ... . . 

The following is a payoff matrix which describes the strategies open to two 

players and the payoff to player 1. 


4B-4 



Determine the strategy that player 1 should take. 
Return to problem 4B-3 and determine the strategy 


that player 2 should take. 




Chapter 5 


Bayes’ Rule: 
The Revision 
of Probabilities 
in the Light 
of New Information 


INTRODUCTION 

In any decision-making situation there is always some initial amount of 
informatitiii — either subjective or objective — to which the decision maker has 
access. If this information is adequate, a decision may be made. Even if the 
information is inadequate, but time and money prevent the collection of 
additional information, a decision may still be made. But if additional in- 
formation can be collected, it is very likely that this new information together 
with the initial information may lead to a better decision: one with less risk. 

This chapter is concerned with the way in which initial information is 
revised once new information is made available. 1 he case study which 
follows will be used to introduce these concepts in greater detail. 


CASE STUDY: Howard Company 

I he Howard Company is a large machine shop which manufactures parts 
used by the defense and aircraft industries. Most of its orders are for small 
quantities of expensive parts. Seldom are two orders alike. 
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To accommodate this variety in jobs Howard operates 1000 machines 
grouped into 120 functional work centers. One work center is completely 
devoted to drilling, another to grinding, another to painting, and so on. 

A primary concern of the Howard Company is the quality of its manufac- 
tured parts. Each part must be machined to the standards spec, tied by the 
customer and no part can be shipped unless these standards have ^ 

To ensure compliance with these standards the Howard Cornpany has 
established a quality control group ss hich reports directly to the prestdent of the 
company. The group has the responsibility for check, ng jobs m var,ous s ages 
in iL Lnufacturing process and the authoruy to stop th,s work 

standards specified by the customer have not been met^ , , The 

One stage at which each job is checked ts the machtne setup stage. The 

setup or adjustment of a machine is checked by a member of the quaht> 
control department before the machine ,s permitted to produce the customer s 
o^r In this way any errors can be corrected before hundreds or thousands 

Tthr;r^rfi,rRa::!“()X'onnor of the quality control department 
has bee-alled to one of the grindtng machines for -he purp-e of t^provtng 

a setup. Frank ^l^hlS-he properly set 

past expertence he knows th. the approve the setup on this 

up is 80 percent. Bu ^ . I, ^ iu eke one hour for the grinder to 
information ,his part, take some measurements. 

:™d‘':rthe"ba';!:'of :h^:t.w informat, o,, revise h,s pr,or probabihty that the 



be given to proceed with the customer s order of 4. ptece. . 

THE USE OF ADDITIONAL INFORMATION 

X Fr ink O'C onnor had some preliminary in- 

In the Howard „\‘oi,.,bilitv that the machine had been properly set 

formation. He felt that the p ■ . is called a prior probability, 

up was 80 percent. P-l — ^ mfornratu , 

Once a sample ,his revision be accomplished'.’ 

prior probabihty can be revtsed. but ne 

It can be accomplished by next section using a simple but 

Bayes' rule will be 'been developed we will return to the 

mechanical example. ^'' ['■j'',,/,evise Frank's prior probabilities. 

Howard Company case and u 

THE development OF BAYES RULE 

A A 

r.x.3 l hance require that the player first 
The rules for playing a certain ^ selected from urn A \ if the 

throw a die. If the outcome is I . a niarni 
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oulcome is 2 or 3. a marble must be selected from urn B \ and if the outcome 
is a 4, 5, or 6, a marble must be selected from urn C. 

Prior and Conditional Probabilities 

From the description given above we can determine that the probability that 
urn A will be selected is the probability that urn B will be selected is 
and the probability that urn C will be selected is These outcomes and 
probabilities are shown in Figure 5-1. The probabilities are given a special 
name: they are called prior probabilities. 

After the die is thrown and an urn selected, a marble must be picked. 
Suppose that urn A has 10 marbles: 6 red and 4 green. Therefore the 
likelihood of drawing a red marble from urn A is Vm. When this information is 
presented on the probability tree, however, it should be indicated that this is a 
conditional probability. I he likelihood of drawing a red marble depends upon (or 
is conditional upon) the urn from which that marble was drawn. We can then 
write this probability in the following way: 

P(i?|A)= 

Correspondingly the probability of drawing a green marble is 

P(g\a)= v,„ 


Conditional 

probabilities 



Figure 5-1 Probability tree for urn game. 
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In urn B there are 8 red marbles and 2 green marbles. Therefore, these 
conditional probabilities can be expressed in the following way: 

P(/?|B)= Vio 

p(g|b)= y,o 

In urn C there are 5 red and 5 green marbles. These conditional 
probabilities can be expressed in the following way: 

p(p c)= y,„ 

P(G C)= y.o 

All these conditional probabilities are shown in Figure 5-1. 

Joint Probabilities 

From these probabilities it is possible to determine the joint probability of 
choosing urn A and drawing a red marble, choosing urn B and drawing a red 
marble, and choosing urn C and drawing a red marble. By referring to the rule 
of multiplication which we developed in Chapter 2. we can compute these 
joint probabilities in the following way: 

PiAnR) = P(A)- P{R\a) 

P(AnP) = ‘A- Vk.= 

Continuing with the other joint probabilities, we have 

P{B nR) = P(B) ■ P{R\B) = '/(,■ y,o= %) 
p(cnp) = p(C) • p(p|ci = %- yio= 'y^ 

They are repealed in Figure 5-2. 

Summing the Joint Probabilities 

Suppose you want to know the likelihood of choosing a red marble. This 
outcome can occur in one of three ways. You might choose urn A and pick a 
red marble or choose urn B and pick a red marble, or choose urn C and pick 
a red marble. In other words, a red marble can occur in any one of the 
following three ways: 

(AnP)U(HnP)u(cnP) 

The probability of this can be written in the following way: 

P{R) = P(A n R)U P(B n R)U P(C n R) 
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Since these three joint events are mutually exclusive (if one happens, it rules 
out the others), we have no intersection between them and we need only to 
add these joint probabilities. 



Therefore, the likelihood 

/w)- 


that a red marble will be chosen by the game rules is 


Problem 

F'ind the probability of drawing a green marble. 
Solution 

r(Anc)= P(A)- P{a\A) = '/,- y,„= 

F(BnG)=P(S) P(G|B) = %. y,„= 

P(C n G ) = P(C) ■ P(G I D = ’/„ • = ”/«, 

P(G) = P(/i n G)u P(B n G)u P(C nG)= y^+ 

Note that P(G ) + P(R ) = + 7^ = ). 
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Revising the Prior Probabilities 

Now that we have examined all the probabilities associated with this game, 
let's assume that someone has just played it. You are informed, in fact, that a 
red marble was drawn. This is your new information. 

Before you obtained this new piece of information, you knew the prior 
probabilities of choosing urn A. urn B. or urn C. Now with this new 
information it will be possible to revise these probabilities. For example, you 
will be able to determine the probability that urn A was chosen f>iven that a 
red marble has been drawn. This can be expressed in the following way: 


PiAlR) 


It is referred to as a revised prior or posterior prohuhility. 

Bayes’ Rule 

To compute the revised prior probability, we must first examine all possible 
ways in which a red marble could have been drawn. From Figure 5-3 we can 
see that a red marble could have been drawn in one of the following three 
ways: urn A and then a red marble, urn B and then a red marble, and urn C 
and then a red marble. In this e.xample we are especially interested in one of 
these ways: urn A and a red marble. Therefore, if a red marble was drawn, 
the likelihood that the correct sequence was urn A and a red marble can be 
computed in the following way: 




Pie) = 26 






Figure 5-3 All ways in which a red 


marble could be drawn. 
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P(A R) = 


P(A OR) 

PiA n R)U PiB n R) U P(C DR) 


The denominator is already familiar to us, and we could simplify the ex- 
pression. 


R(A R) = 


P(A HR) 

P(R) 


This formulation is referred to as Bayes* rule and is used to revise prob- 
abilities in the light of new information. 

Returning to our example, we have 


P(A R) = 


P(A n R) 
P(R) 



and we can therefore conclude that, based on the additional information that a 
red marble was drawn, the likelihood that it came from urn A is %7. 
Originally we determined that the likelihood of choosing urn A was 

P(A) = 'A= .167 


and now, after collecting some information, we revise that probability and say 
that the likelihood that urn A was chosen is 


P(A R)= % = .162 


This is a revised probability, and 
rule. 


we say that it was computed using Bayes' 


Problem 


Given that a red marble was chosen, 
urn P? 


what is the likelihood that it came from 


Solution 


P(P R) = 


P(B n R) 
P(R) 


If./ 

/«• 


^7 


7 «. 



.432 


Note the dramatic increase in the posterior probability P(B|R) = .432 from the 
prior probability P(P) = '4 = .333. This illustrates the impact that additional 
information can have on prior probabilities. 

Problem 

What is the likelihood that urn B was chosen given that a green marble was 
drawn? 
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Solution 


' P(G) 



Before moving on to more examples, a formal presentation of Bayes’ rule will 
be made. 


BAYES’ RULE: A FORMAL VIEW 

Given two events A and B. Bayes’ rule states the following: 


PiB\A) = 


PiA\ByP(B) 

P(A) 

PjA n B) 
P{A) 


In a decision-making setting, event A represents the new information— 
usually obtained from sampling— and P(B\A) represents the revised prior 
probability based on this new information. 


THE USE OF BAYES’ RULE IN THE HOWARD CASE 

Returning to the Howard Company case we have already learned that in the 
past the grinding machine has been correctly (C) set up 80 percent of the 
time. Therefore, this becomes the prior probability 


P(C) = .80 

Correspondingly, the likelihood that the machine is incorrectly (/) set up is 

. 20 . 


P(/) = .20 

These are entered on the tree diagram in Figure 5-4. Upon further questioning 
Frank has informed us that when the machine is correctly set up, the 
likelihood that it will produce a good part is .90. 

P(g|C) = .90 

The likelihood that a correctly set-up machine will produce a bad part is 

therefore .10. 

P(b|C) = .10 

These are also entered in Figure 5-4. 
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Figure 5-4 Bayesian quality control problem. 


If. on the other hand, the machine is incorrectly set up. Frank has 
informed us that the likelihood that a good part will be produced is .40 and the 
likelihood that a bad part will be produced is .60. 

P{G\I) = .40 
PiB I) = .60 


Again, these are entered in Figure 5-4. 

Now let us suppose that Frank has turned the machine on and observed 
the hrst part; it is good. Given this outcome, what can now be said about the 
likclihoou of the rnnchinc being properly set up^ 

lo answer this question, the prior probability must be revised. This is 
accomplished by finding the probability that the machine is properly set up given 
that a good part has been observed or P(r|G). Following the same steps we took 
in our first example, we identify all ways in which a good part could have 
occurred. The relevant paths are crosshatched in Figure 5-5. These include: 
correctly set up and a good part, and incorrectly set up and a good part. Their 
joint probabilities can be computed in the following way. 


P(C n G) = . 8 X. 9 =.72 
P(/ n G) = .2 X .4 = .08 


Of these two ways in which a good part could have been generated, we are 
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PiC Gl = .9 X 8 = .72 





P{\ G) = 2X 4= 08 



Figure 5-5 Ail ways in which a good part could have occurred. 


especially interested 
tree represented by 


in the likelihood that it was the path in the probability 
"correctly set up and good. The likelihood of this is 


PjcnG) 

p{cnG)UPa no 


This can be simplified to 


P(c|G) 


P(CnC) 

P(G) 


which is, once again, Bayes 


rule. Finally making the computations, we find 


P(C G)- 


. 72 

.72+ .08 



and we conclude that the revised likelihood that the machine is properly set 

'Notice that the original probability estimate that the machine is properly 
Notice that me og i P(C) = .8 to P(CG) = .9. Again this il- 

lustrates the impact that additional information may have on p .or probabilities. 
On the basis of this revised probability estimate. Frank should now feel quite 

confident that the machine is properly set up. 
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Problem 

Suppose that, instead, Frank's first sample yielded a bad part. Now revise the 
probability that the machine is correctly set up. 


P(C\b) 


PjCDB) 

P{CnB)UPilnB) 

.8 X .1 


(.8x.l) + (.2x.6) 


m 

.20 


= .40 


Again we can see that there is a substantial change from the prior probability. 


THE USE OF BAYES’ RULE IN MEDICAL DIAGNOSIS 

Jack Turner has just arrived for his appointment with Dr. Woodman. Jack’s 
symptoms are such that Dr. Woodman suspects there is a 1 percent chance 
that he has a certain rare disease (R). He suspects that there is a 4 percent 
chance that some other milder disease (M) is causing these symptoms. And 
finally he suspects that there is a 95 percent chance that nothing is wrong with 
him (H). These, then, are Dr. Woodman’s prior beliefs. 

Probability of rare disease: PiR) = .01 

Probability of milder disease: P(M) = .04 

Probability of healthy condition; P(H) = .95 

They are entered on the probability tree of Figure 5-6. 

Dr. Woodman is hesitant to base his diagnosis and therapy on these prior 

beliefs. Instead, he decides to administer a test to his patient and then revise 

his prior probability as to the likelihood of this rare disease. 

The test, however, is not a perfect one. Like many other medical tests, it 

can register positive (the patient does have the disease) when in fact the 

patient does not have the disease. The reliability of the test depends 

upon the actual condition of the patient. If the patient actually has the 

rare disease, the probability that the lest will register positive is .90. If the 

patient has other milder diseases, the likelihood that the test will register 

positive IS .60. And if the patient is actually healthy, the likelihood that the 

test will register positive is .20. Summarizing these conditional probabilities, 
we have the following; 

P(Pos|R) = .90 
P(POs|m) = .60 
P(POs|H) = .20 

They are entered in Figure 5-6. 
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■' Pos) = 009 


PosI = 024 


Pos) =190 


Figure 5-6 Medical diagnosis problem. 


After having the lest administered. Dr. Woodman is informed that the 
results were positive. His decision problem is this: Given that the test results 
were positive, what is the revised probability that the patient has the disease? 

P(R|pos) = ? 

From our tree we see that the following paths will result in a positive 
result: rare disease and positive result, milder disease and positive result, and 
healthy and positive result. 

Of these three ways in which a positive result can be generated we are 
especially interested in the likelihood that it was the path in the probability 
tree represented by "rare disease and positive result." The likelihood of this 

can be determined in the following way: 

PjR n pos) 

P(R pos) = p, pos) U P(M n pos) U P(H n pos) 

This can also be simplified to 


P(p|pos) = 


P(R n pos) 
P(pos) 


which is, again, the use of Bayes' rule to revise prior probabilities. 
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Finally, making the computations, we find 

.01 X.9 

(.01 X .9) + (.04 X .6) + (.95 x .2) 

.009 .009 

.009 +.024 + .190 .223 ‘ 

and we can conclude that, based on the outcome of the test, the likelihood that 
the patient has the rare disease is .04. Indeed this is an increase compared to the 
prior estimate of .01. but it may not be a high enough probability for Dr. 
Woodman to make a conclusive decision. Perhaps the same test could be run 
again with .04 as the new prior probability. 



SUMMARY 

In some decision-making situations the decision maker may hold prior prob- 
abilities that are not strong enough to support a decision. Consequently it 
might be advantageous to collect some additional information for the purpose 
of revising these prior probabilities. The purpose of this chapter has been to 
model these situations and to explore the use of Bayes* rule in analyzing these 
models. 


QUESTIONS 


1 

2 

3 


5 


Differentiate between a prior and posterior probability. 

Prior probabilities which are subjective estimates are not as effective as prior 
probabilities which are objective estimates. Comment on this statement. 

In tlie classical approach to statistical sampling absolutely no weight is given to 
prior probability estimates. Only the information contained in the sample is 
considered relevant. But in Bayesian analysis prior information is combined with 
sample information. Both sources of information are preserved in the result. Which 
method more closely parallels the informal process which many decision makers 
already use? Which one would you recommend? Why? 

Do you think that prior probabilities should influence the quality control decision in 
the Howard Company case, or should the decision be based strictly on the outcome 
of the sample part. Why? 

Do you think that the conclusions reached by some physicians are influenced by 
prior probabilities? 


PROBLEMS 


5-1 


In a game of chance a die is thrown and then, on the basis of the outcome of the 
die. a marble is drawn from one of two urns. 

If a 3 IS thrown on the die. then urn 1 is chosen; otherwise urn 2 is chosen. 

1 here are 8 red and 2 green marbles in urn 1, and there are 5 red and 5 green in 
urn 2. 
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Suppose you have just been told that a player had drawn a red marble. 
Revise the probability that urn 1 was chosen. 

5-2 In problem 5-1, identify how the following concepts are used in the development 
and solution of the problem, 
a Prior probabilities 
b Conditional probabilities 
c Joint probabilities 
d Law of multiplication 
e Law of addition 
f Mutually exclusive 
g Revised prior or posterior probabilities 
h Bayes' rule 

5-3 From past experience it has been determined that the likelihood that a machine 
is properly set up is 75 percent. If it is properly set up. the likelihood of a defect 
is 5 percent. If. on the other hand, it is improperly set up, the likelihood of a 
defect is 25 percent. ‘ 

Given that the machine has just produced a defect, revise the prior belief 
that the machine is correctly set up. 

5-4 According to quality control records, a particular machine has been properly set 
up 80 percent of the lime. 

When the machine is properly set up, 90 percent of the parts produced are 
acceptable. When the machine is improperly set up, 60 percent of the parts 
produced are acceptable. 

Given that a bad part has just been observed, what is the likelihood that the 
machine is indeed properly set up? 

According to your result, what would you do? 

5-5 The Bridgton Police Department is currently investigating a robbery which took 
place last week at the Trading Post. They have three suspects and are about to 
decide whether one or all of them should be called in for questioning. 

The police chief. Frank Bell, thinks the likelihood that the crime was 
committed by suspect 1 is 25 percent; the likelihood that it was committed by 
suspect 2 is 40 percent: and the likelihood that it was committed by suspect 3 is 
35 percent. 

Just as he is about to make his decision. Sergeant Henson uncovers some 
additional evidence. He finds that the weapon used in the robbery was a 

sawed-off shotgun. 

Chief Bell feels that if suspect I had committed (he crime, the chance that he 
would have used a sawed-off shotgun is but 5 percent; if suspect 2 had committed 
the crime, the likelihood that he used such a weapon is 50 percent; and if suspect 3 
had comriiitted the crime, the likelihood that he used a sawed-off shotgun is 70 

percent. 

Given this new piece of information, determine the likelihood that it was 
suspect 1. 2, or 3. 

Do you suppose that police departments use this process (formally or 
informally) to reach decisions? 

5-6 Records indicate that a machine is properly set up 90 percent of the time. If 
indeed it is properly set up. the likelihood of good parts being produced is 80 
percent. If. on the other hand, the machine is improperly set up, the likelihood 

of a good part is only 40 percent. 

A sample of a single part has been taken from the machine and found to be 
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5-7 


5-8 


5-9 


5-10 


bad. In the light of this new information, revise the likelihood that the machine 
is properly set up. 

This revised probability is really not strong enough in one direction or the 
other to lead to a decision as to whether or not the machine has been properly 
set up. Consequently, another sample is taken and this sample turns out to be 
good. What can now be said about the likelihood of a properly set up machine? 
Should another sample be taken? 

Suppose that the revised probability of the medical test described in the chapter 
was not high enough for Dr. Woodman to reach any conclusive decision. The 
test was repealed and again it was positive. What is the newly revised posterior 
probability that the patient has the rare disease? 

The Kirkland Company is considering the introduction of a new product in its 
consumer-goods line. The marketing department thinks that there is a 60 percent 
chance that the product will turn out to be a good product in the line and that 
there is a 40 percent chance that it will be an average product. 

To provide more information, the marketing department plans a market test. 
The product is to be introduced in five major markets. 

Given that the product is a good one. marketing feels that there is a 90 percent 
chance that the sales in this test market will be high. If. on the other hand, the 
product is an average one. the department feels there is but a 40 percent chance that 
sales will be high in this test market. 

Suppose that low sales are recorded during the lest period. What is the 
probability that the product is a good one? 

The owner of the Lenox Electronics Company feels that there is a 70 percent 
chance that he will win the bidding on a certain government contract. 

Recently he attended a meeting with all those who had submitted bids. At 
this meeting government representatives discussed the contract and explained 
the criteria which would be used to guide their final selection. After this meeting 
the owner of Lenox was reevaluating his chances of winning the contract. 

Given that he would eventually win the contract, he feels that there was a 90 
percent chance that the government representatives would have responded 
positively to him at the meeting. Given that he would not eventually win the 
contract, there was a 10 percent chance that the government representative 
would have responded positively. 

Reflecting back on the meeting, he feels that the representatives did indeed 
respond positively to him. 

What is his chance of winning the contract? 

Mr. I-rank Glober was hired by the Lenox Company over 4 weeks ago. At his 
employment interview it was determined that there was an 80 percent chance 
that he would turn out to be a good worker. 

Recently his performance has been reevaluated. If he really is a good 
worker, there is an 85 percent chance that this review would show that his actual 
output is satisfactory. If he is really an unacceptable worker, there is a 30 
percent chance that this review w'ould show that his actual output is satis- 
factory. 

Suppose that his review showed his output to be unsatisfactory. What is the 
likelihood that he is an unacceptable employee? 

When the likelihood that a worker is unacceptable is above 55 percent, the 
worker is fired. What action should be taken in Mr. Glober's case? 
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CASE STUDY: First National Bank 


The First National Bank is a large commercial bank located in Baltimore. 
Maryland. The services which it offers include demand deposits (checking 
accounts), savings accounts, trust accounts, loans, and credit cards. 

Each of these services is managed by a separate department within the 
bank, and each of these departments has its own set of operating procedures 
and controls. The purpose of these procedures and controls is to ensure that 
bank personnel carry out their responsibilities correctly, completely, and 
honestly. Commercial loan procedures, for example, require that the follow- 
ing steps be taken when a loan is granted. First, the credit rating of the debtor 
must be established; second, the interest rate must be determined; third, the 
collateral required for the loan must be specified, fourth, the authorized 
officers from the borrowing corporation must sign the lotin. and fifth, the 
authorized loan officers of the bank must approve and sign the loan 


agreement. 

After the loan has been granted, the commercial loan department must 
continue to monitor the loan. Have payments been made regularly? Is the 
market value of the collateral sufficient to cover the balance of the loan? Are 
the bank records up-to-date, accurate, and complete? If the answer to any of 
these questions is no. the loan department must initiate whatever corrective 

action is warranted by the situation. 

But the operations of a department are not exclusively under its own 

control Federal banking laws require that commercial banks maintain an 
independent internal audit staff for the purpose of examining the controls and 
procedures used by each operating department. These periodic examinations 
must conclude that the department either is adhering to these controls and is 
therefore “in control” or is not adhering to these controls and is therefore 
"out of control " During these examinations the internal auditor must also be 
on the lookout for any fraudulent activity within the department 

At the present time Tom Marloraiio and Diane Richmond have just 
started to audit the commercial loan department. Tom has performed this 
audit four times in the Iasi year, but Diane has been on other assignments. 
From his experience with the department. Tom feels that there is a 90 percent 
chance that it is adhering to its current procedures and controls. Diane, however. 

is more skeptical. . , , , ... 

The audit was started by selecting a commercial loan and examining its 

documentation and collateral. Tom feels that if the department was "in con- 
trol," the probability is just 2 percent that any error will be uncovered during 
the examination. But if the department was no, "tn control, the probabiitty 

of uncovering an error increases to .‘iO percent. „ 

The loan they examined was made I year ago to the Acme Corporation. 
Their examination showed that the credit rating of the debtor was properly 
established that the interest rate was sufficient, and that the authorized 
signatures of the bank's loan officers were obtained. But they found that one 
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of the required signatures from Acme Corporation was missing. According 
to a corporate resolution, which First National Bank retained in its files, both 
the vice president of finance and the treasurer of the Acme Corporation were 
required to sign every loan agreement. The present loan was signed only by 
the vice president of finance. 

Both Tom and Diane agreed that additional loans must be examined. They 
selected a second loan and found everything in order. A third loan was 
examined and again everything was in order. 

Tom said, "I am satisfied that the loan department is adhering to its 
procedures and controls. Before we started the audit I was very confident that 
it was. Even though we did find one error, the result of the next two samples 
restored my confidence. I think we should give the department our approval 
and move to the next audit.” 

*‘l don't agree. " replied Diane. ‘‘We found one error in three accounts. This 
could mean that one-third of the accounts in its files are in error. I think that 
something could be wrong with its controls and that we ought to continue the 
audit by examining additional records.” 


QUESTIONS 


1 

2 


5 

6 
7 


Should the prior knowledge which I'om Martorano has influence his decision? 

If I om N prior knowledge is used, what is the revised probability ^hat the loan 
department is “in control” after the first sample has been taken? 

What is the revised probability that the loan department is “in control” after the 
second sample has been taken. 

What is (he revised probability that the loan department is “in control” after the 
third sample has been taken? 

What conclusion would you reach after the third sample? 

Is Diane Richmond s position justifiable? 

In addition to the three loans which have already been audited, how many more loans 
with no errors would it take before the revised probability that the department is "in 
control” reaches 90 percent? 
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APPENDIX A: Revision of Binomial 
Prior Probabilities 


When bayesian statistics are used in statistical sampling, the conditional probabilities 
are sometimes obtained from the binomial distribution. The following example illustrates 
this situation. 

A sampling plan for a specific manufacturing process requires that a sample of 20 
Items be taken from a machine. The results of the sample are then used to determine 


whether the process is properly in control. 

In the past the machine has been properly set up 85 percent of the time. When it 
is properly set up. 90 percent of the parts produced are acceptable and U) percent are 
unacceptable. If it is Improperly set up. 50 percent of the parts are acceptable and 50 
percent are unacceptable. 

Today 20 Items have been sampled from the machine, and 15 were found to be 
good. The task at hand is to revise the prior probability that the machine is correctly 
set up in the light of this new information. In terms of Bayes* rule we would like to 
determine the probability that the machine is correctly set up (C), given our sample 
result of 15 good ones out of 20 sampled. 


P(C|i5 good ones out of 20) - ? 

First, the probability tree must be drawn. This is done in Figure 5A-1. The only 
problem in completing the tree occurs when the conditional probabilities must be 



Found in 
binomial 
(able 
n-20 
f = 15 
p = .90 


Found in 
binomial 
table 
n = 20 
r = 15 
p = .50 


Figure 5A-1 


Using the binomial to compute conditional probabilities 



112 


CHAPTER 6 


entered. Examples in the early part of the chapter dealt with one good or one bad part. 
But in this example we have 15 good pieces out of 20 sampled. How do we find the 
probability of 15 good pieces out of 20 sampled when we know that the probability of 
one good one (given that the machine is correctly set up) is .90? The answer is to use 
the binomial probability table. From it we find that when 

n = 20 
r= 15 
P = .90 

the conditional probability is 

P(15 good out of 20|C) = .0319 

and we can conclude that the likelihood of observing 15 good pieces out of 20 when 
the machine is properly set up is .0319. 

Correspondingly, we can find the likelihood of observing 15 good out of 20 when 
the machine is improperly set up. 

M = 20 

r = 15 
P = .50 

P( 15 good out of 20|/) = .0148 

We can now return to the bayesian question: Given that 15 good ones were 
observed from a sample of 20. what is the revised probability that the machine Is 
correctly set up? 


P(C 15 good out of 20) = 


P(C n 15 good out of 20) 


Ken ''T'Jupf/n 

V out of 20/ \ 

.85 X ,0319 

(.85x.0319) + (.15x.0148) 


15 good \ 
out of 20/ 


■027 

.027 4 - .002 



PROBLEMS 

5A-i hind the following binomial probabilities from the table at the back of the book: 
a p = .3. r = 5, n = 10 

b P = .8, r = 20. M = 20 

c p = ,1, = ,Q „ = 100 

d P = .9. r = 90, ti = 100 

5A-2 The likelihood that a machine is correctly set up is 80 percent. If it is correctly 
set up. 90 percent of the parts produced will be acceptable. If it is incorrectly 
set up, 40 percent of the parts W'ill be acceptable. 

A sample of 20 items has just been taken from the machine, and 15 were 
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found lo be acceptable. Revise the likelihood that the machine is correctly set 
up. 

5A-3 The likelihood that a machine is correctly set up is 60 percent. If it is correctly 
set up, 95 percent of the parts produced will be acceptable. If it is incorrectly 
set up, 40 percent of the parts will be acceptable. 

A sample of 50 items has just been taken from the machine, and 40 of them 
were found lo be acceptable. Revise the likelihood that this machine is properK 
set up. 

5A-4 The Craftworks Company will soon bring out a new product. It feels that the 
product has an 85 percent chance of being successful. 

To confirm its optimism, the company plans to conduct a market survey. It 
will ask 100 consumers chosen at random whether they intend lo purchase this 
product. If the product is destined to be a success, the company would expect 
40 percent of those interviewed to respond that they intend to purchase the 
product. If, on the other hand, the product is destined to fail, 25 percent of 
those interview'ed would intend to purchase the product. 

Suppose that the result of the survey is that 35 people expressed the desire 
to purchase the product. What can nou be said about the success of the 

product? 


APPENDIX B: Revision of Normal 
Prior Probabilities 


INTRODUCTION 

In the following section we will consider the development of a prior normal probability 
distribution and then its revision based on sample information. 


DEVELOPMENT OF A NORMAL PRIOR 
PROBABILITY DISTRIBUTION 

A new industrial product which is currc-n.I> in the preproduction stage will soon be 
scheduled for full-scale production and assembly. But before Ihts can be done, ,t wall 

be necessary to establish assembly standards. These standards wtll be used to 

. • . 1 f yrL.T*. reunited to de\e op a piece-rate incentive system, and 

determine the number of workers requuLu. .wm j , 

lo develop a production schedule. 


Management, however, is 


unsure of the average assembly time neces.sary to 


complete the job. but it feels that ,t can subjectively estimate a prior probabihty 
distribution for this average. In addition to this subjective estimate ,t also can sample 
the actual assembly times of those workers assembling the preproduetion models, and 
then revise its prior probability distribution on the basts of hts sample 'nformatton. 

It will be shown later in the appendix that this revised estimate will be better 


than either the prior estimate or 


the sample results used separately. 


How can the prior distribution be established ' One way ,s lo ask the following 
question. Between what values (assembly limes) would you expect the meruge 
assembly time to fall .“iO percent of the time ' Suppose the answer ,s 13 and 17 mmules. 
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13 15 17 


Figure 5B-1 Prior probability distribU' 
tion for average assembly times. 


A graphic description of this response is shown in Figure 5B-1. A very reasonable 
assumption to make is that this distribution of averages is normal. 

The prior mean (/ai.) of this distribution of sample means is therefore 15 minutes. 
Reference lo Figure 58-1 and Table I at the end of the book, finds that 25 percent of the 
area is included between the mean and .67 standard deviations from the mean. 


.67 STD = 2 minutes 


Therefore 


I STD = = 3 minutes 

.67 


We can conclude that the standard deviation (tro) of the distribution is 3 minutes. 

To summarize, the prior distribution of assembly times has the following charac- 
teristics; 


Mo = 15 
(r,, = 3 


where represents the mean of the prior and 
the prior. 


cr,) represents the standard deviation of 


REVISION OF A NORMAL PRIOR DISTRIBUTION 


In the previous section it was estimated that a certain 
fed lowing characteristics: 


prior probability distribution has the 


Mo = 15 
CTo = 3 


Suppose that a sample of 16 observations is taken and the following sample results are 
obtained: 


II = 16 

x = n 
S = 5 
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We must now determine how to revise the prior results in the light of this new sample 
information. 


Reliability 

We define the information content or reliability of a distribution as the reciprocal of its 
variance. Therefore, the reliability of the prior distribution of means R„ is computed in 
the following way: 





The reliability of the sampling distribution of the means from which we have 
observed a single sample can be computed in the following way: 



I 

(57716 



In the reliability of both the prior and sampling distributions, the reliability increases 
as the variance decreases. Correspondingly, the reliability decreases as the variance 

increases. 


Revision of the Mean 


The mean is revised by taking a weighted average 
means are weighted by their relative reliability. 


of the prior and sample mean. These 



where /xi is the revised mean. 


For our example we have the following: 



I -U-L-Vs + f— 

V.lll + .64/‘^ V.I1I + .64/ 



= 2.217 
= 13.295 


+ 11.078 


The revised mean is 13.295. Clearly, the informational content or reliability of the 
sample was so large in comparison to the reliability of the pr.or distribution that the 
sample information was weighted very heavily and the revised mean is quite close to 

the sample mean. 


'The relationship between the variance of a sample and the variance of the samplin,. 
distribution from which it came is the following: 



n 
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Revision of the Variance 

The revised reliability, R,, can be computed in the following way. 


R 1 — + Rx 


This is equivalent to 

1 1 I 

— ? — — > + — 

(Ti’ tfo* 57/1 

where (t,' is the revised variance. In our example we have the following: 

1 1 I 

ar“(3)^'^(M7T6 

— , = . Ill + .64 
= .15] 

(Ty 

(r,-= 1.33 
(T, = 1. 153 


We can conclude that the standard de\iation of the revised distribution is 1.153. Notice 
that this revised estimate of the standard deviation is much lower than if we had used the 
prior or sample information separately. 


THE RESULTS AND THEIR USE 


The revised mean and standard deviation are summarized below: 


Ml = 13.295 
tr, = 1.153 


Suppose the production standard was to be set at the mean plus 2 standard deviations. 

Ml + 2fT, 

13.295 + 2(1.153)= 15.601 

The production standard is therefore 15.601 minutes. There would be a 2.28 percent 
chance (Tabic 1 at the back of the book) that the average was actually higher. 


PROBLEMS 


5B*1 A normal prior probability distribution of means has a mean of 15 and a standard 
deviation of 2. A sample of size 9 is taken. The sample mean is 20 and the 
sample stand;ird deviation is 5. What are the mean and standard deviation of the 
revised distribution of means? 
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5B-2 A normal prior probability distribution of means has a mean of 50 and a 
standard deviation of 5. A sample of size 16 is taken. The sample mean is 35 and 
the sample standard deviation is 10. What are the mean and standard deviation 
of the revised distribution of means? 

5B‘3 The Anderson Company manufactures and distributes a line of wrought-iron 
kitchen furniture. It decided to broaden its line and offer wrought-iron patio 
furniture as well. 

The company felt that an average of 20 sets (table and 4 chairs) of patio 
furniture could be sold per month to each of its retail outlets. There was a 
fifty-fifty chance that the average number of sets sold would be between 15 and 
25. 

Before it began production, however, the company decided to lake a 
sample of 25 retail outlets. The result of the sample was that the retail stores 
fell they could sell an average of 15 per month. The standard deviation of the 
sample was 9. 

Suppose that the Anderson Company would like to have at least a 90 
percent chance of meeting the average demand: how many patio sets should 
they schedule each month over the next few months? 
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Decision Trees 


INTRODUCTION 

In Chapter 3 we explored a method for analyzing certain decision situations 
under risk. In those situations the decision maker was confronted with a choice 
between several alternative strategies. Each of these alternatives led to one of 
several possible outcomes, and the outcome which finally occurred depended 
upon the prevailing environmental state. 

Those decision situations consisted of but one set of alternatives and one set 
of environmental states. Both sets were depicted on a conditional payoff table. 

But not all decisions under risk involve a choice between a single set of 
alternatives. In this chapter we will examine those situations where the decision 
maker is confronted with a series of interdependent sets of alternatives — often 
separated by time — between which outcomes beyond the control of the decision 
maker can occur. Rather than a payoff table, these decision problems must be 
depicted on a decision tree. 

To illustrate, analyze, and solve these more complex decision problems, 
two case studies will be used. In both of these cases the following sequence 
of steps will be followed. 

1 Uncover the structure of the problem by developing a decision tree 

2 Determine the probabilities associated with each outcome 
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3 Determine the payoffs associated with the outcomes 

4 Use these data to determine which of these alternative strategies will 
result in the highest expected payoff 


CASE STUDY: Scott Company 


The Scott Company of Des Moines. Iowa, produces and distributes a line of 
cosmetics which includes lipstick, nail polish, eye shadow, and hair spray. 
Scott’s hair spray product was originally a leader in the field. At its peak it 
accounted for 20 percent of all hair sprays sold. Recently, however, it has 
been losing ground. Its market share is now down to 7 percent. 

In response to this decline in market share the manager of marketing. 
David Conway, arranged to have a consumer survey taken at several large 
department stores throughout the country. The analysis of the survey sug- 
gested that Scott's hair spray was inferior to the brands being sold by 

competitors. 

David Conway felt that as a result of this survey he had to choose 
between three alternatives: first, to engage in a research and development 
project whose goal it would be to improve the product; second, to discontinue 
the hair spray altogether; or third, to continue without any changes. 

If the outcome of the research and development effort was positive, he 
would choose to market the new product. But if the result of this R and D effort 
was negative, the choice would be between discontinuing the old product or 

continuing to market the old product. 

If the result of the R and D effort was positive and the new product was 

introduced to the market, sales of the new product would most likely be high 

rather than low But if the result of the R and D effort was negative and the old 

product was continued, sales would probably continue at a low level. 

David realized that he faced a series of interdependent sets of alternatives 

which were separated by outcomes beyond his control. 

He was unsure of the best decision. 


Structuring the Case 

David Conway faces a complex decision problem. In the next several pages this 
problem will be carefully structured piece by piece. First the relationships 
between each set of alternatives and outcomes will be clarihed and these 
relationships illustrated on a decision tree. Then some additional infornaation on 
probabilities and payoffs will be given. Finally all of this information will be used 
to analyze the model and reach a decision. 


The First Set of Interdependent Decision Alternatives 

David Conway feels that he must choose between one of three action 
alternatives. The first is to engage in an R and D program to improve the 
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Figure 6-1 First set of interdependent 
decisions, "action alternatives " 


product; the second is to continue as is with the present product; and the third 
is to discontinue the hair spray altogether. 

Action alternatives are defined as the first set of alternatives between 
which a decision maker must choose. They may be followed in time by other 
alternatives, but nonetheless they are the first. In fact, the most important 
result of the completed analysis is to recommend which of these initial 
alternatives to take. For this reason they are called action alternatives. 

These alternatives can he depicted on a decision tree as shown in Figure 
6-1. The rectangle preceding the branches in this tree implies a decision point, 
and each branch represents the alternatives from which the decision maker 
may choose. 

The First Set of Outcomes 

Given That the R and D Alternative Is Chosen If David chooses to embark 
on an R and D program, one of two outcomes' may occur; the results of the R and 
D program may be either positive or negative. 

We say that these are outcomes because they are dependent upon the 
occurrence of an ens ironmental state which is beyond the control of the decision 
maker. In this case they arc dependent upon the result of several chemical 
experiments. 

To depict these outcomes a circle is drawn in Figure 6-2. followed by two 
branches representing each of the possible outcomes. 

Given lhat Management Continues as Is If David chooses to continue as 
is, a different set of outcomes is possible. In Figure 6-3 we see that if this 
alternative is chosen and the company continues without undertaking any 
product changes, future sales for this product may be either high or low. 


Sometimes called “events" in the literature 
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Figure 6-2 First set of outcomes given that the R and 0 program is undertaken. 



Figure 6-3 First set 


of outcomes given that management continues as is. 
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The Second Set of Interdependent Decision Alternatives 

Given That the Results of the R and D Program Are Positive If the results 
of the R and D program are positive, David has two alternative decisions open 
to him. First, he can elect to market the new product (a choice we might 
reasonably expect him to take), or second, he can elect not to market the 
product (a choice we would not expect him to take, but we still include it on 
our decision tree in the interest of being complete). These alternatives are 
shown in Figure 6-4. 

Given That the Results of the R and D Program Are Negative If the results 
of the R and D program are negative, David will have two alternatives open to 
him. He can choose to either market or discontinue the old product. Again 
these alternatives are added to the decision tree in Figure 6-4. 

Second Set of Outcomes 

Given That the New Product Is Marketed If David markets the new 
product, the sales that result could be either high or low. Again these 



Figure 6-4 The complete decision tree 
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outcomes are considered to be beyond the control of the decision maker. 
They are shown in Figure 6-4. 

Given That the Old Product Is Continued If the R and D results are neg- 
ative and David decides to continue with the old product, the sales level for 
this product could be either high or low'. These outcomes are also shown in 

Figure 6-4. 


The Decision Complete 

The first step has been completed. The decision problem has now been 
expressed as an interdependent series of alternatives and outcomes. This is an 
important step, for it dissects a complex problem into its basic elements 
and illustrates the interrelationship between these elements on a decision tree. 
Without such a tree the relations between these alternatives and outcomes 
might remain vague in the minds of the decision makers, and discussion of the 

decision problem could lack any clarity. 

The second step in analyzing this decision problem requires that the 

probability associated with each outcome be determined. 

Assessing the Probabilities tor Each Outcome 

Outcomes are beyond the control of the decision maker. Nevertheless, the 
decision maker can often determine the likelihood that each outcome w,l 
occur. Only on rare occasions will the decision maker be totally ignorant of 

these likelihoods. , ^ •• m, .u . 

Consider the outcome fork which follows the act R and D. We see ha 

either a positive or a negative result can occur. To uncover the likelihood of 

these outcomes, David Conway asked the R and D staff a series o yes ions. 

From their answers he was able .0 estimate subjectively the hkeHyod of a 

positive and negative result. He concluded that the like ihood of a posiUveysult 

was 80 percent and the likelihood of a nega.we restdt was 20 percent. These 

subjective estimates are entered in the branches of Figure y. . 

This same process must continue for all ytcomy. Somehow manye- 
ment must determine subjective probabilities for each of them. Granted, i 
may be difficult to make these explicit. Nonetheless a thorough job of 

decision analvsis demands that this be done. 

Continuing, we turn to the outcomes which follow the alternative "No 

R and D." Dasdd feels that if no R and D is undertaken and if the company cy- 

tinues as is, the likelihood of achieving high saWi is 30 pycent and the 

likelihood of achieving low sales is 70 percent. These are entered in Figure 

To turn to the outcomes which follow the alternative “market new 
product ” David feels that a new improved product wouffi have a 90 percent 
chance of achieving high sales-given that R and D results have proved positive. 
Correspondingly, its chances of achieving low sales would be lO percent. 

Again, these figures are entered in Figure 6-5. 
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If R and D is undertaken, a negative result occurs, and the decision is to 
market the old product, the chance of achieving a high level of sales is 30 
percent. The chance of low sales is 70 percent. These are entered in Figure 
6-5. 

We have now completed the second step: the determination of the 
likelihood of each outcome in the decision tree. Next, we will estimate the 
payoffs for each branch in the tree. 

Estimating the Payoffs for Each Branch 

Each path through the tree — each sequence of alternatives and outcomes — 
may lead to a different payoff for the firm. These payoffs must be estimated 
so that the action alternative which leads to. the highest expected payoff can 
be identified. 

The Payoffs for Our Example Through careful financial analysis it has 
been determined that if the new product is marketed, and a high level of sales 
is achieved, the dollar payoff will be $100(000). If, on the other hand, the new 
product achieves only a low level of sales, the payoff will be -$20(000). This 
negative payoff can be attributed to the fact that sales revenues less 
manufacturing costs are not sufficient to cover R and D and marketing 
expenses for this new product. These figures are entered in Figure 6-5. 

If the R and D results are positive and the company decides not to 
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market the new product, the payoff is - $ 10(000), which reflects the expenditure 
for the R and D effort. 

If the old product is marketed after R and D efforts prove negative, the 
payoff is expected to be $60(0001 if the old product achieves high sales and 
- $30(000) if low sales are achieved. If the R and Deffort proves negative and the 


old product is discontinued, the payoff is $10(000). 

If the action alternative chosen is to discontinue the product with no R 

and D effort, the payoff will be zero. „ i i 

Finally, if the company does not engage in product R and D and 

continues as is, a $70(000) payoff can be expected if sales of the old product 

are high and a -$20(000) payoff if the sales are low. 

This completes the estimate of all relevant payoffs, and in fact completes 
all the information that is needed before the decision tree can be analyzed. 


Summarizing the Steps in the Design 
of a Decision-Tree Model 

We have just undertaken the first three basic steps 
decision-tree model. These included the follov^ing. 


in the design of a 


1 The complete description of the decision problem as a series of 

interrelated decision aliern<itivcs and oulcomes , • • • 

T The determination of the probabilities associated with each outcome 
3 The determination of the payoffs associated with each branch of the 

decision tree 


The next step is directed at analyzing the tree in such a way as to identify the 
action alternative with the highest expected payo 


The Analysis of the Decision Tree 

The analysis of a decision tree begins 
backward toward the action alternatives, 
expected payoff for each of these action 


at the end of the tree and works 
The result of this analysis will be an 
alternatives. 


Expected Payoffs For each set of outcomes 
tree an expected payoff is computed. To turn to 
occur if the new product is marketed, the expected 


at the end of the decision 
the outcomes which may 
value of these outcomes is 


[ 


.90x$l0()(()()())) + |.H'^-^-'''‘'“'’'l = *'^'*''’'''^^ 


cted value is entered above the circle from which this 


In Figure 6-6 this expe 
set of outcomes emerges. 

* * X* Thk Stace By referring to Figure 6-6, it can be 

Choosing between Acts at 1 his stage 

seen that ‘he exTCCted va ^arkef is -$10(000). At this 

IS $88(000) and the va u ii.ese two alternatives are the only ones open 

stage in the decision sequence tliese two aiie 
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Figure 6-6 The "folding back" process. 


to the decision maker, and since alternatives are under the decision makers' 
complete control, the one with the highest payoff would naturally be chosen. 
The alternative “market new product" has the highest payoff and is therefore 
chosen. The alternative “not market" is eliminated. It is now possible to write 
the $88 expected payoff above the rectangle from which the alternatives 
"market new product" and "not market" emerge. This expected payoff 
represents the average payoff that a decision maker could expect from that 
stage in the decision problem onward. 


The Process Continues Returning again to Figure 6-5, we will now fold 
back the branches associated with a negative result from the R and D effort. 
If the old product is marketed after the negative R and D result is known, 
there is a 30 percent likelihood that the payoff will be $60 and a 70 percent 
likelihood that it will be — $30. The expected value of these outcomes is 


(.30 X $60) + (.70 X - $30) = - $3 


This expected value is then entered in Figure 6-6 above the circle from which 
these two outcomes emerge. 

Moving back from this outcome to the preceding alternative, we see that 
the decision maker is faced with marketing the old product with an expected 
payoff of - $3 or discontinuing the old product at a payoff of - $ 10. As the lesser 
of the two evils the old product would be chosen and the loss limited to $3. We 
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then enter the -$3 above the rectangle from which these alternatives emerge. 
This is done in Figure 6-6. 

Next, we will evaluate the outcomes which emerge from the act "no R 
and D — continue as is." Returning to Figure 6-5, we see that there is a 30 
percent chance that the payoff will be S70 and a 70 percent chance that the 
payoff will be - $20. The expected payoff for these outcomes will therefore be 

(.30 X $70) + (.70 X - $20) = $7 

This expected value is entered in Figure 6-6. 

Now we must return to the "R and D" branch and continue folding back^ 
From Figure 6-6 we see that there is an 80 percent chance of an $88 payoff 
and a 20 percent chance of a -$.1 payoff. The expected value of these 

outcomes is 


(.80 X $88) + (.20 X - $3) = $69.8 
This is entered in Figure 6-7. 

We have now completed the folding-back process and from 

1 ..rx the expected payoffs for each of the action 

^ternaTves" Tthe'-ranro ' alternative is chosen, the expected payoff will 

“ol if he cLoses -discontinue ' 

$0; and if he chooses "no R and D-continue as is. ‘he Payoff wdl be $7. To 
maximize his payoff, he would then choose to engage in R and D. 
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Summarizing the Process 

In analyzing the decision tree we folded back outcomes and alternatives from 
the end of the decision tree to the initial action alternatives. This was 
accomplished in the following way: 


1 At each outcome fork the expected value of those outcomes was 
computed. 

2 At each alternative fork the alternative with the highest expected 
payoff was selected. 

In this way expected payoffs were eventually computed for each of the initial 
action alternatives. Finally, the action alternative with the highest expected 
payoff was selected as the best decision. 

Payoffs and Utilities 

In the Scott Company case an action alternative was measured in terms of its 
expected dollar payoff. Expected dollars, however, may not be the sole 
criterion by which these alternatives should be compared. 

Consider the following two alternatives. Alternative A is an investment 
which has two possible outcomes. The payoff from the first outcome is $500 
and its likelihood of occurrence is 60 percent. The second possible outcome 
has a likelihood of 40 percent with a payoff of -$100. The expected dollar 
payoff of alternative A is therefore $260. 

(.6)500 + (.4)(- 100) = $260 


Altei native B. the second alternative, has two pt)ssible outcomes. The 
payoff associated with the first outcome is $1000 and its likelihood is 50 
percent. The second outcome is -$480 and its likelihood is also 50 percent. 
The expected dollar payoff of alternative B is therefore $260. 


(.50)1000 + (.5())(-480) = $260 


If you were the decision maker, which would you choose, alternative A 
or B? Both of them have the same expected dollar payoff, but you would, 
nevertheless, have some difficulty in choosing between them. The reason for 
this IS that the two alternatives offer different exposures to risk and gain. 

A decision maker who is risk-averse may choose alternative A. Choosing 
this alternative holds the possible loss to a minimum. That is, at most the 
decision maker can lose $100. However, alternative A also limits the gain— to 
$500. There are countless reasons why a decision maker may behave in this 

way and exhibit risk-averse behavior. Certainly a firm on the verge of 
receivership would be risk-averse. 

Alternative B might be chosen by a risk-prone decision maker. This 
decision maker sees the chance of a $1000 gain and is willing to take the risk. 
For him. the consequences of losing $480 would not be too serious. 
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It should therefore be dear that in the minds of many decision makers 
alternatives A and B are not best represented by expected dollar payoffs. 

They are not, indeed, equal. 

As we have just seen, when the differences between the gams and losses 
are wide it may not be appropriate to make a decision based on expected 
dollar payoff. The utility or desirability that the decision maker holds for 
these outcomes must be taken into consideration. In the appendix to this 
chapter a scheme for maximizing the decision maker's utility rather than his 
expected dollar payoff is presented. For many applications, however, it is 
enough to maximize the decision maker's expected dollar payoff. 


CASE STUDY: Briggs Foundry 

The Briggs Foundry has been supplying engine castings to the automotive 
industry for over 25 years. Lately several defective castmgs have been returned 
by its Lstomers. In response to these returns the foundry has deeded to 

reevaluate its testing program. ... , r i, . c;,..-, 

The production process for this product tncludes the follow, ng steps^ F,rs 

molten metal is poured into a mold : second, the casting ,s released « « <he metal 

has solidified; third, the casting is tested; and. fourth^ tt ts shipped to the 

customer or scrapped depending upon the outcome of the test. 

The purpose of the test is to determine whether the casting has any flaws. 
Visible flaws are easy to detect by visual examinat.on, but tt ,s the hidden flaws 
that are not only the most difficult to detect but also quite costly they are 

detected before the casting is shipped. , f : ,hlnr,p,l to iho 

If there are hidden flaws inside the casting, and if it is shipped to the 

customer either of two events can occur. Ihe first is that the automoUve 

manufacturer will e ventuallj tmeov er the flaw during the machining process. For 

example, if the manufacturer were machining a cylinder hole and a flaw were 

uncovered which left a large pocket in one of the cylinder walls, the cas ing 
III I Tht' second event is ihul the fluw is in harmless 

wou d have to be manufacturer; in this case the casting is 

location and will no be uncovercu IS ^ conclude that it would be 

actually cons dered to be good. We tan inticiuit c • r 

uduy consiuc casting functionally 

beneficial to uncover those naws vto 

defective. Only these will be considered bad castings. 

The Decision Problem 

, . 'ru vm-.t inhnson has spent a considerable amount 

The manager of the foundry. rhomasJohnsom^^^ ^^P^ 

of time on this testing is. intinue lo use his imperfect tester, the second is 

which to choose. The rst is tester, and the third is lo perform no test 

to purchase a newly ope alternatives in greater 

at all on the castings. We will now iook ai 

detail. 
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Imperfect Test For the last few years Mr. Johnson has been using a 
tester which does a good, but not a perfect, job. The tester uses electronic 
means for identifying flaws and occasionally passes a casting that has hidden 
flaws which show up later in the machining of the engine block. 

No Test Although Mr. Johnson has never shipped a casting without 
subjecting it to a test, to forgo testing is a possible alternative. Since the use 
of the imperfect tester costs money and since it still lets some bad ones get 
through, he has not ruled out the possibility of not testing his output at all. 

Perfect Test Recently he has been approached by a sales representative 
from a highly reputable electronics firm who has proposed a perfect tester 
using sophisticated electronic techniques. The test will identify all hidden 
flaws which would interfere with the subsequent machining of the engine 
block. It is, of course, quite expensive. 

The Decision-Tree Model 

The three action alternatives are imperfect test, no test, and perfect test. 
These start our decision tree and are shown in Figure 6-8. 

If the imperfect test alternative is chosen, two outcomes can occur. The 
casting will either pass or fail the test. These outcomes are entered in Figure 6-8. 

If the casting passes the lest, management must decide whether to ship or to 
scrap. These alternatives are entered in Figure 6-8. 

If the alternative chosen is to ship those castings which have passed the 
lest, the manufacturer s plant will find the castings to be either good or bad 
(remember that some of the castings which pass the test can still be bad 
because an imperfect test has been used). These outcomes are entered in 
Figure 6-8. 



Figure 6-8 Decision tree for Briggs 
Foundry. 
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If the casting does not pass the imperfect test. Briggs can still act 
to ship or scrap. If shipped, the casting will be found to be either good or bad 
by the manufacturer. This sequence is entered in Figure 6-8. 

Next, we will consider the decision alternative no test. If indeed no 
test is performed and the casting is shipped directly to the manufacturer, the 
only relevant outcome will be whether the manufacturer finds this to be a 
good or bad casting. This sequence of alternatives and outcomes is entered in 

Figure 6-8. 

Finally, we look at the decision alternative "perfect test. If a perfect 
tester is used, again the casting w'ill either pass or fail the test. But this lime if 
the casting passes the test, it will definitely be shipped because management 
knows that the automotive manufacturer will find it to be a good one. 

On the other hand, if the casting fails the test, it should definitely be 
scrapped because management knows that it would eventually be found to be 
bad by the automotive manufacturer. This sequence of alternatives and 

outcomes is also entered in Figure 6-8. 


Assessing the Probabilities for Each Outcome 

If the imperfect test is continued. Mr. Johnson sees no reason why current 
results should not continue. Of all the castings subjected to the imperfect 
tester, 70 percent pass the test and 30 percent fail. The probabilities are 


entered in Figure 6-9. , . , , . . ^ 

The foundry's records also show that of those which pass the imperfec 

test and are shipped to the automotive manufacturer 90 percent are good and 

10 percent are returned to the foundry as defective castings. 

In a recent experiment to determine the effectiveness of the foundry s 



« ^ Fnundrv complete with probabilities and payoffs. 

Plgure 6-9 Decision tree for Briggs hounary u 
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test. Mr. Johnson sent a batch of castings which had failed the imperfect test 
to the automotive manufacturer. Forty percent of those were found to be 
good and 60 percent were found to be bad. These figures are entered in Figure 
6-9. 

Using the results of this experiment* it was determined that if no test 
were performed, 75 percent of the castings would be found by the manufac- 
turer to be good and 25 percent would be bad.' 

Turning to the perfect test branch of the decision tree, we can also 
conclude that a perfect tester would accept 75 percent of the castings and 
reject 25 percent of them. 

Now that the probabilities for each outcome have been determined, the 
next step is to compute the payoffs for each branch in the tree. 

The Payoffs 

To compute the net payoff associated with each branch, we must take into 
consideration the marginal revenue associated with each casting sold, the 
marginal cost of manufacture, the cost of testing each casting, and finally a 
penalty cost which is incurred by the foundry whenever a flaw is uncovered 
by the automotive manufacturer. 

Marginal Revenue When castings are found to be acceptable by the 
automotive manufacturer and no hidden flaws are uncovered. Briggs Foundry 
receives $100 for each good casting. If a flaw is uncovered duripg the 
machining process, the customer does not pay this amount. 

Marginal Costs The marginal cost of each casting has been computed to 

be $30. This cost is incurred, of course, whether or not the casting has hidden 
flaws. 


Cost of Testing The cost of using the imperfect test has been computed 
to be $5 per unit tested; the cost of using a perfect tester has been estimated 
to be $20 per unit tested. If no test is used, no testing costs are incurred. 


] cnulty B\ agieement with the automotive manufacturer the foundry 
has agreed to incur a $200 penalty whenever a flaw is uncovered during the 
machining of the engine block. The penalty is to help defray the loss in labor 
and machine time which the functionally defective casting has cost. 


Net Payoffs Computed We will first turn to the branch in which the 

imperfect test is employed, the unit passes the test, it is shipped, and it is 

found to be good by the automotive manufacturer. The net payoff will be the 
following: 


' Good ones are ihose which passed the imperfect test and were eventually good (.70x .90) 
p us those which failed the imperfect test and were found to be good (.30x .40). Therefore, the 
likelihood of a part being good is .63 + .12 = .75. 
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Marginal revenue - marginal cost -cost of testing 

100 - 30 - 5 = $65 


This is entered in Figure 6-9. • r i t 

For the branch below the one ,ust considered, the casting ,s found to be 

bad after having previously passed the imperfect test. The net payoff this time 
will be the following; 

- Marginal cost -cost of testing - penalty 

= _30 - 5 - =-$235 

The net payoff for this outcome is therefore a per unit loss of $235. 

The net payoffs for the remaining branches are computed in Table 6-1. 

and the results are entered in Figure 6-9. 


Table 6-1 The Computation of Net Payoffs for All 10 
Branches in Figure 6-9 Starting from the Top Branch 
Working Down to the Tenth Branch 


Branch 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


Marginal 

revenue 


Marginal 

cost 


100 

30 


30 


30 

100 

30 


30 


30 

100 

30 


30 

100 

30 


30 


Test 

cost 


5 

5 

5 

5 

5 

5 


20 

20 


Penalty 


200 


200 


200 


Net 

payoff 


65 

-235 

-35 

65 

-235 

-35 

70 

-230 

50 

-50 


Analysis of the Decision Tree determined, the last step 

Now that the payoffs and pn < accomplished by starting at the end 

involves the folding-back outcome fork, and then at 

of the tree, computing the ‘ with the highest expected value, 

each alternative fork choosing ‘ expected value for each of the 

This folding-back process ‘"ej 

three action alternatives has een g comparing the expected 

This process is .dlt^^^atives. il cL be seen tha. the perfect 

values for each of the three ^.iternative will yield an expected payoff 

tester should be used. This de 

of $25 per unit manufactured. 
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Figure 6-10 The folding-back process for Briggs Foundry and the solution. 


SENSITIVITY ANALYSIS 

bo.'lhe l1kciihr!''f subjective estimates are used to determine 

C)ften,m,es e s,l associated with each branch, 

ses Cen K "«>hine more than educated gues- 

resulMo These e f r"'"' sensitivity of the 

ed u ^ h in the consumer-product case present- 
's tornTf'"?,^ ■' strategy 

conclusion was baTd"on ^ the product. This 

and payoffs Sunnose H J r estimates for outcome probabilities 

he made He w ndd iT' 'l estimates which 

paTT iTit r sihle TTh " r'"' •“ "’•= -resequence of other 

TTlatisTTanTTtT ' P"'"' tt different action 

the decision tree T he relev- sensittvity analysis could be performed on 
once again folded b iT b payoffs and the tree, 

affect the choice of Jn actioTTernmivT would 


IS DECISION-TREE ANALYSIS USEFUL? 

analysis. In fact, man"an;dysts fee*l tTt hVTtTTr decision-tree 

will be great.' ^ potential impact on administration 


"" To.Ttr Theory Useful- Han^arJ Business Revieu; 


May-June 1970. n. 78. 
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It has been used successfully by many companies, including Du Pont, 
Ford, Pillsbury, General Mills, and General Electric. The Pillsbury Company 
has used this technique to determine whether the company should switch 
from a box to a bag as a package for a certain grocery product. General 
Electric has used this analysis to increase by a factor of 20 the R and D 
budget for a new product. In addition, major consulting firms, including 
Arthur D. Little, Inc., and McKinsey and Company have reported numerous 
applications for their clients. 

Indeed many companies are finding decision-tree analysis useful. They are 
finding it most useful, however, in the marketing function, including product 
selection, product development, promotion, pricing, and test marketing. The 
concept is by no means limited to these applications: as companies gam 
experience with this technique and as more people become familiar with its use. 
the list of successful applications will continue to grow. 

Some Suggestions 

To increase the likelihood that the use of decision-tree analysis will meet with 
success, the following suggestions should be considered. 

1 The chief executive must see decision analysis as useful and neces- 

^^^''l^ThetferecXes who wi„ he involved directly or indirectly ntust 
understand what decision analysis can do for then. Often or.entatton courses 

chosen and a trial run undertaken to illustrate 
the LfulLss of the method. Perhaps an outstde consultant can be used 

‘‘""4 tsiderpeciahsts must be developed. Staff expertise must be available 

to assist those using decision analysis on a problem. • r 1 j , , 

asstst thos^us. fc meaningful, do not get 

lost I Phe technical aspects of the analysis; the tec ntques should never 
dominate the analysis-only the decston makers should. 

•II oii ir intee successful use of the technique. 
Although these steps w.l ,he technique has been 

they will help. S-c-sful c. s om on y 

accepted, tried, and made familiar to an 


SUMMARY 

^ irpp model requires that the problem be broken 

The formulat.on of a ^^'"tes and outcomes, and that the relevant 

down into a estimated. By starting at the end of the decision 

probabilities and p y expected values for the action alternatives are 

ThoseTh?have° u!ed decision analysis point to three advantages. First, 
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the use of the analysis focuses thinking on the critical aspects of the decision 
problem. Second, it forces any hidden assumptions into the open and clarifies 
their implications. Third, and perhaps most important, the analysis provides 
an effective vehicle for examining the structure and interrelationships among 
the relevant elements found in a problem. 


QUESTIONS 


1 How do the decision problems under risk presented in Chapter 3 differ from the 
problems presented in this chapter? 

2 What is an action alternative, and why does it differ from the other alternatives in a 
decision-tree model? 

3 Under what conditions can a decision be made on the basis of expected dollar 
pav off* 

4 When is sensitivity analysis of a decision tree useful? 

5 Draw a decision tree which depicts the relevant alternatives and outcomes which 
exist after voii successfully complete the requirements for your degree. Your 

a five-year period. What are the payoffs 
<uul probabilities'.’ What decision should be made? 


PROBLEMS 


6-1 


6-2 


6-3 


6-4 


6-.S 


6-6 


6-7 


6-8 


6-9 


.Suppose tliat the probabilitv of achieving a high level of sales for the old hair 
spray product in the Scott Ci)mpany case was revised to 50 percent. What is the 
expected dollar payoff associated with the act "continue as is”? 

Return to Problem 6- 1 and answer the following question. What is the expected 
dollar payoff associated with the act "R and D" 

In the Scott Compan> case the possible loss that could be incurred If the new 
product only achieved low sales has been revised to $200,000. What is the 
expected dollar payoff of the act "R and I)'*? 

Suppose that the pti>bability of achieving high sales with the new hair spray was 
revised ii^ "^t) percent. What decision should be made by the Scott Company? 
In the Briggs F'oundry case Mr. Johnson has just learned of an error made by 
the m.inufacturer. It has informed him that when it machined the batch of 
castings that had failed the imperfect test 60 percent were found to be good and 
40 percent were found to be bad. 

Recompute the probability that a good casting will be produced by Briggs 
l oundrv . 

L'sing the information prt)vided in Problem 6-5. determine the expected dollar 
p.iyolf of the alternative ‘imperfect test." 

L'sing the information provided in Problem 6-5, compare the expected dollar 
payoffs the three action alternatives. 

In the Briggs P'oundry case at most how much should Mr. Johnson be willing to 
spend for a perfect test'.* 

In the Briggs Foundry case suppose that the penalty for a bad casting was 
decreased to SHIO. What effect would this have on the decision? 

In the Briggs Fvvundry case suppi)se that t)nly I percent of the castings which 
pass the imperfect test are found to be bad b\ the manufacturer. Docs this affect the 


ecision 


6-10 
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CASE STUDY; Durham Company 

The Durham Company is a job shop located in the southern New Hampshire 
town of Nashua. It employs 100 people and has 200 machine tools. By most 
standards, it is a fairly large job shop. 

Durham manufactures parts and subassemblies that its customers find 
impossible — for one reason or another — to produce themselves. It manufac- 
tures only upon receipt of an order and has never manufactured anything on 
the speculation that the item could be sold later. 

The vice president of manufacturing. Bill Abbot, recently received a 
letter from Artisan. Incorporated, asking Durham Company if it would be 
interested in manufacturing a small machined part which is to be part of a 
new industrial product. 

The letter explained that Durham, along with three other job shops, was 
being asked to submit a bid on the job. It was also suggested in the letter that 
a prototype of the unit be submitted along with the bid. Engineering drawings 
were enclosed. 

The letter went on to say that an order for 10.000 of these parts would be 
awarded to the job shop with the best proposal. 

Bill Abbot spent a considerable amount of time thinking about this letter. 
His first concern was that he wasn’t quite sure of the costs that would be 
incurred in the development of a prototype. From the drawings he estimated 
that there was a 20 percent likelihood that the prototype cost would be $1000. 
a 50 percent likelihood that it would be $1500, and a 30 percent likelihood that 
it would be $2000. 

Mr. Abbot felt that after the prototype was completed, he could decide 
on the magnitude of the bid. He could bid either high or low. Preparation of 
the bid would cost $300. If he bid high, he realized that the chances of 
winning the manufacturing contract would be small, but if indeed it was 
awarded the contract, Durham Company would be assured of a good profit. 
If. on the other hand, he bid low. the likelihood of receiving the manufactur- 
ing contract would be substantially greater, although expected profits would 
be lower. 

At this stage. Bill felt that if the prototype cost $1500, his high bid would 
have to be $50,000 and the low bid would be $44,000. If the prototype cost 
$1000, his high bid would be $45,000 and the low bid $39,000. Finally, a 
prototype cost of $2000 would lead to a high bid of $60,000 and a low bid of 
$48,000. 

Whether or not the company won the contract would depend only upon 
the level of the bid.' If the bid was high, it would have but a 30 percent chance 
of winning, whereas if the bid was low, it would have a 70 percent chance of 
winning. 

Manufacturing costs would depend only upon the cost of the prototype. 


‘ II is assumed here !ha( if prototype costs are high for Durham Company, they will also turn out 
to be high for their competitors. 
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If the prototype cost was $1000, manufacturing costs for all 10,000 pieces 
would be $12,000. A prototype cost of $1500 would result in a manufacturing 
cost of $18,000, and a prototype cost of $2000 would result in a manufacturing 
cost of $35,000. 

There was one other alternative which Mr. Abbot had to consider. It was 
possible for Durham Company not to build a prototype and still submit a bid. 
Again, a high or low bid could be submitted. Without the experience gained 
by building a prototype he felt the lowest the bid could be was $48,000, while 
the high bid would be $60,000. Under this circumstance, the chance of 
winning, given that the high bid was submitted, would be 10 percent while the 
possibility of winning, given a low bid, would be 30 percent. In setting these 
probabilities, he realized that it was reasonable for them to be this low since 
Artisan. Incorporated, would not have a prototype by which to judge Durham’s 
bid. If the contract was won. there would be a 20, 50, and 30 percent chance that 
manufacturing costs would be $12,000, $18,000. and $35,000. respectively. 

QUESTIONS 

1 .Structure this problem as a decision tree. 

2 On the basis of the expected dollar payoff criterion, what decision should Mr. 
.Abbott make * 



decision for this case? 


CASE STUDY: Lone Star Oil 

The Lone Star Oil Company was founded in 1975, shortly after the Arab 
boycott led to an oil crisis in the United States. 

I he company’s mode of operation was to lease land, test for oil. drill, and 
then sell the rights to the oil if oil was discovered. There were no operational 
departments in the company since any testing or drilling that was required 
was subcontracted: l.one Star Oil Company, then, was strictly an ad- 
ministrative organization. 

Revenue during the first year of operation was low. The net liquid assets 
of the company have currently been reduced to $130,000, and the president. 
Ralph Salmi, has been under pressure. “Ralph, I think we had better be damn 
careful this time." said the vice president, Jim Planter. “We need to analyze 
our options, compare the outcomes, and carefully make our decision. We 
can't afford any more mistakes." 

Ralph added. “If we blow this one. we're through." 

1 hey were referring to an option which Lone Star purchased 2 weeks ago 
for $10,000. The option gives the company the right to take tests and drill for 
oil. At any lime until the option expires, it can sign a lease agreement on the 
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property for a fixed fee of $100,000. The option expires in 3 weeks, and until 
now no tests or drilling have taken place. At present this happens to be the 
only option which Lone Star has open. 

Jim said, “Ralph, it looks to me like we have three choices. Either we let 
the option expire and do nothing about it. lake seismic tests, or drill without 
any initial testing. Based on some Information which he collected, our 
geologist feels that there is a 60 percent chance that any tests run in the 
geographic region covered by the option will lead to positive test results." 

Ralph interrupted, "If our seismic tests are positive and we drill, what are 
our chances of finding oil?" 

“I would say 80 percent," said Jim. 

“What if the tests are negative? Do you think we should even consider 
drilling?" asked Ralph. 

“I really don’t know,” replied Jim, "because our chances of finding oil 
given a negative test result drop to 10 percent." 

“Just a minute, Jim," added Ralph. "Let’s take a look at the dollar 
payoffs and expenses. After all. these figures will make or break us.” 

“According to my latest information." said Jim. "seismic tests will cost us 
$30,000, and they can be completed within a few days. Drilling a well will cost 
us $100,000. And if we find oil, the rights to this land can be sold for 
$500,000." 

Ralph thought for a few moments and then said, "Jim, what do you think 
we should do?" 

Jim replied, "I favor taking a lest. In my opinion, this is the safest 
approach. In fact, after speaking to our geologist I feel that the likelihood that 
seismic tests will be positive is not 60 percent but more like 70 percent. Our 
geologist was probably loo conservative in his estimate." 


questions 

1 Structure this problem as a decision tree. 

2 On the basis of the expected dollar payoff criterion, what decision would you 
recommend? 

3 Should the current net asset position of the company be ignored in the analysis? 

4 What is the shortcoming, if any. of the expected dollar payoff criterion when used 
to reach a decision in this case? 


CASE STUDY: Wilson Company 

The Wilson Baby Food Company has been a nationally recognized producer 
of baby foods for 45 years. Over these years it has been fortunate to be 
participating in a growing market. But this will probably not be true in the 

future. 

Recently, sales have been falling along with the drop in the birthrate. In 
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fact, most long-term predictions foresee this lower birthrate as a permanent 
phenomenon. 

Two months ago at a corporate long-range planning session it was agreed 
that the company should consider the expansion of its product line beyond 
baby foods. It was unanimously decided that the first move should be to 
change the name to the Wilson Company. 

Shortly after the meeting a proposal was made to produce and market a 
line of geriatric foods. These prepared foods would be aimed at the 65-and- 
over age bracket. Preliminary analysis indicated that this market had above- 
average growth potential over the next 30 years, and at present few firms 
competed in this market. 

In addition, this analysis showed that if sales were high, an average profit 
of $6 million per year could be realized over the first 5 years of the project's 
life. If. on the other hand, sales were low. the company could incur an 
average loss of $3 million per year over the same time period. 

On the basis of historical experience, the management of the Wilson 
Company thought that the likelihood of high sales from u/jy project was .3 
and the likelihood of low sales was .7. 

Iho manager of marketing. Janet Collinge. was unclear as to what she 
should do next. She felt she had two alternatives. The first would be to 
undertake a market surse\ \shich would yield additional information from 
which a belter decision could be made. The second alternative would be to 
omit a survc\ and base the decision on current information. 

If a survey was undertaken, the result would predict either success for 
the product (high sales). Inconclusive results, or product failure (low sales). 

Survey results are bv no means perfect. Ms. Collinge has conducted 
countless surveys in the past and has some information which may be helpful 
in reaching a decision alternative. First, if one considers all those products 
which have achieved a high level of sales in the marketplace, the results 
indicate that in 60 percent of the cases the survey forecast success, in 30 percent 
of the cases the result was inconclusive, and in 10 percent of the cases the survey 
forecast failure. Next, if one considers all those products which have achieved a 
low level of sales, these surv eys showed that in 20 percent of the cases the survey 
forecast success, in 30 percent the result was inconclusive, and in 50 percent the 
survey forecast failure. 


QUESTIONS 


1 

2 

3 

4 

5 

6 


Suppt>siiig that Ms. t ollingc decides nut to take a survey. v\hat is the expected 
\akie of the project? Should it he undertaken? 

What is the probability that the surve> will predict success gfttvi that sales are 
high 

What is the probability of high sales gtitvi that the survey predicts success? 
Draw the decision tree. 

Should Ms, Collinge undertake the survey (ignore survey costs)? 

Suppose the siir\ey cost was S.^0.000. Does this change the decision? 
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APPENDIX A: Preference Theory 

In this appendix the concept of utility or preference will be explored and a mechanism 
developed to analyze the outcome of an action alternative in terms of its preference. 
We will return to the first case study presented in the chapter, the Scott Company, and 
develop a solution which will maximize the decision maker’s preference rather than 
maximizing the dollar payoff. 


MATHEMATICAL EXPECTATIONS, CERTAINTY 
EQUIVALENTS, AND RISK PREMIUMS 

In the previous sections of this chapter the objective in solving decision-tree problems 
was to find that action alternative which led to the highest expected dollar payoff. 

If the decision maker is comfortable with this approach and. in fact, behaves in 
this way. then we say he is an “averages player.” 

Consider the following example of an averages player. A decision maker is faced 
with a 20 percent chance of making a $100 profit and an 80 percent chance of a $10 
profit. The expected value of this “gamble” is $28. 

.20($I00) + .80($I0) = $28 

Now, suppose our decision maker is asked if he would be willing to sell this gamble for 
a given sum of money. If he replies that he would accept $28 for this gamble, he is 
behaving as an averages player. If. however, he would be w'illing to accept something 
less than $28. he is not. Suppose he would be w illing to accept $20 certain in exchange for 
this gamble. That is. he would take the guarantee of less money rather than face the 
gamble. The $20 is called the certainty equivalent, and the difference between this and the 
expected value is called the risk premium. 


Expected value 


$28 

Less: 

certainty equivalent 

_20 

Equals; 

risk premium 

$ 8 


In this example the risk premium is $8. 

When expected values are unlikely to be the same as certainty equivalents, a 
decision-tree analysis based on expected values will not maximize the decision 
maker’s preference. 

In the next section a simple method will be presented for determining these 
preferences, and then they will be used in the analysis of a decision-tree model. 


preference values 

The first step in determining preferences is to identify the most attractive and the least 
attractive payoffs. They will act as the reference points in the analysis; the most attractive 
or preferable payoff will be assigned the value 100 percent, and the least preferable payoff 
will be assigned 0 percent. 
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After these extremes have been identified, all the payoffs are listed in order of 
preferability from the most preferable to the least. 

Next, their relative preferability on the scale from 0 to 100 percent is estimated. 
For example, the most preferable payoff has a preference value of 100 percent and the 
next most preferable payoff may have a value of 75 percent. 

The assignment of relative preferabilities continues until all payoffs have been 
assigned percentage values. The analyst should reexamine the completed list and 
confirm that the relative measures do indeed reflect the preferability of each payoff as 
compared with the others. 

The analyst should bear in mind that the relative preferability of payoffs might 
bear little relation to their dollar payoffs. For example, outcome A might have a payoff 
of $15,000 hut be less preferable than outcome B, which has a payoff of $14,000. The 
reason might be that outcome B places the firm in a more competitive position in the long 


run. 


These relative ratings represent the preference that the decision maker holds for 
each of the outcomes. In the next step these preferences are entered on the decision 
tree in i>lace of the dollar payoffs. 

From this point on the solution of the decision process is just as it was before: the 
tree is folded back; this time, however, it will be the preferences, not the dollar 
payoffs, which are folded back. .At each outcome fork expected preferences are 
compiited. and at each alternative fork the alternative with the highest expected 
preference is selected. In the final step of the analysis the action alternative with the 
highest expected preferetice is identified as the alternatise to be recommended. 


SCOTT COMPANY REVISITED 

In performing a preference analysis for the Scott Company case, the first step is to 
rank all pa>offs from most preferable to least preferable. This is a subjective process, 
and the ranking presented in Table 6A-1 is just one point of view; other rankings are 
pi>ssible and depend upon the preferences of the decision maker. Next, relative 
preference sallies between 0 and 100 percent are assigned to these payoffs. Then these 
preferences are entered on the decision tree found in Figure 6A-1. 

From here the process t>f folding back should be a familiar one. Turning to the 


Table 6A-1 Ranking and Preferences for the Outcomes of the Scott 
Company Decision Problem 


Branch 

Dollar 

payoff 

Ranking 

Preference. 

percent 

R and D — Posilive — Market new product — High sales 

100.000 

9(best) 

100 

R and 0 — Positive — Market new product — Low sales 

-20.000 

4 

20 

R and 0 — Positive — Discontinue 

- 10.000 

3 

10 

R and D — Negative — Market old product — High sales 

60,000 

7 


R and D — Negative — Market old product — Low sales 

-30.000 

2 

S 

R and D — Negative — Discontinue 

- 10.000 

5 

30 

Discontinue product 

0 

6 

40 

No R and D — High sales 

70,000 

6 

60 

No R and D — Low sales 

-20.000 

l(worsl) 

0 
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top branches of ihe iree, we can compute the expected preference in the following 
way: 


.90(1 00) + .10(20) = 92 

This expected preference value is entered above the circle depicting the outcome. 
Moving backward, we are then confronted with an alternative. The decision maker can 
either market the new product with an expected preference of 92 or discontinue the 
product with an expected preference of 10. Since he is a preference maximizer, he 
would choose "market new product." 

The process of folding back continues until the expected preferences for the three 
action alternatives have been determined. The R and D alternative has the highest 
expected preference and is therefore the one recommended. 

In this example the action alternative with the highest expected payoff also turned 
out to be the one with the highest expected preference. This will not always happen. 
I^ttt in the Scott Company example the R and D alternative is so dominant that we 
tnighl expect both analyses to lead to the same conclusion. 

Where there is clearly no dominant alternative using the expected dollar payoff 
method, it would not be surprising to find that a preference analysis would recommend 
a different action alternative. After all, the preference analysis includes all those 
iniponderables which would have given the decision maker cause for concern if the 
analysis was strictly based on dollar payoffs. 


Chapter 7 


Linear-Programming 
Models: Formulation 


INTRODUCTION 

Many decision problems — both personal and administrative — can be classified 
as constrained oplimi/.ation problems. In these problems there is an objective 
to be optimized and a set of constraints which cannot be violated. 

Ron L.emieux is a bachelor who seems to face every weekend with the 
same objectise: to hasc the best possible time. But several constraints limit 
the achievement of this objective. First is a budget constraint: he never seems 
to have much monev. Second is a lime constraint: he has only from noon 
Saturday until Sunday evening. Third is a transportation constraint: he 
currenth owns an old car which he is reluctant to drive beyond the city limits. 

A management scientist would sa>’ that Ron faces a constrained op* 
limization problem. In fact the form of this problem is quite similar to that of 
many administrative decision problems. First there is an objective to be 
achieved, and second there are are constraints which cannot be violated. The 
topic for this and the next two chapters will be the formulation of models for 
these constrained optimization situations and their analysis using linear- 
programming techniques. 

1. inear programming has been applied to a large number of problems. Some 
of these include production scheduling, media selection in advertising, job shop 
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scheduling, investment analysis, project scheduling, inventory management, 
warehouse location, and commercial bank portfolio management. This list is not 
exhaustive, nor has the record been unblemished. Some attempts at using linear 
programming have failed, but countless others, however, have met with success. 
The extent of these successes has been such that it is imperative that every 
up-to-date manager know something about this technique. 

Objective and Constraints 

All problems which can be formulated as linear-programming models share a 
number of characteristics in common. First, there is an objective. It may be to 
maximize profit, minimize costs, maximize return on investment, minimize the 
length of time required to complete a set of jobs, and so on. 

Second, there are constraints. rhe> act to limit the achievement of this 
objective. Without constraints, for example, an automobile manufacturer could 
manufacture an unlimited quantil> of cars. However, budget constraints, 
demand, a limited pool of trained workers, and limited physical plant and 

equipment all serve to constrain, or place limits upon, output levels in the short 
run. 

In summary, then, these problems have an objective and a set of 
constraints. The concern of the decision maker is to achieve the objective 
while staying within the bounds ol the constraints. 

By the way of a case study, we will now explore a problem w'hich 
exhibits these characteristics in greater detail. 


CASE STUDY: Jerry Company 

The Jerry Company, founded in I9.s6. is one of the largest manufacturers of 
^enls in the United .States. Its product line includes several kinds of light- 
weight mountain and heavyweight camping tents. The mountain tents are 
purchased primarily by backpackers who intend to carry the tents on pack 
frames during extended hiking trips. The camping tents are heavier models, 
made of canvas, and used primarily by people who camp at roadside areas. 

The manager of production. James (irover. is currently in the process of 
formulating a production schedule for next month. It has already been 
decided to manufacture but two models during this planning period: one 
camping model and one mountain model. What remains is to determine how' 
many of each to schedule. 

According to the sales department, there is an unlimited demand for both 
models. That is, the Jerry Company can sell as many as they produce. 
Constraining production, however, is the fact that the two departments 
through which both tents must be processed have limited capacities. The first 
department, fabric cutting, has an expected capacity of 8000 worker-hours of 
labor during the next month. Every camping model which is processed by this 
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department requires 2 worker-hours of cutting time, whereas every mountain 
tent requires 1 hour. The second department is sewing. Here the fabric, mosquito 
netting, and zippers are sewn. The expected capacity of this department is 16.000 
worker-hours. Every camping mode! which is processed by this department 
requires 2 worker-hours of labor: esery mountain model requires 4 hours. 

I he objective of the production department is to maximize the profit 
contribution generated b> its products. From a recent analysis Mr. Grover 
knows that the profit contribution (revenue less variable expenses) for each 
camping model is S2() and for each mountain model is $30. 

From these data, how would you ad\ise Mr. Grover to plan production? 
CertainK there are many alternatiscs from w'hich to choose. One is to produce 
nothing: another is to produce one of each kind: and another is to produce 1 
mountain model and 2 camping models. I'he list could goon and on provided that 
the alternatis es do not \ iolale either of the constraints. Then, for each of these 
alternati\es a profit contribution could be computed, and finally the alternative 
with the highest profit contribution would be selected. But this is a tedious and 
inefficient process. A more efficient method w ill be developed in Chapters Hand 
*•). l-'irst. hov\e\er. we will consider two requirements which must be met before 
this method cati be used. 


THE BASIC ASSUMPTIONS OF LINEAR PROGRAMMING: 

CERTAINTY AND LINEARITY 

1 . inear-programming models can be used to represent constrained optimization 
sN stems onl\ when the \aluc of the parameters of that system is know'ii with 
certainly. In the Jerr\ Compain case, profit contribution, resource capacities, 
and resource utilization are all assumed to be known with certainty. For 
example, if 1 camping and 1 mountain lent arc manufactured, the profit 
generated from this output level w ill be cxoi ily 

1(20) ^ 1(30) = $.^0 


I he profit contribution for any output lev el is therefore known with certainly. In 
addition the capacity of the scarce resources is also known with certainly. For 
example, the case implies that vxnclly HOOO worker-hours of capacity in the 
cutting department are available. The utilization of scarce resources is also 
known with certainty. For example, it is implied that it will take exactly 2 
worker-hours of the av ailable capacity in fabric cutting to cut a camping tent and 
I worker hour to cut a mountain lent. 

We can conclude that in linear programming (here are no probability 
distributions: the assumption is made that all parameters are known with 
certainty . 

The second assumption that must be made before a linear-programming 
model can be used is that the system must be linear throughout. Implied in the 
profit contribution for each tent is that the profit generated by the first camping 
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tent is $20: by the second one. $20: h> ihe hundredth one. $20; by the thousandth 

one, $20; and so on. This also holds for the mountain tent. I he first one generates 

$30 profit, the tenth one $30 profit, the hundredth one and the millionth one and 
so on. 

Linearity is also assumed in the constraints. For example, in the fabric- 
cutting department, the first camping tent processed requires 2 hours of labor, 
the second requires 2 hours of labor, the hundredth requires 2 hours, and so 
on. Likewise, the first mountain lent requires I hour of cutting time, the 
second one requires I hour of culling time, the thousandth one requires I 
hour of cutting time, and so on. The sewing constraint is also linear and can 
be interpreted in a similar fashion. Indeed this problem is linear throughout, and 
hence Ihe word “linear" in linear programming. 


THE PROBLEM IN TABULAR FORM 

To analyze any linear-programming problem, it is quite useful to summarize 
the data in tabular form. The data given in the Jerry Company case are 
summarized in Table 7-1. In the top row of this table is found the profit 
contribution associated with each activity. Then the constraints are presented. 
First we have the fabric-cutting constraint. Here it can be seen that each 
camping tent requires 2 w'orker-hours per unit produced and each mountain 
tent requires I worker-hour per unit produced. I he capacity in worker-hours 
is recorded in the last column. I'hc data for the sewing constraint are found 
in the last row. 


Table 7-1 Data for the Jerry Company Case in Tabular Form 



Camping tent, 
per unit 

Mountain tent, 
per unit 

Capacity 

Profit contribution 

$20 

$30 


Fabric cutting 

2 worker-hours 

1 worker-hour 

8.000 worker-hours 

Sewing 

2 worker-hours 

4 worker-hours 

16.000 worker-hours 


THE PROBLEM IN MATHEMATICAL FORM 
Objective Function 

The problem can be slated mathematically by referring to the table. First the 
objective — to maximize total profit contribution — can be expressed in the 
following way: 


Max P = 20r + 3()Af 


where P is profit. C Is the number of camping tents produced, and M Is the 
number of mountain tents produced. This mathematical expression implies 
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that profits are to be maximized and that this profit is equal to $20 times the 
number of camping tents produced, plus $30 times the number of mountain 
tents produced. It is called the objective function. For example, if lO camping 
tents and 15 mountain tents were produced, profit would be 

P = 20(10) + 30(I5) 

P - 650 

Since the objective is to maximize profit, we would like to make the value of this 
objective function as large as possible. But the constraints limit the achievement 
of this objective. Consequently they must also be expressed mathematically. 


Fabric-cutting Constraint 

In the fabric-cutting department, the 8000 worker-hours of shop time that are 
available cannot be exceeded. We are free to use less than this amount, but 
we cannot use more. Each camping model uses 2 worker-hours of this total, 
and each mountain model requires I worker-hour of this total. We can. 
therefore, stale the combined utilization of this available capacity in the 
following way: 


2C + I A/ 


If we produce lOO camping tents and 300 mountain tents, we have used 
2{ 100)+ 1(300) = 500 

hours of the 8000 hours available. What remains is to specify explicitly that the 
number of worker-hours used in this department must be less than or equal to 
8000. This can be done in the following way: 

2C + 1 A/ < 8000 


Ihis is called an inequality and specifies that the left-hand side of the 
expression must be less than or equal to the right-hand side. It cannot, 
however, exceed the right-hand side. Let's check two strategies. First, we will 
schedule 500 camping tents and 3000 mountain tents. We therefore have: 


2(500) -I- 1(3000) <8000 

4000 < 8000 


and we see that 4000 worker-hours are required to accomplish this plan and 
that this is indeed less than the available 8000 worker-hours. Therefore, there 
is no violation of this constraint. Consider another example, where 4000 
camping tents and 2000 mountain tents are scheduled. This time we have: 
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2(4000)+ 1(2000)^8000 

10,000^8000 

and we see that 10,000 worker-hours are required, thereby violating the 
constraint. This strategy would therefore not be permitted. 

In summary, then, our mathematical expression of this constraint spec- 
ifies that the use of this resource be less than or equal to its capacity. 


Sewing Constraint 

Next the constraint for the sewing department will be expressed mathemati- 
cally. We have 

2C + 4M < 16,000 

where the left-hand side of the expression represents the total worker-hours 
that are used in the sewing department for a particular production strategy 
and the right-hand side represents the capacity of that department. 

Nonnegativity Constraints 

To be complete, we must finally add nonnegativity conditions. These can be 
written in the following way: 

C>0 
M >0 

They ensure that the values of C and M are greater than or equal to zero. 
This prevents the occurrence of negative numbers. After all, what would it 
mean to produce minus three tents? Therefore, our nonnegaiivity conditions 
ensure that only nonnegative numbers are possible. 

A Summary of the Problem 

The mathematical statement of this linear-programming problem can be 
summarized in the following way: 

Max P = 20C + 30M 
subject to the constraints: 

2C+ 1M<8000 
2C+ 4M< 16,000 
C ^0 
M>0 

Although such a formulation might be new and unfamiliar to you now, it will 
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be an old friend in jusl a few weeks. For you will find that the mathematical 
statement of the objective function, followed by the constraints and non- 
negativity conditions, is common to all linear-programming problems. 


SUMMARY 


'T he formulation of linear-programming models requires that the criterion or 
objective associated with the problem be established and then expressed as an 
objective function. Next the constraints that are to be included in the model 
are determined and expressed in inequality form. 

The methods behind the analysis and solution of these models will be 
presented in the next two chapters. Meanwhile the problems and the case at 
the end of this chapter will give you the opportunity to become familiar with 
the process of formulating these models. In fact, the formulation of the model 
is often the most difficult step. 


QUESTIONS 

1 What is a constrained optimization problem? 

2 Fxplain the basic assumptions of linear-programming models. 

3 Suppose that each camping lent produced beyond 50 tents requires less and less 
time in the sewing department of the Jerry Company. Is a linear-programming 
model still an appropriate way in which to analyze this case study? 

4 Why are nonnegalis ily constraints necessary? 

5 W''ould it be possible for the Jerry Company to pr^^duce 2000 camping tents and 
4000 mountain tents? VVh\? 

PROBLEMS 

7-1 Suppose that in the Jerry Company case the profit per mountain lent was 
revised to S40 and the length of lime required to sew each of these tents was 
increased from 2 hours per unit to 3 hours per unit. Formulate the revised 
problem in mathematical form. 

7-2 Suppose that in the Jerry Company case the demand for camping tents is limited 
to 1000 units. Revise the mathematical model to include this constraint. 

7-3 The Alliance Appliance Company produces toasters and small electric broilers. 
Demand for Its product is so great that it can sell all it produces. For each 
toaster sold the contribution to profit is $5. and for each broiler the contribution 
is $7. These products must pass through tw'o manufacturing departments: 
stamping and finishing. It is these departments w'hich seem to constrain output. 
Kach toaster requires 2 hours in the stamping department and I hour in the 
finishing department; each broiler requires I hour in the stamping department 
and 2 hours in the finishing department. The capacity of the stamping depart- 
ment is 10,000 worker-hours, and that of the finishing department is 12,000 
worker-hours. 

Set this problem up as a linear-programming model. 

7-4 The Ace Trucking Company produces trucks in two models. Model A con- 
tributes $150 each to profits, and model B contributes $200 each. Three depart- 
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ments constrain output: stamping, engine manufacture, and assembly. Each 
model A requires I hour in the stamping deparlmenl. 2 hours in the engine 
department. The capacity of the stamping department is 5000 worker-hours; of 
hours in stamping. 2 hours in the engine department, and ^ hours in the assembly 
department. The capacity of the stamping department is 5000 worker-hours; of 
the engine department. 8000 worker-hours: and of the assembly department. 
7000 worker-hours. 

Set this problem up in the mathematical form. 

7*5 The Able Rug Company manufactures two types of rugs; nylon and wool. Each 
of these is made in both a fiood quality and a heller quality. The profit 
contribution from a nylon rug of good quality is $20. and from the nylon rug of 
better quality it is $25. For the wool rugs in Abie's line, the good-quality model 
contributes $23 and the better model $40 to profit. 

The manufacturing process for these rugs is such that each rug must pass 
through each of two departments; weaving and shipping. The nylon rug of good 
quality requires 2 hours of weaving and '/; hour of shipping time: the nylon 
rug of better quality requires 3 hours of weaving and I hour of shipping. The w ool 
rug of good quality requires 2'/: hours of weaving and 2 hours of shipping: the 
wool rug of better quality requires 3'/: hours of weaving and 2 hours of shipping. 
The capacity of the weaving department for the next month is 5000 worker- 
hours. and that of the shipping department is .3000 worker-hours. 

The marketing department has undertaken a demand study and found that 
no more than 4000 nylon and 3000 wool rugs can be sold during the next month. 

Set this up as a linear-programming model. 

Hint: Let represent the number of good-quality nylon rugs scheduled. N^, 
represent the number of better-quality nylon rugs. the number of good-quality 
wool rugs, and the number of better-quality wool rugs. 

7-6 A manufacturer produces three products. X. Y. and Z. Each product must be 
processed through four departments. A. B. C. and D. The manufacturing time 
for each of these products is given below: 


Department 

Product 

X Y Z 

A 

3 

4 

2 

B 

2 

6 

3 

C 

3 

5 

7 

D 

8 

3 

1 


The capacities for these departments are: 


Department Capacity 


A 2000 

B 2500 

C 1800 

D 3000 
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If the per unit profit contributions for X, Y. and Z are $1, $2, and $1.50, 
respectively, set up this problem in linear-programming format. 

7-7 The United Airplane Company has six model 707 jets, nine model 727 jets, and 
twelve model DC-8 jets, which all operate from a central airline terminal in New 
York. Their passenger load capacities are 150 for the model 707. 100 for the 
model 727. and 125 for the DC-8. All are available for today's flights. 

United dispatches planes to three cities: Boston. Chicago, and Miami. 
According to reservation records. Boston needs 350 seats. Chicago 400. and 
Miami 385. An empty seat has no value, and a plane can fly only once a day out 
of New York. 

The cost of sending a plane from the New York terminal to any of the three 
cities is given below: 


Destination 

Equipment 

707 

727 

DC-8 

Boston 

25 

20 

30 

Chicago 

30 

30 

35 

Miami 

35 

45 

34 


Hint: Let .V,. X,. Xx denote the number of jets of each type dispatched to 
Boston; Y,. Yj, Y, the number of jets of each type dispatched to Chicago; Z|. 
Zj. Z, the number of jets of each type dispatched to Miami. 

Set this problem up as a linear-programming model. 

7-8 The Evergreen Company must select from five possible investment alternatives 
for the coming year. The net present value of these investments is given below: 


investment 

1 

2 

3 

4 

5 

NPV 

25 

10 

14 

32 

16 


The objective of the firm is to maximize the net present value of its investment 
mix; how’ever. several factors constrain its choice of investments. First it must 
ensure that adequate capital is available for the included investments over the 
next 2 years, since each of these investments requires cash over both of these 
years. 1 he cash outflow requirements for each of these investments is: 




Investment 



1 

2 3 

4 

5 

Capital outflow, year 1 

2 

17 14 

12 

9 

Capital outflow, year 2 

7 

11 14 

7 

11 
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The budgeted available capital is 35 in the first year and 30 in the second >car. 

In addition, these projects require a workforce, and labor is also in scarce 
supply. Below are given the workforce requirements for each of the investments 
over the first 3-year period, after which it is fell that an adequate labor supply 
will be available for whatever investments are selected. 





Investment 


1 

2 

3 

4 

5 

Workforce, year 1 

7 

4 

3 

8 

5 

Workforce, year 2 

11 

2 

4 

8 

4 

Workforce, year 3 

3 

2 

2 

3 

7 


Workforce capacity in the first year is 20: in the second year it is 25: and in the 
third year it is 30. 

Set this problem up as a linear-programming model. 

The Wichita Company operates two factories and three warehouses. The output 
from the factories is shipped to the regional warehouses, and from there the 
product is distributed to retailers. 

The two factories have limited capacities. Factory A can produce no more 
than 5000 units per month, and Factory B can produce no more than 3000 units 
per month. The warehouses have just submitted their demand for the next 
month. Warehouse I needs 2000 units, warehouse 2 needs I500 units, and 
warehouse 3 needs 4000 units. 

Per unit production and shipping costs are given below: 



To warehouse 

From factory 

1 

2 3 

A 

$5 

$6 $4 

B 

2 

9 5 


For example, a unit manufactured in factory A and shipped to warehouse I will 
incur a cost of $5. 

Management is about to develop a production and shipping schedule for 
next month. 

Formulate a linear-programming model that will help management make 
this decision. 

7-10 The Economy Auto Rental Company offers budget car rentals in six Northeastern 
cities. At the present time the company has more cars than it needs in three 
cities and a shortage of cars in the other three. Cities 1, 3. and 6 have an excess 
of 92, 40, and 35 cars, respectively. Cities 2. 4. and 5 require at least 50. 80 and 
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37 cars, respectively. The cost of transporting each car between these cities is 
given below. 


From 



2 

To 

4 

5 

1 

25 

14 

6 

3 

17 

16 

12 

6 1 

31 

21 

15 


Management must determine the quantity of cars that must be shipped 
from the oversupplied locations to the understocked locations. 

Formulate a linear-programming model which will help management make 
this decision. 

Set this problem up as a linear-programming model. 


linear-programming MODELS; FORMULATION 


155 


CASE STUDY: Exeter Office Equipment Company 


The Exeter Office Equipment Company manufactures a line of office equipment 
including file cabinets, desks, chairs, and tables. Production facilities are located 
in Pittsburgh, Cleveland, and Si. [.ouis. and at the present time all three facilities 
have some excess capacity. The manufacturing managers from these plants and 
the corporate vice president of mamifacluring have scheduled a meeting in 
Cleveland next week. Their problem is how to utilize this excess capacity 
effectively. 

Three weeks ago it was learned from the vice president of manufacturing 
that demand for two types of file cabinets had been exceeding the scheduled 
quantity in production. The larger unit, model A. has eight drawers and sells for 
$25; the smaller unit, model B. has four drawers and sells for $I5. 

The manufacturing control department at that time was scheduling 2000 
units per day of model A and .^000 units per day of model B. But the vice 
president of manufacturing suggested that this could be raised to 2600 units per 
day of model A and 3500 units per day of model B. 

The file cabinets have been manufactured only at the Pittsburgh plant. 
Telephone calls to the manufacturing managers at the other two plants, however, 
have revealed that they have the capability to produce these models. Both agreed 
that it would take a week to set up the production line. No new equipment would 
be needed, and there would be enough foremen to set up and supervise the 
additional production lines. 

Manufacturing ca>sts for each model would he the same in all plants. Labor 
and raw material costs would be SI3 per unit for model A and $4 per unit for 

model B. 


According to the manufacturing managers of these plants, the workforce 
which could be assigned to these products is limited. The Pittsburgh plant could 
produce at most 500 additional units per day, regardless of the model or 
combination of the models involved: the Cleveland plant could produce 600 units 
in total per day: and the St I.ouis plant could produce 300 units in total per day. 

The manufacturing managers were also concerned about their available 
storage space. The Pittsburgh plant could allocate at most 9000 additional square 
feet, the Cleveland plant could allocate at most 8000 square feet, and the St. 
Louis plant could allocate 3500 square feet. Each model A requires 20 square 
feet and each model B requires 12 square feet. Each plant can store on the 
average I day's worth of production. 

None of the manufacturing managers wanted to accept the responsibility 
for producing all of this additional output. They felt that a sudden drop in 
demand would have too great an impact on production and employment levels. A 
preliminary agreement was that no one plant should be assigned more than 40 
percent of the additional units, regardless of models. 
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QUESTIONS 

1 Can this problem be modeled? If so, formulate the model. 

2 What will the output of the model tell you? 

3 To what extent will the output be useful when the managers meet next week in 
Cleveland? 

4 The St. Louis plant's production facility can rent an additional 5000 feet of storage 
space at a cost of $20 per day. Is there some way that the model could be used to 
determine whether this space should be rented? 

5 Upon hearing of these plans the vice president of marketing has sent a letter to the 
vice president of manufacturing. See Exhibit A. Reformulate the model to take into 
account the marketing strategy. How can the outcome of these models be com- 
pared to select between these two alternatives? 

6 If a computer code is available, solve questions 1, 4, and 5 on the computer. Is the 
marketing strategy more profitable? 

Exhibit A 


TO; Robert Scott, VP Manufacturing 
FROM. Frank Anderson, VP Marketing 
SUBJECT: Demand for file cabinets 


It has recently come to my attention that you are considering the expansion of production 
capacity for models A and B. Before you make any moves in that direction, perhaps you should 
hear our plans. 

Since delivery of these units to our customers has been less than acceptable, we have 
decided to change our pricing strategy We expect this to reduce the level of demand. 

Effective next month model A will sell for $26 while model B will sell for $14. This should 
reduce demand for A to at most 2200 units per day and to 3300 units per day for model B. 

Before you formalize your expansion plans, you should give me a call. 


Chapter 8 


Linear Programming: 
Graphical Method 


INTRODUCTION 

In Chapter 7 the focus was on the formulation of linear-programming models. 
Now we will turn to the ways in which these models can be analyzed. 

When linear-programming models have only two variables or activities, 
as in the Jerry Company case, graphical methods can be useo to analyze the 
model. These methods are simple and. above all, provide valuable insights 
into the more advanced methods that are required for models having more 
than two variables. The advanced methods will be covered in Chapter 9. 

THE FOUR STEPS OF THE GRAPHICAL METHOD 

There are four basic steps in the graphical method. They are: 

1 Outlining the graph 

2 Drawing the constraints 

3 Drawing a series of objective functions 

4 Identifying the solution 

These steps will now be illustrated by the Jerry Company case. 
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OUTLINING THE GRAPH 

The first step is to identify the two activities or variables on the axes of a 
graph. In Figure 8-I this has been done for camping (C) and mountain (M) 
tents. 

DRAWING THE CONSTRAINTS 
Fabric-cutting Constraint 

First the fabric-cutting constraint will be drawn. To accomplish this, two end 
points are identified in the following way. Suppose all the available time (8000 
worker-hours) in the fabric-cutting shop is devoted to making camping tents. 
Since it lakes 2 worker-hours of fabric-cutting to make one camping tent, at most 
4000 of them can be processed. 

= 4000 


One end point therefore is M =0: C = 4000. This point is marked on the 
graph. Now we turn to the other end point. Suppose the entire capacity of the 
fabric-cutting shop is devoted to producing mountain tents. Through this 
shop we could then process a maximum of = 8000 tents. The second 
end point is therefore M = 8000: C = 0. It is also plotted on the graph. 

The next step is to connect these two end points with a straight line, and 
this line becomes the fabric-cutting constraint. We can interpret all points 
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Figure 8-1 Drawing the first constraint 
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which lie on this line as a combination of camping and mountain tents which 
will exactly use up all the capacity in the fabric-cutting shop. For example, 
consider point a. It lies on the line and represents the processing of 2000 
camping and 4000 mountain tents. This combination requires 

2(2000)-!- l{4000)- 8000 

worker-hours of capacity and iherefore exactly uses up the capacity of the 
shop. As another example, consider point h. where 


C = 3000 
M = 2000 

This combination will require 


2(3000)+ !(2000) = SOOO 


worker-hours and again uses up the capacity of the shop. We can therefore 
conclude that points which lie on this line represent some combtnatton of 
camping and mountain tents which will exactly utilize the available capac.ty^ 
Our constraint, however, was specified as an tnequahty and as such 
allowed less than the capacity of the shop to be used Therefore a point 
such as e Joes indeed represent a possible or feusJJe comhomuon of 
products in that shop. At c we have 20l)() camping and 3000 mountain tents. 

Together they utilize 


2(2000)+ I (.3000) = 7000 

or 7000 of the 8000 available hours. Point / also represents another feasible 
combination of products which uses up less than the available capacity In 
fact we can say that the entire space lying to the left and below the fine (and 
including the line itself) represents feasible combinations of camping and 
mountain tents. That is, these combinations will either use up less than or 
exactly the available capacity hut never more. In Figure 8-2 this region is 

sewing constraint will be graphed. While this is done, the 
fabric-cutting constraint which we have just graphed will be temporarily 
ignored. Our strategy will be to graph each constraint separately. Eventually 

they will be combined. 


Sewing Constraint 

To draw the sewing constraint, we simply repeat the steps followed for the 
fabric-cutting constraint. First the end points are located, then they are 
connected with a straight line, and finally the region representing all feasible 

combinations is shaded. 
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Figure 8-2 Feasible combinations for the first constraint. 


To find the first end point, we assume that only camping tents will be 
produced. This being the case, the most that ct>uld be produced would be 
""*‘7; SHOO tents. The first end point is therefore C = 8000; M = 0. This 
p(.)int is drawn in Figure 8-.^. lo find the sectuui end point, we ask how many 
mountain tents could be produced if no camping tents were scheduled. We 
could produce as many as = 4000 tents. This point is also recorded in 

Figure 8-3. Now a line joining these p(.)inls can be drawn and any point on this 
line represents some combination of camping and mountain tents which will 
exactly use up the available capacity in the sewing shop. 

F^oints to the left and below the line represent combinations of camping 
and mountain tents which will require less than the 1 6.000 worker-hours of 
productive capacity. The feasible combinations for this shop therefore include 
the line anti area below it. .Any combinati(.>n of products which falls within 
this region can be feasibly processed through the sewing shop. 

Feasible Region 

Now we must step back and consider the conihined capabilities of the 
fabric-cutting and sewing departments. To accomplish this, both constraints 
are tlrawn on the same graph. I his is done in Figure 8-4. First we investigate 
point a. It represents the processing of 20()() camping and 2000 mountain tents. 
From our analysis of the fabric-cutting constraint, we know that such a 
combination is teasible in that department. That is. the point lies below and to 
the left of the constraint. Furthermore we also know that this combination is 
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Figure 8*4 Both constraints on the same graph. 
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Figure 8-5 Feasible region. 


feasible for the sewing department since point a also lies below and to the left 
of the sewing constraint. We can therefore conclude that the output com- 
bination represented by point a is feasible in both departments. Next we will 
examine point h. 1 his output combination is feasible in the fabric-cutting 
department since it lies below and to the left of the constraint. This is not 
true, however, for the sewing department. The capacity in this department is 
exceeded because point h lies beyond its shaded area of feasible com- 
binations. Therefore the combination represented by point h violates one of 
the constraints and as such is not an admissible combination. Point d also 
violates a constraint. Although the combination represented by this point is 
feasible in the sewing department, it is not in the fabric-cutting department. 

Perhaps you have already discovered which area is feasible to both 
departments. It is that area which both constraints share in common. This is 
shown in Figure 8-5. The common area is often referred to as the feasible 
rei^ion. Any point within this space and including its borders represents a 
combination of camping and mountain tents which can be processed within 
the constraints of hoili departments. 

What remains is to find the best or optimal point in this feasible region. 


GRAPHICAL PORTRAYAL OF THE OBJECTIVE FUNCTION- 
ISOPROFIT LINES 

Up to this point we have considered only those factors which constrain 
output. To this we must now add profit data, and then we will be able to 
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determine where in this feasible region the highest profit can be obtained. To 
accomplish this, several profit lines are constructed. They are drawn at arbitrary 
locations on the graph in the following way. Suppose we produced 3000 camping 
tents (the 3000 is an arbitrary choice) and no mountain tents. The profit generated 
would be 

P = 20(3000) + 30(0) = $60,000 

Next we ask how many mountain tents would have to be produced to 
generate this $60,000. The answer is «'««»/,„ = 2000 tents. Now two points are 
identified on Figure 8-6. 

c = 30001 , rc = o 

M = 0 1 1m = 2000 

Connecting them with a straight line, we have what is called an isoprofit line. 
An isoprofit line is a line of equal profits such that any point on the line 
represents some combination of camping and mountain tents which will 
exactly generate $60,000. 


9000 t- 
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M _ 8000 


2000 4000 6000 8000 

Number of mountain tents. M 


Pl9Ur6 8-6 Construction of isoprofit lines and solution to problem. 
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Again, another isoprofit line will be drawn. This second arbitrary choice 
will be 6000 camping tents. Its associated profit is 

P = 20(6,000) + 30(0) = $120,000 

Once again we ask how many mountain tents would have to be produced to 
generate this profit. The answer is = 4000 tents. The two new points are 

therefore 

C = 60001 fC = 0 

M=0 J lM=4000 

They are also plotted in Figure 8-6 and then connected by a straight line. 
Points on this isoprofit line represent combinations of camping and mountain 
tents that will generate exactly $120,000 of profit. 

Characteristics of Isoprofit Lines 

Countless other isoprofit lines could be drawn in the same manner, and we 
would find that they share common characteristics. First, isoprofit lines are all 
parallel to each other. Second, isoprofit lines of higher profit lie to the right 
and above isoprofit lines of lower profit. Since our objective is to maximize 
profit, we would favor isoprofit lines of higher profit. That is. scheduling some 
combination of output which falls on the $180,000 isoprofit line is more 
attractive than the $60,000 isoprofit line. The problem with choosing the 
$180,000 isoprofit line, however, is that nowhere does it cross the feasible 
region. Consequently there is no combination of camping and mountain tents 
which can be feasibly processed by both departments and also generate 
$180,000 profit. All along the $60,000 isoprofit line, however, lie numerous 
feasible combinations. Therefore we could choose to schedule a combination 
which falls on this line, but why not operate on a higher isoprofit line? The 
$120,000 isoprofit line passes through the feasible region. In fact even 
higher profits can be achieved by isoprofit lines which lie to the right and 
above this $120,000 line. On which of these shall we operate? On the highest 
one which is just about to leave the feasible region. 

SOLUTION 

From Figure 8-6 it can be seen that isoprofit line dd' is the last isoprofit line to 
intersect the feasible region. Isoprofit lines which lie to the right do not 
contain any points which are feasible to both constraints. We can therefore 
conclude that profit is maximized if the output combination represented by 
point e is scheduled. From the graph we can estimate this to be 


C = 2666 
M = 2666 
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and the profit associated with this solution is 

P = 30(2666) + 20(2666) 

P = $133,333 

Of course, the better the graph, the more accurate the answer. In Appendix A 
to this chapter a method is shown whereby the exact point can be computed 
algebraically. 

One final hint: It is generally unnecessary to draw more than one isoprofit 
line in the search for the optimal point. Since al! isoprofit lines are parallel to one 
another, it is usually possible to identify the optimal point by moving a 
straightedge away from the isoprofit line until it just leaves the feasible region. 

Problem 

Now that you have seen one problem solved, take the problem which follows 
and solve it. So that you will have a way to check your work, the complete 
solution is given after the problem. 

Max P = 10A+ lOP 
subject to the constraints: 

IA+ 2P < 12 
2A+ 1P^I2 
A ^0 

B^O 

Solution 

First the constraints are drawn. These are shown in Figure 8-7. 



B 


Figure 8-7 Constraints and feasible 
region. 
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--- B 


Figure 8-8 Solution to example. 


Next ;in isoprofii line is drawn. Ihis is shown in Figure 8-8. From the 
isoprohl line we can see that profit will he ma.vimi/.ed at point C or 

= 4 

n - A 


SUMMARY 


(iiaphical methods can he used to sol\e linear-programming problems which 
ha\c two \ariahles. First these variables are identified on each axis, then the 
constraints are drawn, next an isoprofii line is drawn, and finally the extreme 
point is identified where the highest isoprofit line will just lea\e the feasible 


region. 

In Chapter 9. the simplex method is developed for solving problems 
which have more than two variables. 


QUESTIONS 


3 


Dclinc the folK^vving terms: 
a Feasible combination 
h Feasible region 
c Isoprofii line 

^^hv is graphic anaivsis inadequate for a model with more than three variables or 
acliv iiies? 

\\ ill the solution of a graphical linear-programming problem always occur at a cor- 
ner of the feasible region? Whv? 

Is Ihere a limit to the number of constraints that can be handled in a graphical 
solution ■’ 

Is It possible to solve the problem shown in Figure S-s without drawing an isoprofii 
line’ 
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PROBLEMS 

8-1 Identify the feasible combinations for each of the following constraints: 

a 3A+2B^\2 
b A+ B^\0 
c 2A+IB = 14 
d 2A + 0B = 12 

8-2 Identify the feasible region for the following set of constraints: 

2X + 1/^10 
2X + 4/^20 

y <8 

X ^7 

X sO 

y >0 


8-3 Identify the feasible region for the following sel of constraints 

4X + iy^l6 
2X + 8y:s32 

x+ y£2o 

X 20 

y aO 

8-4 Solve the following problem: 

Max P = 3A+ 4B 

2A + IB ^ 16 

4A+I0B^20 

A ^0 

B 20 


8-5 Solve the following problem: 

Max P=2A + 2B 

,^+2B^10 

2A+\B^ 10 
A ^0 
B 20 
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8-6 Solve the following problem: 

Max P =2A + 3B 

2A + 3B < I2 

3/^+ IB< 12 
>0 
S >0 

8-7 Solve the following problem: 


Max P =4A + }B 

2A + 3B<I2 
3/1 + 2B < 12 

A + B < 5 

.A >0 

B >0 


8-8 


8-9 


Return to the Jerry Company case and determine the solution if the demand for 
camping tents was limited to 2500 and the demand for mountain tents was 


limited to 2000. What excess capacity will exist, if any, in both the sewing and 
fabric-cutting departments? 

I he Ci-M Bicycle Company produces two types of bicycles. Each one requires 
four operations. Owing to the recent emphasis on physical fitness, management 
feels that it can sell as mans as are produced. If the profit from bicycle A is $20 per 
unit and that from B is $35. how tnany of each should the company produce? The 
maximum number of bikes which can he processed through each department for 
cither bike .A or bike B is: 



Bike A 

Bike B 

Stamping 

1200 

1400 

Assembly 

1000 

900 

Paint 

800 

1200 

Inspection 

1000 

700 


8-10 


I he Biltmore Company produces golf carts G and snowmobiles S. Per unit 

profit for each (t produced is 5100. and per unit profit for each 5 produced is 

$200. Sales have been goini lately that management thinks all units of G and 5 

produced can he sold siicccsslully . Constraining output, however, is capacity in 

three departments. In the machine shop each G processed requires 3 worker-hours 

of labor and each S' processed requires 2 worker-hours of labor. Capacity in this 

shop is 30.000 worker-hours over the planning horizon of interest (3 months). In the 

assembly department each G requires 3 worker-hours and each S requires 4 

worker-hours. Capacity in this shop is 40,(i00 w'orker-hours. In the painting shop 

each G requires 1 w orker-hour, and each S requires 1 worker-hour. The capacity of 

this shop is 10,000 hours. How many of each should be produced to maximize 
profit 
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CASE STUDY: Zamyad Company^ 


The Zamyad Company of Teheran. Iran, produces cars under an agreement 
with Volvo of Sweden and trucks under an agreement with Nissan Motors of 
Japan. The company was established in 1966 and has recently moved into 
spacious quarters on the Karaj road about 20 kilometers outside Teheran. It 
employs approximately 1000 people and generally produces an average of 30 


cars and trucks per day. 

Capital investment constraints have limited the nature of Zamyad's 
manufacturing facilities. Consequently, it is not able to manufacture many of 
the items required for the assembly of automobiles and trucks. These items 
are imported from Volvo or Nissan. However, both Nissan and Volvo must 
limit the quantities of parts shipped to Zamyad because of constraints on their 
own capacities. Volvo has guaranteed to supply parts sufficient for the 
assembly of up to 500 cars per month; Nissan has guaranteed to provide parts 
sufficient for up to 200 trucks per month. 


Nissan has just announced several price increases, which have raised the 
direct manufacturing cost of a Zamyad truck from SHOO to $1000. (Direct 
manufacturing costs include all labor and materials.) 


Volvo has not raised prices on purchased parts, so the direct manufac- 
turing cost of a car has remained stable at SHOO. Zamyad assesses overhead at 


100 percent of direct manufacturing cost. 

The Ministry of Economics controls the selling price of Zamyad's output: 

cars sell for $4300 and trucks sell for $6000. 

Zamyad’s vehicles have a reputation as well-made and dependable 
products. Demand is so great that the company can sell all the cars and trucks 
it can produce, and the company expects no change in this situation. Zamyad 
presently has unfilled orders (already paid) for 150 cars and 100 trucks. 

The manufacturing process for both cars and trucks consists essentially 
of two departments, which limit the number of vehicles which can be 
produced during any month. These departments are fabrication and assembly. 
An agreement with the Ministry of Tabor h«is set the minimum labor usage at 
14,000 worker-hours for the combined departments. 


The fabrication department is organized as a job shop which produces 
hundreds of different parts on 45 machine tools. A recent analysis has shown 
that this shop can plan on no more than 12.000 worker-hours of capacity in 
the coming month. Each car manufactured requires 20 worker-hours of 
fabrication; each truck requires 40 worker-hours. 

The assembly department is set up as a conventional assembly line: 
vehicles are assembled on trolleys which are pushed by hand from one station 
to the next. About 10,000 worker-hours of capacity will be available in the 


' By Barry Shore and I.inda G. Sprague. 

^ The Iranian unit of currency is the rial; the 1974 exchange rate was approximately 67.25 rials to 
the dollar. All figures in this case have been converted to dollars. 
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assembly department in the coming month. Each car requires 25 worker-hours 
of assembly; each truck requires only 10 worker-hours. 

At this morning s management meeting, Farah Hormozi, the production 
manager, expressed considerable concern over Nissan's price increases. The 
next month s production schedule was to be announced tomorrow, and she 
asked Ali Reza Rastegar, managing director, whether the cost change should 
affect the planned schedule. Mr. Rastegar replied, “I think we'll just have to 
absorb the price increases until the Ministry of Economics allows us to 
increase our selling price. So. let's go ahead with your previous plan — 200 
cars and 200 trucks." 


QUESTIONS 


1 

2 

3 

4 


Can this problem be modeled in a linear-programming format? If so. formulate the 

model. 

Solve the model graphically. 

Compare the results of the model with the current production plan. 

Discuss the effects on the optimal solution to Zamyad's production-mix problem if 

these situations occur; 

a Increasing overhead expenses have caused the accounting department to raise 
the overhead assessment to 120 percent of direct manufacturing costs. 

b An error in the record keeping indicates that the number of back-ordered trucks 
is only 85. 

c The engineering department has found a new procedure for assembling the 
automobiles that will reduce the time for assembly to 20 hours per automobile. 
This change does not apply to truck production. 

d Owing to a dock strike only 50 percent of the expected parts from the Nissan 
plant will arrive this month. 

e You have received word indirectly that the Minister of Labor will relax your 
labor restriction by 5000 hours per month. 
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APPENDIX A: Solution 
by Simultaneous Equations 

Rather than reading the approximate answer from a graph, it is possible to solve, by 
the simultaneous equation method, for the exact answer. After constructing an 
isoprofit line, it should be clear which ru-o equations will intersect to form the optimal 
point. In Figure 8-6 these included the following: 

2C + 4M = 16.000 
2C+ IM = 8000 

They can be solved by eliminating one variable and solving for (he remaining one. This 
can be accomplished by multiplying the second equation by - 1 and then adding the 
two equations together. 

2C + 4M= 16.000 
-2C- IM = -8.000 


3M = 8.000 

M = 2.666 


We can now substitute M back into either equation and solve for 



2C + 4(2666)= 16.000 
C = 2666 


Our solution, then, is; 

M = 2666 
C = 2666 

PROBLEMS 

8A-I Find the exact solution to problem 8-4 using the simultaneous equation method. 

8A-2 Find the exact solution to problem S-.s using the simultaneous equation method. 

8A-3 Find the exact solution to problem 8-6 using the simultaneous equation method. 

8A-4 Find the exact solution to problem 8-7 using the simultaneous equation method. 


appendix B: Minimization 

Often the problem is slated in terms of the minimization of an objective function. For 
example, in the blending of livestock feed the objective is to minimize costs while meeting 
minimum daily nutritional requirements. In production scheduling the problem may be 
stated as the minimization of production costs: in a media selection problem the objective 
may be to minimize the expenditure of advertising funds. 
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A MINIMIZATION PROBLEM 

Consider the following problem: 

Min C = 4A + 4B 
subject to the constraints: 

2A + IB > 10 
M + 2S >8 
A. B >0 

Now we turn to solve the problem graphically. 

Constraints 

First the constraints must be drawn. Since these are “greater than or equal to 
constraints.” feasible combinations lie to the right and above the constraint. The first 
constraint is shown in Figure 8B-1. 

The second constraint is shown in Figure 8B-2. Both constraints are combined to 
generate the feasible region in Figure 8B-3. 

Isocost Lines 

Next we must construct an arbitrary isocost line, which is much like an isoprofit line 
except that it is a line of equal cost. One such isocost line is shown in Figure 8B-4. Since 
the objective is to minimize costs, isocost lines to the left and below our $40 line are even 
more desirable. The isocost line which passes through point D is the lowest one which still 
intersects the feasible region. 



B 




Figure 8B-1 The first constraint. 
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Figure 8B-3 Feasible region. 
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A 



Figure 8B-4 Isocost line and solution. 


Solution 

Wc can conclude that the solution is found at point D where 

A = 4 
H = 2 

and the cost of this solution is 
4(4) + 4(2) = $24 

PROBLEMS 

8B-1 Graphically solve the following problem: 

Min C= \A + 2B 

2- 4 + 36 >5 

3- 4 + 16 = 6 

-4. 6 >0 

8B-2 Graphically solve the following problem: 

Min C = 2X +?,Y 

\X + 2Y^4 
2X + 1 V > 4 
X, >' > 0 
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8B-3 Graphically solve the following problem: 

Min C = 2A + 4fi 

3A + 2B> lO 
M + I B = 5 
,4 <2 

A. B SO 



Chapter 9 


Linear Programming: 

Simplex Method 


INTRODUCTION 

The Limitation of the Graphical Method 

The graphical melhod developed in the last chapter is limited to linear- 
programming models which include only two products or activities. The Jerry 
Company case, for -example, included only camping and mountain tents. 

The graphical method would have been cumbersome had the Jerry Com- 
pany decided to schedule three products. To analyze this larger problem, a 

three-dimensional graph would have been necessary: one dimension for each 
product. 

What if the company had decided to schedule more than three products? 
I hen It would have been impossible to use graphical analysis. 

Fortunately, the simplex method, covered in this chapter, can be used to 
analy ze any linear-programming problem regardless of size. 

The Role of Corner Points in the Simplex Method 

J he backbone of the simplex method is that only the extreme points or corners 
of the feasible region need to be searched for the optimal solution of a prob- 
lem. This can be seen graphically by returning to the Jerry Company case. 
Mathematically the problem was expressed in the following way. 


Number of camping tents. 


LINEAR PROGRAMMING: SIMPLEX METHOD 


177 


Max P =20C + 30M 

2C+ IM<8000 
2C+ 16,000 

C >0 

M >0 

The graphical solution is repeated in Figure 9-1. From it certain observations 
can be made. Because the feasible region is formed by linear constraints, a 
polygon — or many-sided figure — results. Consequently as the isoprofii line is 
moved out as far as possible, it will generally leave at a corner or extreme 
point. In the Jerry Company case, it left at corner d. 

On the rare occasion when the isoprofit line is parallel to one of the 
constraints, the optimal solution will be found all along a portion of the 
constraint including its two corners. For example, the isoprofit line shown in 
Figure 9-2 is parallel to the constraint 2A+]B^2. Consequently as the 
isoprofit line is moved further and further out to identify the optimal solution, 
it does not leave the feasible region at just a corner but all along ha. It can 
therefore be concluded that there are multiple solutions to this problem. Any 
point which falls along this segment is considered just as good — or as 
profitable — as any other. But notice that included in these multiple solutions 
are the corner points h and a. This leads us to establish a very important 
principle. In the solution of a linear-programming problem, only the corners 
need to be searched. The corner which is found to have the largest objective 



Number of mountain tents. M 

Floure 9*1 Graphical solution of the Jerry Company case. 




Figure 9-2 Isoprofit line parallel to constraint 


function value represents the optimal value of the problem. This principle is 
the backbone of the simplex method. 


An Intuitive Explanation of the Simplex Method 

Before we proceed into the mechanics of the simplex method, perhaps it will 

be helpful if we explore the intuition behind the steps which make up this 
technique. 

In the last section it was concluded that the simplex method needs to be 
concerned only with corner points. To begin, the simplex method starts in the 


safest corner— a corner which is always feasible, the origin. For example, in 

the problem illustrated in Figure 9*1. the simplex method would start at corner 
a where 


C = () 

M = 0 

From there it proceeds in the most profitable direction toward another corner. 
Two choices exist: to bring in some units of camping tents C or some units of 
mountain tents M. It is important to realize that the simplex method will 
proceed at this stage by either introducing some number of camping tents or 
some number of mountain tents, but not some combination of the two. Since 
the per unit profit contribution of mountain tents at $30 is larger than the per 
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unit profit contribution of camping tents at $20, the simplex method will 
proceed to introduce as many mountain tents as possible until a constraint is 
met. This will occur at corner /, where 

M = 4000 

c = o 


Then the simplex method determines whether profit can be increased by 
continuing to move toward another corner. If so, camping tents will be 
introduced until corner d is reached. From our graphical solution we know that 
this is indeed the situation and therefore corner d will be reached. 

Again it will be determined if it would be profitable to proceed from 
corner d to the next corner. From our knowledge of the solution to this 
problem, we expect the simplex method to tell us no, and we would therefore 
expect the simplex method to identify corner d as the solution. 

This has been an intuitive overview of the simplex method. 

We now turn to the details. 


THE AUGMENTED FORM OF THE 
LtNEAR'PROGRAMMING PROBLEM 

The first step toward a mathematical solution of the linear-programming 
problem is to convert the inequality form of the problem into the augmented 
form. The inequality form of the Jerry Company problem is repealed below. 

Max P = 20C + 30M 

2C+ 1M<8()00 
2C+ 16.000 

C ^0 

M >0 

This is called the inequality form because the constraints are stated as 
inequalities. It is essential, however, that we convert these inequalities to 
equalities. We will then be working with equations. 

Slack Variables Introduced In Each Constraint 

To accomplish this conversion, a slack variable is introduced in each in- 
equality. Consider the first inequality 

2C+ lAf <8000 


To convert this to an equality, a slack variable 5i is introduced in the 



following way: 


2C+\M + I5i = 8000 

Whenever the sum 2C-f- IM is less than 8000, 5, will take up the slack. For 
example, if C=1000 and M = 1000. then 5| = 5000 and the equality is 
maintained. 

2(1000)+ 1(1000)+ I5i =8000 
2000 + 1000 +5000 = 8000 

8000 = 8000 

We can interpret this slack variable as the unused number of worker-hours in 
the fabric-cutting department. 

Since each inequality must be converted to an equality, we proceed in a 
similar fashion to introduce another slack variable S 2 in the second inequality, 

2C + 4M+ 1S:= 16,000 

We can interpret Sz as the unused capacity in the sewing department. 

Objective Function 

The final step is to introduce these new variables Si and S: into the objective 
function. This can be accomplished in the following way: 

Max P = 20 c + 30M + OS, + OS; 


Ihese new variables have a coefficient of zero since the profitability as- 
sociated with a unit of unused resource is zero. Because these new variables 
have a coefficient of zero in the objective function, they are often omitted. 

Summarizing the Problem in Augmented Form 

We can now summarize the problem in the following way: 

Max P = 20 c + 30M + OS, + OS. 

2C+ IM + IS, = 8000 
2C+ 4M + 1S:= 16.000 

I his is called the augmented form of the linear-programming problem. 


THE FIRST BASIS 

The first basis is the mathematical representation of the problem at the origin. 
It can be written by simply moving the right-hand side of the objective 
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function to the left-hand side. The constraints remain unchanged. This step is 
shown in Table 9-1. 

Table 9-1 First Basis 


Row 1: P-20C-Z0M =0 

Row 2: 2C+ 1M + 1S, =8000 

Row 3; 2C+ AM +152=16.000 


At the origin recall that 

C = 0 
Af = 0 


That is, nothing is produced. Consequently the basis which we have just 
derived can be evaluated in the following way; 

P -20(0) -30(0) =0 

2(0)+ 1(0)+ IS, =8000 
2(0)+ 4(0) +152=16,000 

or 

P = 0 
Si = 8000 
52= 16,000 

We see that at this point C = 0, M = 0. profit (P = 0) is zero, unused capacity 
in the fabric-culling shop is 8000 worker-hours, and unused capacity in the 
sewing shop is 16,000 worker-hours. 

Basic Variables 

Variables P. S,, and S 2 , found in Table 9-1, are called basic variables. They 
represent the level of profit and ihe products or activities which are at nonzero 
(positive) levels. Basic variables have the characteristics that their coefficient in 
the basis is + 1 , that they occur only once per column, and that there is one basic 
variable per row. These three conditions are met by variables P, S,, and S 2 . All 
other variables — in this case, C and M — are considered nonbasic variables", 
their coefficients in the basis can take on any value, but the variables themselves 
are always equal to zero. In our first basis we have 

C = 0 
Af = 0 


Therefore no camping or mountain tents are produced. To ensure that you see 



the difference between basic and nonbasic variables, we turn to another 
example. 


EXAMPLE 

Inequality form 

Max P = 3X, + 2X2 

lXi+ 1X2< 10 
2Xi + ^X2^24 
Xi, X 2 ^ 0 


Augmented form 

Max P = 3 Xi + 2X2 

IX, + 1 X 2 + IS, = 10 
2X, + 3X2 +1S2=24 


First basis 

P-3X,-2X2 
IX, + 1 X 2 + IS 
2X, + 3 X 3 

Basic variables 

P =0 

S, = 10 
S2 = 24 


= 0 

, = 10 
+ IS2 = 24 

Nonbasic variables 

X, -0 
X2=0 


TOWARD A SECOND BASIS 

The first basis represents a profit position of zero. Surely this can be 
improved. 

Which Variable to Enter 

To accomplish this improvement, we look at the coefficients of the variables 
in row ] of the first basis. Each negative coefficient represents the amount by 
which the profit function will increase upon the introduction of 1 unit of that 
variable. In the Jerry Company example, we can see that each unit of C 
introduced will increase profit by $20 and each unit of M will increase profit 
by $30. Only one of these variables can be introduced. It will be the one with 
the highest per unit profit contribution. In this case M is that variable. 

Each basis in the simplex method is a mathematical representation of a 
corner point. And as we proceed from one point to the next, a basic variable 
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will be added to the new basis and one will be dropped. In our example we 
have already determined that the variable to be added in moving to the next 
basis is M. Now we will determine exactly how much of M should be 
introduced and which variable to drop. 

How Much of the New Variable Enters 
and Vlfhich Variable Leaves the Basis 

From an intuitive point of view it should be clear that as more and more 
mountain tents are introduced, less and less unused capacity will be left in 
each department. In fact, at some point, we will exhaust all the capacity in 
each department. Let's find these points first for the fabric-cutting department 
and then for the sewing department. 

Since there are 8000 worker-hours of capacity in the fabric-cutting 
department and every mountain tent requires 1 hour of this capacity, at most 


8000 

I 


= 8000 


mountain tents can be processed before the capacity of this shop is exhausted. 

In the sewing department each mountain tent requires 4 worker-hours of 
the total 16,000 worker-hours available. Therefore the capacity of that shop 
will be exhausted when 


16,000 

— : — = 4000 
4 

mountain tents are processed. 

Since at most 8000 mountain tents can be processed through the fabric- 
cutting department and 4000 through the sewing department, it seems only 
reasonable to schedule 4000 mountain tents through both. If more than 4000 
are scheduled, the excess over 4000 cannot be sewn. 

We can then conclude that 4000 mountain tents will be introduced and 
that in the next basis the slack for the sewing department will drop to zero 
(52 = 0 in the next basis). Our new basic variable in the new basis will 
therefore be M (since it will take on a positive value), and S 2 will become a 
nonbasic variable (since the value it will take on will be zero). Said another way, 
M replaces S 2 as a basic variable. 

Once again let's look at the process for determining the basic variable which 
leaves the basis. This time, however, we will consider the process from a very 
mechanical point of view. First we take the ratios of the right-hand side of the 
basis to the coefficients of the entering variable in that row. Then we identify the 
departing variable as the one associated with the smallest ratio.* 


‘ On occasion this ratio will be negative. If this is the case, it should be ignored. Cun you 
explain why this is so? 



right-hand side of first constraint 


8000 


= 8000 


coefficient of 
entering variable 
in first constraint 


right-hand side of second constraint 



16.000 



coefficienl of 
entering variable 
in second constraint 


smallest of the positive ratios 
identifies the max that can be 
introduced 


Generating the Pivot Row 

Once we have determined both the new basic variable and the variable which 
becomes nonbasic. a new basis can be derived. We have already determined that 
M will be the new basic variable, and from our definition of a basic variable it 
must have a coefficient of I . and must not appear elsewhere in its own column. 

To derive our new basis, we return to the first basis in Table 9-1. The first 
row on which we will operate is row 3. The reason for this is that row 3 contains 
the Lunent basic variahte Sy, which will become nonbasic in the next basis. 

The next step is to force the coefficient of M in row 3 to 1. How can this 
be done? By dividing the equation through by 4. We will therefore have 

New row 3 (pivot row): '/^C + I Af + = 4000 

and this becomes our new row 3. This new row will be called a pivot row and 
will be used to generate the other rows in the new basis. 

Completing the Second Basis 

The next steps are aimed at generating new rows I and 2 such that M is assured 

the status of a basic variable. This means that the coefficient of M in both of 

these rows must be zero— M cannot appear in either of them. How can row I be 

modified to accomplish this? By multiplying the pivot row (new row 3) by +30 

and adding it to row I. This will eliminate M from row 1. Multiplying new row 3 
by +30, we have 


15C +30A/ 


+ Sj = 1 20,000 
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and adding it to row 1 we have 

P-20C-30M =0 

ISC + 30A-f S2= 120,000 

Newrow!: P - 5C +74 52= 120,000 

This now becomes our new row 1. 

Next we turn to the computation of a new row 2. Again our purpose is to 
eliminate M from this row. This can be accomplished by multiplying the pivot 
row (new row 3) by - I and adding it to row 2 of the first basis. Multiplying 
by - 1, we have 

-‘AC - \M -7aS2= -4000 
Adding to row 2 we have 

2C+ IM + I5i =8000 
- ‘AC - IM - 'A52= -4000 


New row 2: y 2 C + 1 S, - 'AS: = 4000 

and this becomes new row 2. 

The Second Basis 

The new basis is summarized in Table 9-2 where P. M, and S( are basic variables 
and C and 5: are nonbasic variables. Since nonbasic variables all lake on a value 
of zero, we have 

C = 0 
5: = 0 

and we can therefore read ihe intensity of the basic variables directly. 

P = 120,000 
M = 4000 

5i = 4000 

At this stage in the problem we are producing 4000 mountain tents, no camping 
tents, have no slack in the sewing department (5: = 0), have 4000 worker-hours 

Table 9*2 Second Basis 

Row 1 : P-5C +30/4 S 2 = 120.000 

Row 2: + 1 S, - V* Sj = 4000 

Row 3: V^C + 1 M + V* Sj = 4000 


of slack or unused capacity in the fabric-cutting department (S| = 4000), and are 
making a profit of $120,000. In reference to Figure 9-1, we are now at corner /. 


SUMMARIZING THE STEPS IN THE SIMPLEX METHOO 

Before we move from this basis to the third one, it might be useful to review 
the steps which must be undertaken in going from one basis to the next. 
Would you believe that there is very little more to learn about the simplex 
method? From here on it is just the repeated application of these steps 
directed toward the generation of new bases until the solution is found. 
Therefore let's carefully review these steps to make sure they are fully 
understood. 

1 Identification of the variable which becomes the new basic variable 
{the variable in row I which has the largest negative coefficient) 

2 Identification of the basic variable which will become a nonbasic 
variable in the next basis (the smallest of the positive ratios of the right-hand 
side to the coefficient of the entering basic variable in that row) 

3 Generation of pivot row 

4 Completion of new basis 

5 Repetition of steps 1 to 4 until a solution is reached 

THIRD BASIS 

Continuing from the second basis, we now proceed to apply steps 1 to 4 until the 
next basis is generated. 

Starting with step I, we see that in row 1 it is variable C which has the 

largest negative coefficient. It therefore becomes the variable which enters the 
new basis. 

Application of step 2 results in the following ratios. 

4000 

_ 8(XX»/ 


4000 

= 8000 
fi 


The smallest of these positive ratios is and the basic variable associated 
with this ratio is 5,. We can therefore conclude that 5i is the current basic 
variable which will become a nonbasic variable in the next basis and that row 
2 will become the new pivot row. 

*Our next step is to force the coefficient of the new basic variable C in 
row 2 to be 1. This can be accomplished by dividing row 2 by 

New row 2 (pivot row); 1C + 

This becomes our new pivot row. 

We must now force the coefficient of C in the other rows— row 1 and row 
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3 — to zero. To accomplish this for row 1, we multiply the new pivot row by 5 

5C + '% 5, - '%S2 = 

and add it to row 1 of the second basis 

P-5C +^74 $2 = 120,000 

5C + '% 5, - 

New row I : P + '% 5. + 7.25. = 
and this becomes our new row 1. 

Now we turn to row 3. In order to make C a basic variable in this row, 
the pivot row must first be multiplied by - % 

- %c - 'AS, + 'A, 52 = - 
This in turn is added to row 3 of the second basis: 

'AC+ IM + 'A52 = 4000 

- 'AC - 'A5, + 'A:52 = - ^’A 

New row 3; 1 M - 'A5| + 'A52 = ““^’A 

We have now completed the generation of the third basis. It is summarized in 
Table 9-3. 

Table 9>3 Third Basis 


Row 1 : 

P 

+ ' 0/6 S, + “/isSj = *00.000/, 

Row 2: 

1C 

+ ^ s,- yi2Sj = ««»/3 

Row 3: 

IM 

- S, + '/)S2 = “"/a 


From this basis we can conclude that the nonbasic variables are 5| and ^ 2 . 
Consequently no slack exists in either department. 

51 = 0 

52 = 0 

The basic variables are P. C, and M. 

P =■*00.000/3= 133,333 

C = «ooo/3 =2666 

Af = *000/3 = 2666 
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Profit is $133,333, and this is generated by producing 2666 camping and 2666 
mountain models.' With reference to Figure 9-1, we are at corner d. 

SOLUTION 

Now we are ready for a repeated application of steps 1 through 4. Again we 
search row 1 for the largest negative coefficient. This time, however, the new 
basis has no negative coefficients at all. With only positive coefficients we can 
conclude that the introduction of any of the nonbasic variables would result in 
a reduction of profit. We have therefore reached the solution. There is no 
better solution than that represented by the third basis. 

To maximize profit, Mr. Grover should therefore produce 2666 camping 
tents and 2666 mountain tents. And from this combination his profit will be 
$133,333. 

EXAMPLE 

Now that you have seen a linear-programming problem solved by the simplex 

method, perhaps it would be helpful if you solved the following example 

yourself. After trying this problem, you may check its solution, which is given 
below. 

Problem 

Max P = 2A + \ B + 3C 

2A + Ifi + 1C<20 
3A + 4a + 2C < 24 
2A+5B +6C<30 

A. a, C>0 


Solution 


First Basis 


Row 

1 : 

p -2A ie - 

3C 

= 0 

Row 

2; 

2 A + 1 e ' 

1C 4 IS, 

= 20 

Row 

3: 

3A + 4e 4 

2C 

+ 1 Sj =24 

Row 

4: 

2A + se 4 

6C 

+ 1 S 3 = 30 


Nonbasic variables Basic variables 

a = 0 

A = {) 5, = 20 

a = 0 5; = 24 

c = 0 5, = 30 


‘ It is ncccssarv to round the result to the 
is no mechanism for ensuring integer solutions, 
however, will lead to an integer solution. 


nearest integer since in linear programming there 
The ad\ anced technique of integer programming. 
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Step 1: Enter variable C. 

Step 2: = 20 

= 12 

7 . = 5 ^ 

Step 3: Row 4 becomes the pivot row. and since C is the new basic 
variable, the row is divided by 6. 

New row 4 (pivot row): %A + y^B-i-\C + = 5 

Step 4: To get new row I. multiply pivot row by 3 and add to old row 1. 

P-2A~ ]B -3C =0 

A + '%B 4-3r +'/,5,= I5 

New row I : P ~ \ A + %B + y,5, = 15 

To get new row 2. multiply pivot row by - 1 and add to old row 2. 

2/^ + IR + !(''+ 15, =20 

-%A-^AB -1C -'45,= -5 


New row 2; “4 4 + 'UP + l-S, - '45, = 15 

To get new row 3. multiply pivot row by - 2 and add to old row 3. 

34+ 4B + 2C+I5: =24 

- y64 - '% P-2C - y„5\ = - 10 

New row 3: A + '% B +15:- y,.5, = 14 

We can now write our second basis: 

Second Basis 

Row 1 : p- ^A-^ 9/feS +'/2S3=15 

Row 2 ; '/feS + 1 S, -VeSj-IS 

Row 3; -yeA + '-AS +1S2~2AS3=14 

Row 4: ^A+ VeB + lC +'AS 3 = 5 


Step 1; Enter variable A. 
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Step 2; 15 


■% 

14 

14 / 

A 

5 




= 9 


= 6 


= 15 


Step 3; Row 3 becomes the new pivot row. and since A is the new basic 
variable, the row is divided by . 


New row 3 (pivot row): \A + ]B 


+ VuS:- ViS, = 6 


Step 4: To gel new row 1. multiply pivot row by 1 and add to old row I 


P - \ A + 
!.T -f 


\B 


+ '/:5,= 15 
+ Vm5: -'AS3=6 


New row 1: P 


+ ''A B 


+ Vi45:+ 7,45.3 = 21 


To gel new row 2. multiply pivot row by - '% and add to old row 2 


'UB 

'7. A - '7. B 


+ 15, - '4S,= 15 

- 7i45: + ‘74:5., = - 10 


New row 2:- \B 


+ I 5, -'7,45:+ 74:5, = 5 


To get new row 4, multiply pivot row by - =4 and add to old row 4 


%A + 7(.S + I c 

y^A - V,B 


'/A = 5 

- 7^52+ 74:5.,= -2 


New row 4: 


We now have our third basis: 


y^B + 1 c 


_ I 


/752+ 74:53 = 3 


Third Basis 


Row 1 
Row 2 
Row 3 
Row 4 


+ ’V6S + 6/i4Sj+ V,4S3 

- 9AS' + 1 S, - ’<y,4S2 + 3/4253 
1A+ ie -t- v.4Sj- '/7S3 

s^e + ic - ’AS 2 + 9/42S3 


21 

5 

6 
3 


Since all the coefficients in row 1 are positive, we can conclude that we have 



LINEAR PROGRAMMING; SIMPLEX METHOD 


191 


reached the solution. We therefore produce 6 units of A and 3 units of C 
Hroht with this combination will be 21. No B is produced-it is a nonbasic 
variable— and no slack exists in department 2 or 3. There is slack, however, in 
department 1, since S, is a basic variable. In fact there are exactly .S units of 
unused capacity in this department. 


SENSITIVITY ANALYSIS 

Suppose we are offered additional resources; suppose production times can 
be reduced by hiring additional workers; suppose production costs increase; 
or suppose the market price of one product is lowered. What would be the 
consequence of these changes on the outcome of the linear-programming 
model? These questions can be answered by changing one or more of the data 
and observing the effect that this change will have on the outcome of the model. 
This is called sensitivity analysis. 

Returning to the Jerry Company case, let's assume that management is 
contemplating a change in the market price of camping tents. This will lead to 
an increase in profits from $20 per unit to $22 per unit. The question that must 
be answered is this: Should it still schedule 2666 camping tents and 2666 
mountain tents? 

One method for answering this question is to solve the linear-program- 
ming model once again, but this lime with a revised profit of $22 for camping 
tents. Suppose this were done and the results still showed that production 
should be 2666 camping tents and 2666 mountain tents. We would conclude 
that the results were fairly insensitive to changes in the profitability of camping 
tents. Suppose, on the other hand, the results of this new solution showed 
production quantities that were widely different from our initial solution. We 
would conclude that the results were indeed very sensitive to these data. 

This process is called sensitivity analysis, and its purpose is to explore 
the consequence of changes in the data. One of the many benefits obtained 
from sensitivity analysis is the clearer understanding of the problem and its 
many interrelationships. 


SHADOW PRICES 

The final basis of a linear-programming problem offers some especially useful 
information in the form of shadow prices. 

A shadow price is the additional gross profit that could be generated if an 
additional unit of a scarce resource is obtained. In the Jerry Company case 
the fabric -cutting department is a scarce resource since it is used to capacity 
(5i s= 0). Those constraints which are not used to capacity are not considered 
to be scarce resources. Additional units of fabric-cutting capacity would allow 
output to be increased beyond 2666 camping tents and 2666 mountains tents, 
and this additional output would result in higher profits. 
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The shadow price associated with the fabric-cutting department will tell 

us exactly what the increase in gross profit would be for a unit increase in this 
scarce resource. 

The shadow price can be read from row 1 of the final basis. It is the 
coefficient of the slack variable which is associated with the scarce resource 
(constraint). For example, suppose we are interested in the shadow price 
associated with the fabric-cutting constraint. The slack variable for the 
constraint is 5,. Its coefficient in row I of the final basis (Table 9-3) is '% , or 3.33. 

I he shadow price for the fabric-cutting department is therefore 3.33. This means 
that If an additional unit of scarce resource (an additional worker-hour) is 
obtained, gross profit will increase by $3.33. 

The shadow price represents gross profit. The per unit cost of obtaining 

the additional unit of scarce resource must be subtracted from it to give the 

net profit. For example, if additional worker-hours of fabric-cutting capacity 

could be added for $.V.S() per hour, it w'ould be unprofitable for management to 
.iccjuire any additional units. 

the shadim price for ihe sewing deparlmenl is the coefficient of S. in 

Tr r ‘’f sewing capacity is or 

$6.66. that IS. an additional unit of capacity in ihe sewing department'will 
generate a gross profit of $6.66. 

Suppose additional worker-hours of capacity in the sewing department 
could be added lor $2.7.^ per hour. Would it be profitable •.> 


SUMMARY 

I he simplex method is a set of five steps which are used to move from one 
hasis o the next until a solution is reached. This method can be uLd 
Cgaidltss of the number of variables or constraints 

^hen the linear-programming problem contains more than four or five 
var.ables ,t can take mute a while before this solution is rea hed n h^ 
situations it is best to solve the problem on a computer Several such 

svZms"' ‘'"‘f are available on most computer 


QUESTIONS 


1 

2 


4 

5 


a Basic variable 
b Nonbasic variable 
c Slack variable 

Suppose a nonbasic variable in rovs- 1 of thp ^Loimw^r. k • u j 
What would this imply- >=oefficient of 


zero. 
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PROBLEMS 

method, 
method, 
method, 
method, 
method. 

Max P =2A + 3B + ]C 

M + IB + 1C:< lO 
2A+ 1B + 2C<8 
A. B. C>0 


9-1 Solve problem 7-1 first graphically and then by the simplex 

9-2 Solve problem 7-2 first graphically and then by the simplex 

9-3 Solve problem 8-4 first graphically and then by the simplex 

9-4 Solve problem 8-5 first graphically and then by the simplex 

9-5 Solve problem 8-6 first graphically and then by the simplex 

9-6 Solve by the simplex method: 


9-7 Solve by the simplex method: 

Max P=4A', + 2A'> + 6X, 

IX, + lA';-t-4X,<8 
3 X, -h3X, + 3X,<6 
IX, -^3X:+ IX, <9 
X,.X2, X,>() 


9-8 Solve by the simplex method: 


Max P = lOX, + 5 X 2 + IX, 

IX, + 1 X 2 + IX,^ 10 
2X,+ 1X2 + 4X,< 12 
X,, X:. X,>0 


9-9 A manufacturer of three prodiicis. A. B, and C. must decide how many of each 
to produce. The marketing manager has assured the production department that 
whatever it makes can be sold. Limiting the output are three production 
departments — fabrication F. assembly 5, and painting P. In particular, each 
department has 1000 worker-hours of capacity available. 

In the manufacture of product A. 2 units of F, 3 units of S. and 1 unit of P 
are consumed; for B. 3 units of F. I unit of S. and 1 unit of P; for C. 4 units of 
F, 3 units of S, and 4 units of P. If products A and C generate $10 profit each 
and B generates $20. how many of each should be produced? 

9-10 Phil Saunders, production manager for the Allied Production Company, must 
schedule his production for the next two periods. Twenty-two units have been 
sold for delivery in period 1 and 40 have been sold for delivery in period 2. 
Regular production capacity is 25 units per time period, while overtime capacity 
is 10 units per time period. Overtime costs are $2 per unit, while regular-time 
production costs are $1.50 per unit. Units can also be produced in one period 
and sold in the next. The storage cost for this strategy is $1 per unit per period. 
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Set this up as a linear-programming problem. 

Hint. Let Aij = amount produced in period i for sale in period / on 

regular time 

Let Xu,, = amount produced in period i on overtime for sale in period j 

If a linear-programming computer code is available, solve for the best produc- 
tion schedule. 
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CASE STUDY: Western Life Insurance Company 


The Western Life Insurance Company, located in Wichita, Kansas, writes life 
insurance m six Western states. Founded in 1953, ii has enjoyed year after 
year of continuous prosperity. 

Life insurance companies receive revenues in the form of premiums 
Which they m turn invest in stocks, bonds, cash, and other investment media 
To a large extent it is this ‘investment portfolio ” which determines the 
profitability of the company. Consequently the effective management of this 
portfolio is extremely important. 


In the past Western’s investment group has made these investment 
decisions on the basis of seasoned judgment. Most of the analysts have been 
with the company for at least 10 years, and they tend to be quite conservative 
in their investment strategy. 


At the present time they are preparing a plan for the reinvestment of 
$300,000 in government bonds which mature in I week. 

Several stocks, corporate bonds, and government bonds that are being 
considered are listed below: also listed is their projected rate of return: 


Investment 

Rate of 

return.^ percent 

Common stocks; 

Texaco 

7 

IBM 

12 

General Motors 

9 

Chrysler 

8 

Corporate bonds: 

Westinghouse 

8 

Du Pont 

6 

Government bonds 

6 


'Rale of return for common slocks in- 
cludes their expected rate of market price 
•ticrease plus dividend rate. 


The problem faced by the investment department is to determine the 
quantity of funds to be allocated between these alternatives. 

Federal and state laws as well as company policy limit the choice of 
alternatives. First, no more than 30 percent of the funds can be invested in 
common stocks. Second, no single industry group can represent more than 40 
percent of the common slock total. Third, government bonds must be at least 
25 percent of the common stock investment. Fourth, investment in high-risk 
stocks, which include IBM. must not represent more than 20 percent of the 
common stock investment. Fifth, at least 5 percent of the funds allocated to 
common stocks must be kept in a cash reserve. Sixth, at least 1 percent of the 
funds invested in corporate bonds must also be kept in a cash reserve. 
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There is some pressure from the more senior and conservative members 

of the group to take the $300,000 and reinvest it once again in government bonds 

at 6 percent. The advantage of this is that no cash reserves need to be held and 

there is little or no risk associated with the yield. 

QUESTIONS 

1 Would you agree with the reinvestment of the $300,000 in government bonds? 
Justify your answer. 

2 Formulate this problem as a linear-programming model. 

3 If a linear-programming code is available, solve the model. Which stocks and bonds 
should be chosen and how much cash should be allocated to each alternative? What 
is the overall rate of return for the portfolio? 

4 Suppose the expected rate of return on IBM was revised downward to 10.5 
percent. What effect would this have on the decision? 

5 Suppose the restriction which limits the maximum invested in common stock to 
$90,000 vs ere lifted. By how much would this improve the yield of the portfolio? 

6 Suppose that $50,000 cash will be needed in 2 months. Which investments should 
be sold ’ After the stocks are sold, what will be the new yield of the portfolio? 

7 Discuss the use of linear programming for portfolio decisions. What are the 
adv antages ’ Disadvantages ’ 


CASE STUDY: Vista Properties, Inc. 

\ ista Piopcilics is a real estate development company currently facing 
several problems in the design and construction of a large shopping center. 
I he companv already owns .40,000 square feel of land on which this center 
will be built, and it has an t>ption to buy an additional 20.000 square feet of 
adjoining land. One problem is whether this option should be exercised. The 
second problem concerns the use of the available space. What kind of stores 
should be included in the shopping center, and how much of this available 
space should he .diocated to each of them? 

Company Background 

X’ista Properties was founded in 19b3 by Ted Wasser. Although the company 
emphasizes pnmarilv the development of shopping centers, it has oc- 
casionally built condominiums. 

Vista has had an enviable lecord. With the exception of one con- 
dominium piojccl. It has earned substantial profits on all its investments. Mr. 
W tisser cicdits this success to his team of qualified managers, w'ho carefully 
screen an average of 40 projects before one is undertaken. 

Especially useful during the screening phase is the demographic in- 
formation provided by Data Profile. Inc. For $130, a complete printout of 
demograph-c data is supplied from Data Profile's computer. These data are 
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based on the most recent census information. Included are the number of 
people within a given radius of the proposed site, growth rates, annual 
incomes, number of children, whether or not they own a house, education, 
and so on. From these data Vista's management can proceed to make several 
key estimates for the proposed site. 

After the site is chosen, Vista architects develop plans for the outside and 
inside of the complex. In the last 5 years considerable effort has been directed at 
blending the buildings and parking facilities with their environment. 

Once the project is begun, tight cost controls are imposed. Every effort is 
made to complete the project within the allocated budget. 

After the project is completed and after the tenants have moved into 
their stores, Vista’s management job still continues. It coordinates promotional 
campaigns for its tenants including advertising, dollar days, fairs, and 
concerts. 

Vista’s interest is to make the property more valuable by building up the 
sales level of its tenants. 

After this phase of rapid growth is over, Vista usually sells the property 
at a considerable profit. In general the shopping center is sold 7 years after It 
is opened. 


Midvale Shopping Center 

The Midvale Shopping Center project passed the screening phase some 12 
months ago. At that time 140,000 square feet of land were purchased. 

The shopping center is located 25 miles west of a major metropolitan 
area and is 5 miles from its closest competitive center. Demographic data 
show this to be a rapidly growing area. 

Construction is scheduled to be started in 6 months and will cost $6 per 
square foot. This figure does not include interior finishing work but does 
include the cost of parking space which is required for each square foot of 
interior space. 

Of the 140,000 square feel of land available no more than 45,000 square 
feet of floor space can be used according to local zoning restrictions. The rest 
must be used for parking and aesthetic purposes. 

The problem which the company now faces is to determine how this 
45.000 square feet of space is to be divided. There are 12 possible types of 
stores which can be included. The list is given in Exhibit A. Since 
certain types of stores are considered essential, the list is divided into groups 
and each group has a minimum number of square feet. In group A, however, 
it is considered essential to have both a supermarket and a discount depart- 
ment store. Each of these must have at least 10,000 square feet. To prevent 
unreasonably large stores, maximum sizes are also given in Exhibit A. 

Once it is determined how the space is to be divided, it is very unlikely 
that any difficulty will be encountered in obtaining tenants. Since there is a 
broad market for shopping center space within a reasonable distance, the 
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rental fees are market-determined and will be readily accepted by the tenants 
It IS expected, therefore, that there will be no negotiation on price. 

The criterion by which a shopping center is judged is the present value of 
Its after-tax flows. These flows are shown in column 2 of Exhibit A. They 
represent the present value of rent revenues less fixed charges, depreciation, 
and taxes over the 7-year life of the project. To this is added the projected 
sale price of the property when it is sold. The figures are given on a per 
square foot basis and do not include interior improvements. Mr. Wasser has 
argued, however, that the net of these two figures should be used. The cost of 
interior improvements is given in column 1 of Exhibit A. 

Vista’s available capital for financing interior improvement is limited to 
$450,000. It is unlikely that any additional funds could be acquired. 

An essential financial consideration for these centers is that the guarantee 
rent must cover the fixed charges including interest charges on the debt. Each 
tenant must sign a lease which guarantees Vista a fixed rental payment each 
year. In addition, if the tenants’ sales revenue exceeds a certain level, a 
percentage (6 percent) of this excess is paid to Vista. The guarantee rents for 
each type of store are given in column .1 of Exhibit A. Fixed charges are 
estimated to be $125,000. 

The Option 

Vista has an option to purchase 20.000 square feet of land adjacent to its 
present parcel. Only 6000 square feet can be used for stores. The option will 
expire in 3 months and carries a price of $10 per square foot of land. 

Capital outlay for this additional parcel has been computed in the 
following way; 

Land costs: $10 per square fool x 20,000 square feet =$200,000 

Construction costs: $6 per square foot x 6000 square feet = 36,000 

Interior improvements (average): $10 per square foot x 6000 

square feel = 60.000 

Total capital required $296,000 

To raise this capital, Mr. Wasser would borrow as much as possible and then 
issue common stock for the remainder. This would add $29,000 per year to his 
fixed charges, assuming an average capital cost of slightly less than 10 

percent. 


questions 

1 What stores should be included in the complex? 

2 Should the option be exercised? 

3 Suppose Mr. Wasser is unable to obtain the capital needed for the option through 
normal financial channels. Someone, however, does offer him the capital at a much 
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higher interest rate. This would increase his fixed charges from $29,000 to $58,000 
How would this affect the investment? 

4 Does the assumption of linearity raise any doubts concerning the use of this model 
to solve this problem? 

5 Suppose that it is decided to remove the constraints which limit the maximum 
number of square feet which a store may occupy. Does this affect the solution? 


CASE STUDY; Electricite de France 

Introduction 

In Fri'nce the railroad, coal, power, and gas industries are all nationalized. 

Each industry IS under a separate directorship, but major decisions including 

opeiating and investment plans must be submitted to government officials and 
then Parliament for their approval. 

Electricite de France generates and distributes electric power throughout 
the country^ At present it is preparing a 10-year investment plan which will 
eventually be submitted te^ the government. 

.Several different kinds of generating plants are currently in use These 
include steam, hydroelectric, and nuclear facilities. The steam plants are fired 
> Cl Icr oil or coal and at present outnumber the other plants by 2 to 1 
Hydroelectric p ants rely upon the floss of water to generate power. There are 

wi'th I'simill f”'" hydroelectric plant 

Pi t ss i h m 'i '"" r*"-' “ "^<^dium-sized hydroelectric 

p ‘ ss i h " "'ater. The third is a large hydroelectric 

h i nesses T hydroelectric plant 

rcscrsoii of ssatci. Nuclear plants are relatively new but will undoubtedly 
represent a grossing source of energy in the future. unaoubtedly 

rhe problem sshich Electricite de France faces is this- How much 
additional capacity should be recommended in each of these categories if the 
increase in demand over the next 10 years is to be met? 


Demand 

decuidly.'"""'" " " hich is called a megawatt hour of 

dem-Ind 'hree kinds of 

demand. First, the total annual power output must meet a certain minimum 

levek Second, a minmium level of peak power must be met where peak power 

IS defined as the highest average hourly consumption of electricity during the 

4 days of the year when demand is highest. Third, a minimum level of 
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guaranteed power must be met. where guaranteed 
average hourly power demanded in midwinter. 


power is defined as the 


The French Parliament has set the following lO-year goals; 


A (annual power) = 7.200.000 MW 
B (peak power) = 2,307 MW 

C (guaranteed power) = 1,692 MW 


figures are in megawatts (MW) and represent the expected increase in 
demand by the end of this 10-year period. 


Budget 

Parliament has also set aside 80 billion francs for investment in this project. 

and it is very unlikely that additional funds will be appropriated (see Exhibit 

A). Operating expenditures are considered quite separate and are therefore 
not included in this budget. 


Exhibit A 

TO; Electricite de France 

FROM: Subcommittee on Power Resources— Parliament 


Thank you very much for participating in our last meeting. Your recommendations 
resulted in the reconsideration of the power resources budget. We now feel that this budget 
will be 80 billion francs. Unfortunately, your original request of 150 billion francs could not be 
granted, but you will notice that the increase from our very first proposal has been substantial 
The committee would like to ask that this budget allocation be treated as an upper limit in 
your 10-year plan. The cost of acquiring capital funds is high from both a political and a 
financial point of view. Any effort that can be made In minimizing the necessary investment will 
be greatly appreciated. 


Output Capacities 

The output capacity of any plant is measured in three ways — by its guaran- 
teed, peak, and annual power. Plants differ in their ability to perform in each 
of these categories. 

For comparative purposes the output of a plant is described by the 
guaranteed power it can deliver. The peak and annual power for that plant can 
then be described as multiples of the guaranteed power. For example, the 
peak power output of a steam plant is 1.15 times its guaranteed power and its 
annual power is 7000 times its guaranteed power. The multiples for all six 
generating plants are given in the accompanying table. 
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Annual Peak Guaranteed 

power power power 


1 

Steam plant 

7.000 

1.15 

1.0 

2 

Hydroelectric (small) 

1,300 

1.10 

1.0 

3 

Hydroelectric (medium) 

4.600 

1.20 

1.0 

4 

Hydroelectric (large) 

7,350 

3.00 

1.0 

5 

Hydroelectric (river) 

12.600 

1.10 

1.0 

6 

Nuclear 

5.100 

2.50 

1.0 


The Cost of Output 

The cost of generating a megawatt of guaranteed power can be broken down 
into two components: investment and operating expenses. 

Investment costs are those costs which are incurred for the construction 
of the generating plant and the purchase of its equipment. 

Operating expenses include fuel, labor, and maintenance. In some cases, 
such as a hydroelectric plant, the investment costs are very high, whereas the 
operating expenses are relatively low. For steam plants, just the opposite is 


Present value of 

Investment* operating expenses 


1 

Steam plant 

35 

62 

2 

Hydroelectric (small) 

150 

15 

3 

Hydroelectric (medium) 

300 

20 

4 

Hydroelectric (large) 

370 

40 

5 

Hydroelectric (river) 

360 

60 

6 

Nuclear 

100 

41 


“Millions o1 French francs 


The accompanying table shows the investment and operating expenses 
for the SIX plants, -^e figures are given in millions of francs per megawatt of 
guaranteed power. Operating expenses are incurred each year over the life of 
a facility, therefore the figure shown is the present value of this expense 
Stream, Ail plants are assumed to have a life of 20 years 


Objective 

Within Electricite de France there is some controversy over the Objective- 
Some feel that It should be the minimization of investment costs, while others 
teel that it should be the minimization of operating expenses 

Those favoring the minimization of operating expenses feel that the 
investment budget is only a constraint and should probably be used in full 
They argue that the full use of this budget will permit the investment in 
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hydroelectric plants which have relatively high investment costs but low 
operating costs. With low operating costs the operational problems of the new 
power system will be smaller and the costs to the consumer will be less. 

The group favoring the minimization of investment has been influenced 
by a recent memorandum received from a government subcommittee on 
power. See Exhibit A. It feels that the power objectives should be met at the 
lowest investment cost possible. 


QUESTIONS 

1 Formulate the objective. Should it be the minimization of investment costs or the 
minimization of operating expenses? Should any other objective be considered? 

2 Formulate a linear-programming model which can determine the power output that 
should be generated in each of the three categories. 

3 Formulate and solve the models for each objective. What is the difference between 
their solutions? Do they both use the budget fully? Which formulation and solution 
would you recommend? 

4 Suppose the cost of oil and coal is expected to increase substantially over the 
lO-year planning period. If this increases the present value of the operating 
expenses for this category from 62 to 150. what effect would this have on the 
strategy taken? 
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APPENDIX A: Simplex Method 
for Minimization Problems 

INTRODUCTION 

Until now the focus has been on maximization problem'. They have been stated in 

such a way that the objective function is to be maximized subject to a set of 
constraints. 

Often, however, the problem is to minimize the objective function subject to a set 
of constraints. Examples might induce the minimization of labor costs, the mini- 
mization of production costs, the minimization of machine downtime, the minimization 
of processing time, the minimization of distance traveled, the minimization of project 
length, or the minimization of advertising expenditures. 


AN EXAMPLE IN MINIMIZATION: MENU PLANNING 

Recently there has been considerable success using linear-programming methods for 
msmut.onal menu planning. At first glance, this might seem a rather sterile approach to 
such a topic, but results have shown that the menu-planning models have reduced food 
costs while providing a more varied, more tasteful, and lower-cost menu. 

e objective in menu planning is to minimize the total costs of all the in- 

ThuA th 'here are nutritional constraints, 

dailv mitrhi ‘nsredients used during any day must meet the minimum 

d. fiy nutrition. I requirements. Second, there are recipe constraints. They specify the 

combination of ingredients necessary to make certain dishes. And thir^d there are 

cnnnoT'bTsrrv''^ example, if lamb is served, it 

cdnnot be served again for 6 days. 

A realistic menu-planning problem with ingredients listed for breakfast luneb ind 

t;*;: Tnr - win con'rr b" a 

pic one. Il IS hoped it will give you the flavor of the full-blown problem. 

Objective Function 

o^“mTdien't TisTnr" ^ used in a stew. The cost 

Objective function in the folkiwing wa^: *** ^ 

Min C = \A+2B 


where A is the number of pounds of vegetables and B is the number of pounds of meal 
used in the stew. Now we turn to the constraints. 


Constraints 

In order to feed everyone satisfactorily, at least 50 pounds of stew must be served 
Iheretore. the hrst constraint becomes 

A + B>50 
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“""“'u'"' "“'ri’ional constraint. At least 300 units of vitamins must 

Lnd of n""®. ^ ^ “f vitaminsTd every 

P B contains 20 units. The nutritional constraint can, therefore, be written as 

4A + 20B > 300 

!!!!■!“*' 20 pounds of meat can be purchased from the 

source of supply today. This constraint can be written as 

Bs20 


Summarizing the problem we have: 

Min C = M + 2B 

A+ B > 50 
B <20 
4A +20B >300 
A, B >0 


G»’aphlcal Solution 

The graphical solution is shown in Figure 9A-I. When the number of variables exceeds 
two, this method is no longer appropriate, ^'ext we will turn to the simplex method for 
solving this and larger-sized minimization problems. 



^9Uf© 9A-1 Graphical solution to menu-planning problem. 




206 


CHAPTER 9 


SIMPLEX METHOD FOR MINIMIZATION PROBLEMS 
Surplus Variables 

The first step is to write this problem in the augmented form. The only difference in 
the constraint set between the maximization examples previously covered and this one 
is the presence of “greater than or equal to“ signs. 

According to the first constraint, 

A + B >50 


the values chosen for the left-hand side must sum to 50 or more. To convert this to an 
equality, a surplus variable 5, must be introduced in the following way: 


A + B - 1 5, = 50 


Whenever A + B exceeds 50. S, will lake on the amount of this excess. For example, if 
A = 40 and B = 20. S, must equal 10. 


A + B - IS, = 50 
40+20-10 = 50 
50 = 50 


Augmented Form 

We can now write the problem in its augmented form. 

Min C = 1 A + 2B 

1 A + 1 B - 1 S, =50 

I H + 1 S 2 =20 
4A + 20B -IS, = 300 


where S 2 is a slack variable since the 
sign and S, is a surplus variable. 


second constraint has a “less than or equal to” 


Toward the First Basis 

Our next step is to construct the first basis. Following the procedure used for 
maximization problems, we would have; 

Row 1: C - 1 A - 2B =0 

Row 2: I A + IB - IS, =50 

Row 3: IB +IS 2 =20 

Row 4: 4A + 20B -1 S 3 = 300 

The difficulty with this formulation, however, is that a feasible basis does not exist. 
Why. Because we do not have a basic variable in every row. Recall that a basic 
variable must have a +1 as a coefficient and in addition must have a zero coefficient in 
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other rows^ Notice that S and 5, .oulJ qualify as basic variables their coefficients 
were +1. Some might ask: Why not multiply row 2 and row 4 by > XhT 

Artificial Variables 

c'In ‘contrive a feasible basis by introducing what we will 

call artificial variables mto rows 2 and 4. e i we wm 


Row 2: \A+ IB -IS, 

Row 4: 4A + 20B 


+ 15 , = 50 

- 15 ,, +154 = 300 


th«f 1 us off lo a feasible start. We ensure 

TL!r . ‘hem a high cost in the 

elim- ^uuction. With these high costs a cost minimization approach will quickly 
eliminate .hem from the basis. By a high cost we generally mean 10 times as high as 

any cost m the objective function. Since the highest cost coefficient is 2 we will let the 
cost of the artificial variables be 20. 

The first basis can now be w-ritien in the following way: 


Row I 
Row 2 
Row 3 
Row 4: 


C-\A- 2B 
\A+ IB 
]B 

4A + 20B 


- 15 


+ 15. 


- 15, 


- 205, - 205, = 
+ 15, 

+ 15,= 


0 

50 

20 

300 


Pinally . . . the First Feasible Basis 

One rnore step remains, however, before 5, and .S\ become basic variables. The 

coefficients of S, and S, in row I must be forced to zero. First we focus on 5, To 

force the coefficient of 5, in row 1 to zero, we simply multiply row 2 by +20 and add it 
to row 1 . 


C- \A- 2B 

20A + 20B - 205, 


Revisedrowi: C + I9A + I8B - 205, 
Rewriting the first basis, we have: 


- 205, - 205, = 0 
+ 205, =1000 


- 205, = 1000 


Row 1 
Row 2 
Row 3 
Row 4 


C+ 19>^ + 18i^ 
iA + IB 
\B 

4 A + 20 B 


205, 

I5i 


+ 15 


- 15 , 


-205,= 1000 
+ 15, =50 

= 20 
+ 1 5, = 300 


Next we must force the coefficient of 5, in row 1 to zero. We can accomplish this 


by 
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multiplying row 4 by +20 and adding it to row I. 

C+19A+ 18B-20S, -20S, = 1000 

80A + 400f? -205, + 205, = 6000 

C + 99A + 4I8B-205, -205, =7000 

Finally the first feasible basis can be written. It is presented in Table 9A-1. The basic 
variables are S^. 5j. and 5.. while the nonbasic variables are A, B, 5,, and 5,. Now we 
arc ready to proceed to solve the problem. 

Table 9A-1 First Feasible Basis 


Rowl: C + 99A + 4188 -20S, - 208, 

Row 2: 14 + ie - IS, + IS 4 

Row 3 18 + 1 S 2 

Row 4: 44+ 208 - IS, +IS 5 


= 7000 
= 50 
= 20 
= 300 


The Simplex Method 

lo determine the variable which enters the next basis, we choose the row I variable 

with the largest pt)siiin’ coefficient. Variable B will then be introduced into the next 

basis as a basic variable. From this point we proceed exactly as we did in the 
maximi/atii>n case. 


Step 1; Knter variable B. 

Step 2: '7i =5(t 

■7i =20 

"7,., =15^ 

Step V Row 4 becomes the pi\<u row 
row 4 is divided bv 20. 

New' row 4 (pivot row): '/^A + B 


and since B becomes the new basic variable 


_ I 


'A..5, 


+ '/ 2 <. 5 , = 1 .5 


Step 4: To get new row 1. we multiply the pivot row by -418 and add. 


(’+ 994 +4185-205, 

- ^‘7M-4I85 


- 205, 
+ ■‘'720 5, 


= 7000 
"'720 5, = 6270 


New row 1 : C' + '7, A 


205 


+ ' 7205 , 


-•*■720 5, = 730 


lo get new row 2. we multiply the pivot row by - 1 and add 


14 + 15-15, 
‘A4 - 1 6 


+ 1 54 = 50 

+ '/ 2 .. 5 , - '/ 3|,55 = -15 


New row' 2: 




- 15 


+ V:..S,+ 154- '/3<>5, = 35 


lo get new row 3. w-e multiply the pivot row by - 1 and add. 
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IB + IS 2 =20 

-'/,A-\B + 'Ao5, - = - 15 

New row 3: - '/sA + I5i+ “ 'A^Ss = 5 

We can now summarize the second basis. It appears in Table 9A-2. 


Table 9A'2 Second Basis 


Row 1 : C + A 
Row 2 : *AA 

Row 3: - 

Row 4: '/sA 


- 20 s, + '®/?oS3 - «'%oS5 = 730 

- IS, + ’^oSa+IS,- V2 oSs = 35 

+ 15?+ '/ 20 S 3 - = 5 

+ 10 - ’/foSs + y2oS5 = 15 


The basic variables are B. S,. and S., and Ihe nonhasic variables are A, S„ S„ 
and S,. Cost at this point is $730. Notice that the cost at this second basis (730) is 
considerably lower than the cost at the first basis (7000). We are heading in the right 


direction. 

Moving toward the next basis, we search row 
Variable A will, therefore, be the new entering 
should be a very familiar pattern, we have. 


1 for the largest positive coefficient, 
variable. Continuing in what now 


Step 1: Enter variable A. 


-'A 


= -25 


Step 3: Row 2 becomes the pivot row. and since A becomes the new basic van- 
able, row' 2 is divided by ‘’A. 

New row 2 (pivot row): A + '^5, + V 4 S,- '/„.Ss = 

Step 4: To get the new row I , the pivot row is multiplied by - and added to the old 


row 1. 


r + A - 205. + ‘“AoS, - ■‘■V 20 5$ = 730 

+ 5, - - ’74 5. + ’VroS, = - ^^^74 


- ’7$ A 


- %«S3-’74 54-'^’V8« S, = 2^y4 


New row 1: C ' 

To get new row 3. the pivot row is multiplied by ‘A and added to the old row 3 


- i/jA +15.+ ‘Ao5, - ‘/2o5i-5 

'AA-'AS, + 'AoSi + 'AS^- V8 o55 = ”/4 

New row 3: - ‘A5, + 1 5^ + 7-5., + 'A^. - 7 k<.5, = ^A 

To get new row 4. we multiply the pivot row by - ’A and add to the old row 4 
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'/^A+IB 

■A/\ + %5, 


- V 20 S, + 'Ao5,= 15 

- yK«53-'AS4+ %„s, = -^y4 


New row 4; 


IB + 745, 


- %o 5,-'/454+ yH«55 = ^y4 


We can now summarize the third basis. It appears in Table 9A-3. 


Table 9A-3 Third Basis 


1C - 'y?oS, - =”74 

M - 5 / 45 , + yi6S3+ %S4- VieSs 

’AS, +lSj + 5 ^oS3+ ’/ 4 S 4 - ^AoSs =5^4 

1 B + ’AS, - SA 0 S 3 - ’AS* + VeoSs. = ^74 


Row 2 
Row 3 
Row 4 


Solution 
Since there ; 


ire no posiii\e coefficients in row 


1 of the third basis, it is also the solution 


basis 


and the follov\in{i strategy should be taken to minimize costs. 


/\ = 43,75 

B = 6,25 


The cost of this combination will be $4.3.75. Notice also that the 
S 4 and S\ are nonbasic variables or 


two artificial variables 



and there are S^- "A . or 13.75. unpurchased pounds of meat. 

In summary, then, once the problem is in its augmented form and a feasible first 

basis IS determined, the onl> difference between the solutions of a minimization 

problem and a maximization problem is that in the minimization case the variable in 

row 1 that IS entered into the next basis is whichever has the largest (wsiliie value. In 

maximization problems, the variable which has the largest negative coefficient is 
entered. 


PROBLEMS 

9.A-I Solve the following problem using the simplex method: 

Min C' = 4X, + 2 X 2 

lX, + 3X,a6 
3X, + 1X2>6 
X,, X2>0 


9A-2 Solve the following problem using the simplex method; 
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Min C = 5X, + 2X,+ IX, 

IX, + 1X,+ IX, >5 

5X, + 3X; + 4X,^6 
X,, X,, X,sO 

9A-3 Solve the following problem using the simplex method and verify your answer 
graphically: 

Min C = 2X + 3y 

lX + 2y >4 
2X + I V ^4 

X. Y^O 

9A-4 Solve the following problem using the simplex method and verify your answer 
graphically: 


Min C = 2X, + I Xj 

1X, + 3X;>6 
3X, + 1X;S6 
X,. X,>0 


9A-S The manuger of marketing for the Worldwide Frisbee Company is once again 
preparing his annual advertising strategy. His objective is to minimize the total 
advertising expenditure while achieving at least some minimal level of e.xposure 
to each of four audiences. The audiences include teen-agers college students, 
singles between 2.'i and .TV and newlyweds. To reach these audiences, the media 
he can use are radio. TV, newspapers, magazines, and billboards. 


Let X, = expenditure on medium j 

E, = minimum exposure desired for audience / 
e = effectiveness of /th advertising medium on /th audience 


9A-6 


9A-7 


Write a linear-programming model for this problem. Do the assumptions of LP 
(linearity and certainty) raise any doubts about this model s relevance.- 
The Rriickner Company processes several thousand jobs through their job shop 
Lch year At present they must schedule two jobs A and B. Their objective in 
scheduling these two jobs is to choose that quantity of each which minimizes 
their costs subject to demand and supply constraints. The demand requirement is 
such that at least 100 units of both are required to keep the assembly department m 
full oneralion The shop has at most I.V) worker-hours to allocate to these jobs. Job 
A requires -> worker-hours per unit, and job B requires I worker-hour per unit. If 
the cost of producing a unit of A is and the cost of producing a unit of B is $2, 
how many of each should be made'.’ (Solve by the simplex method and verify your 


answer graphically.) 

The Ace Construction Company must 
possible. The job contains activities. 


complete a job in as short a time as 
and some of these activities must be 
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9A-8 


completed before others. The activities and their precedence relationships are 
shown below: 


Activity 

Precedence 

A 


B 


C 

— 

D 

A 

E 

C and D 

F 

B 


The network of jobs can be drawn in the following way: 



The figure above each activity represents the average time necessary to 
ct>mple(e it. 

I.ct X, represent the earliest completion of an activity where / = A, B. C. D. 
H. F. .Set this up in linear-programming format. 

The Sanford Company is one of the largest manufacturers of industrial in- 
sulation. It maintains two factories and three regional warehouses. The cost of 
producing a roll of insulation at each of the factories and of shipping It to one 
of the regional warehouses is given below; 


To / 


Warehouse 


Capacity 

From / \. 

' 1 

1 

2 

3 


Factory A 

25 

65 

30 

1500 

Factory B 

40 

.55 

28 

2000 


I he capacity at factory A is l.^OO units, and the capacity at factory B is 2000 
units. Ihe demand at warehouses I. 2. and 3 is lOOO. 800, and 1700 units. 


respectively. 

l et X„ represent the quantity manufactured in factory i and shipped to 

warehouse j. For example. , would be the quantity manufactured in factory 
B and shipped to warehouse 3. 


Given that the company wishes to minimize its production and shipping costs, 
set this problem up in linear-programming format. 
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APPENDIX B: “Equal to” Signs 
in the Inequality Form 

Often a problem may have 'equal to " signs in the inequality form of the problem. In 
this appendix, the procedure for handling such an occurrence will be covered. 

Consider the example: 

Min C=\A + 2B 

2A + 3B^S 

3v4 + IB = 6 
A,B^G 

The example is portrayed graphically in Figure 9B- 1 . The feasible region consists of 
the line segment RS, and the optimal solution occurs at point 5. 



Rgure 9B-1 


Graphical solution to LP problem 


with '‘equal to” signs. 


To solve by the simplex 
augmented form. 


method, the first step is to arrange the problem in 


Min C= 1A + 2B 

2A + 3B-15, = 5 
3A+1B =6 

Moving toward our first basis, we have. 


C-1A-2B =0 

2A + 3B'1S, = 5 
3A + 1 B =6 


u basis since two basic variables are required 

We do not, however, a artificial variables must, therefore, be introduced in 
and we do not have even one. Two ar 
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the following way: 

Row I: C-\A-2B -20S3-20S, = 0 

Row 2: 2A + 3S-I5, + 15; =5 

Row 3: 3A + \ B + \S, = 6 

Our last step in arriving at an initial basis is to force the coefficients of 5, and S, in 
row 1 to zero. To accomplish this, we multiply row 2 by + 20 and add to row I. Then 
we multiply row 3 by + 20 and add to row 1. The result is shown in Table 9B-1, and it 
is clear that we have an initial feasible basis. 

Table 9B-1 First Basis 

Rowl; C + 99/4 + 70S -20S, =220 

Row 2: 2A+ 3S - IS, + ISj =5 

Row 3; 3A+ IS +1S3 = 6 


Since this is a minimization problem, the largest positive coefficient in row 1 will 
identify the variable to be entered. 

Now we proceed to solve this minimization problem in exactly the same way we 

solved the minimizalion problem in Appendix A. Choosing the largest positive coefficient 

in row I . we determine that variable A will become a basic variable in the second basis 
C ontinuing, we have; 


Step 1: Enter variable A. 

Step 2: y> = 2.5 
% = 2^ 

Step 3: Row^ 3 becomes the pivot row. and since 4 is the new basic variable, the row is 


divided by 3. 

New row 3 (pivot row); A + 'AS 


+ ‘AS. = 2 


Step 4. To get new row 2, multiply the pivot row by -2 and add to old row 2. 


2 A + 3S - IS, + IS: 

-2A -y.B 


= 5 

- y.s, = - 4 


New row 2: 


y^B - IS,+ IS:-y.S,= 1 


To get new row 1, multiply the pivot row by -99 and add to old row I. 


C + 99A + 78B-20S, 

-99A -33fi 


= 220 

-335, = - 198 


New row I : C 


+ 45B-20S, 


- 33S, = 22 


Weeannow write the second basis. It is presented in Table 9R 7 T,> *■ i. 

fashion, the third basis ,s computed. It I presented mt bfe 9BTr ^ ^ ' 
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Table 96-2 Second Basis 


Row 

1: 

C + 45S 

-20Si 

-33S3 

= 22 

Row 

2: 


- IS. + IS; 


= 1 

Row 

3: 

A+ '/iB 


+ '/jS^ 

= 2 


Table 9B-3 

Third Basis 


Row 1 : C 

-'AS, 

-'^V’S^ 

11 

Row 2: 

1 B - 3AS, 

+ 

- 2/;S3 = 3A 

Row 3: 1A 

+ 'AS, 

- ’AS^ 

+ ^hS^='^ 


Since there are no positive coefficients in row I. we can conclude that an optimal 
solution has been reached and that the minimum cost can be achieved when 

B = ^/i 
A = 'Vi 

PROBLEMS 

9B-1 Solve by the simplex method: 

Min C = 4X + 3y 

X + 2Y^2 
8X+6y = I2 
X. y ^ n 

9B-2 Solve by the simplex method and verify your answer graphically: 

Min C = 5X + 2y 

X+ Y^5 
X =3 

X. y so 

9B-3 Solve by the simplex method and verify graphically: 

Max P = 20X + 2y 

x+ y^5 

X ^5 

y 

x+ y = 8 

X, y ao 
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9B-4 Solve by the simplex method: 

Max P = 5A + 1C 

A+ C<5 

A =2 
A. C^O 


APPENDIX C: Sensitivity Analysis 


INTRODUCTION 

The concept of sensitivity analysis was introduced earlier in the chapter. The purpose of 
this appendix is to explore this concept on a more formal basis. 

First we will analyze the sensitivity of a problem's solution to changes in the 
original objective function coefficients, and then sensitivity will be analyzed with 
respect to changes in the original right-hand sides of the constraint equations. 


COEFFICIENTS OF THE OBJECTIVE FUNCTION 

How would a change in a coefficient of the objective function affect the solution? 
Within what range of values will the coefficient of an objective function leave the 
solution unaffected ' To answer these questions, we must first differentiate according 
to whether the coefficient in question is associated w'ilh a basic or nonbasic variable in 
the solution basis. 


Nonbasic Variables 

lo be more specific, the following question will be asked about the problem depicted 
in Table 9C-1. How would a change in the coefficient of variable >' found in the objective 
function affect the solution? 

According to Table 9C-1, each unit of >' produced yields a $10 profit con- 
tribution. Suppose it is suspected that the profitability of Y is actually less than this. 
Would the solution given in Table 9C-1 remain optimal? 

The answer to this can be found by turning to the solution basis. In it we find that 

> is a nonbasic variable, and is not produced at all. If it were even less profitable, it 

still would not be produced. Therefore, any reduction in the row 1 coefficients of those 

variables which are in the solution basis do not affect the solution to the 

problem. 

However, an increase in the per unit profit contribution of Y might make it 

profitable enough to be produced. How large would the increase have to be before this 

would happen.’ This question is slightly more complex to answer and requires the 

introduction of new notation. Instead of the per unit profitability of Y being 10 let us 

denote it as 10 + A or ten plus some change, delta. Rewriting row I of the first basis 
we have: 


Row 1: P - 30X - (U) + A) V = 0 
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Table 9C-1 Waverly Company Problem 


Product X, per unit Product Y, per unit Capacity, hours 


Profit contribution 
Department A 
Department B 


$30 

2 hours 
1 hour 


$10 

1 hour 

2 hours 


10 

10 


Max profit = 30X + lOV 

2X+ ^Y■<^0 
1X+ 2Y^W 
X. X>0 


Row 1 

P - 30X - 

^QY 

= 0 

Row 2 

2X + 

1 X + IS, 

= 10 

Row 3 

IX + 

2Y 

+ 1S2= 10 

Row 1 

P + 

5Y + 15S, 

= 150 

Row 2 

IX + 

'/jV+ VaS, =5 

Row 3 


'AS, + 15; = 5 

Solution; 


First basis 


Second or solution basis 

X=5 ^=0 



or 


p-3ox-ioy-Ay =0 


This modified problem is solved in Table 9C-2. Some m.erestmg observat.ons can 
be made by comparing the solution of this problem w.th that of the or.gmal problem ,n 
Table 9C-1 First we find that for each basis, rows 2 and .1m the modified problem are 
exactly the same as rows 2 and 3 in the original problem. In fact, whenever sensitivity 
analysis is undertaken on the objective function, the constraint rows in all bases 

including the solution basis will be unaffected. . v • , i i 

The second observation concerns the objective function, jhe - AT introduced 

into the objective function of the initial basis appears unchanged in the solution basis. 

Again, this will always hold true. A change ^ A V introduced into the objec ive 

function of the initial basis will remain unchanged in each and ecery basis including 

the solution basis. , . _ , , , 

The modified solution basis is repeated m Table 9C- . 

We know that as long as the coefficients of the row 1 variables remain positive, 
the solution remains optimal. If any coefficient becomes negative^ further bases must 
be generated and the solution will change. Returning to row 1 in Tab le 9C-3, we must 
ask: When will all coefficients remain positive? The answer is that they will remain 

positive as long as (5 - A) is greater than zero or. 


5-A>0 
-A> -5 
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Table 9C-2 Solution of the Modified Problem 


Row 1: 

P - 

SOX-IOV- AV 


= 0 

Row 2: 


2X+ IT + IS, 


= 10 

Row 3: 


1X+ 2V + 

IS 2 

= 10 

New row 2 





(pivot row): 


X + '/fe T + '/ 2 S, 


= 5 

To get new row 1 : 





Old row 1 : 

P - 

30X-10T- AT 


= 0 

+ 30 (pivot row): 


30X + 15T +15S, 


= 150 

New row 1 : 

P 

+ 5T- AT + 15Si 


= 150 

To get new row 3: 





Old row 3: 


IX + 2T + 

IS 2 

= 10 

- 1 (pivot row): 

- 

-IX- -AT --AS, 


= -5 

New row 3; 


3AT - 'AS,+ 

IS, 

= 5 

Row 1 : 

P 

+ 5T-AT +15S, 


= 150 

Row 2 


1X+-AT +1/25, 


= 5 

Row 3: 

/ 

^ T - -AS, + 

IS 2 

= 5 

Note that rows 2 and 3 have not changed at all. 


Table 9C-3 Modified Solution Basis for In- 
vestigating a Change in the Coefficient of 
Variable Y 




The - AT comes through all 
bases unchanged 


Row 


/ 


1 

P +(5-A)T+15S, 

= 150 

Row 

2: 

IX + 'AT+ -AS, 

= 5 

Row 

3: 

%T- -AS, + 1S, 

= 5 


which can be simplified to' 


A<5 


.s unchanged, .f, on the other hand, the change is greater than $5, row 1 in our final 


' Multiplying an inequality through hv - 1 .h. 
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basis will have a negative coefficient and additional bases will be necessary to find the 
new solution. 

As an example, consider that you are unsure of the profit contribution associated 
with product Y. You feel that it is probably $10 per unit (the original coefficient in the 
objective function) but might be as high as $13 per unit. The question is. Will this 
increase of $3 (A = + 3) change the solution which we have already found in Table 
9C-1? No. because the change of A = + 3 is within the range (A<5) which we 
computed to have no effect on the solution. 


Basic Variables 

Returning to Table 9C-1. let s ask what would happen if the profitability of just X 
changed. Rewriting row 1. we have the following. 


Row 1: P -(30 + A)X- lOY 


Just as it did in the previous section when we were dealing 
-AX comes through each basis unchanged. It appears 
solution basis of Table 9C-4. 


with nonbasic variables, the 
as -AX in the modified 


Table 9C-4 Modified Solution Basis for 
Investigating a Change in Variable X 

Row 1: 

p-A X f 5^ + 155, =150 

Row 2; 

1X + ’AT+ V 2 S, =5 

Row 3: 

yiY VzS, + 1S2=5 


We can see from Table 9C-I lha. X is a basic variable ,n the solulion bas s. Bui in 

Table 9C-4 the introduction of a - AX in row 1 violates the ^ 

variable It will therefore be necessary to manipulate the equations in Table 9C-4 until 
variable X is restored to basic status. To accomplish this, we multiply row 2 in Table 

9C-4 by A and add it to row 1. 


Row I: 
Row 2 X A: 


P-AX + 
AX + 


5Y + 
'/;A Y + 


15S, = 150 
‘AAS, = 5A 


New row 1: 


+ (5 + '/:A) Y + (15 + ‘AAjS, = 150 + 5A 


The new modified optimal if all coefficients in the objective 

functioTof the fi'’nL''basis remain positive. This will occur as long as both (5 + 'M) and 
(15 + 'M) are greater than zero. To examine them one at a time, (5+ M) will be 

positive as long as 


5 + 'M > 0 
'M > - 5 
A -i. - in 
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Table 9C-5 New Modified Solution Basis with 
Variable X Restored to Basic Variable Status 


Row 1: P +(5+’M)V + (15+«M)S, =150 + 5A 

Row 2: IX + ’/iS, =5 

Row 3: VaS, + 1S2 = 5 


Therefore the coefficienl of Y in this basis will remain positive as long as A is greater 
than - 10. This region is illustrated in Figure 9C-1. 

The coefficient of 5| will remain positive as long as 

15 + ‘/2A>0 
'/:A> - 15 
A > - 30 

This region also is illustrated in Figure 9C-I. 

Combining both regions in Figure 9C-1. we can conclude that if A Is greater than 
— 10, it will also be greater than — 30. Therefore, as long as A is greater than — 10, row 
1 will remain positive and the solution will remain optimal. 



Let's test this result. Suppose the profitability of X was suspected to be $8 per 
unit less than its originally estimated profitability of $30 per unit. We would therefore 
have A = -8. that is. a negative change of $8. Since - 8 is greater than -10, the 
solution should remain optimal. Checking row 1 in Table 9C-5, we have 

Row 1: F + 15 + '/2(-8)|y + [15 + 'A(-8)!5, = l50 + 5(-8) 

This can be simplified to 


P + \Y 


and we conclude that 


+ 115, =110 

indeed row 1 does stay positive. Notice, however, that the 


A • -30 
— > 


A -10 
> 


-30 -26 -22 -18 -14 - 


J_J. 


10 -6 


- > 


2 0 2 4 6 8 10 


"no" ---- objective 
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profitability drops. Profit associated with this optimal solution drops from 150 to 110. 
The reason for this is that the per unit profitability of the product has dropped. The 
quantity produced of this product, however, remains the same. 


RIGHT-HAND-SIDE CONSTRAINTS 

Now we turn to the right-hand side of the constraint equations and determine the 
consequence, if any. of a change in these constraint values. For example, we might like to 
determine the consequence of a decrease in capacity from 10 to 8 units in department B. 
That is, if the capacity in department B were reduced by 2 units, would the solution 
depicted in Table 9C-1 remain optimal? 

In evaluating the consequence of these changes, the same general approach taken 
in the last section will be taken here. This time, however, we will differentiate our 
method depending upon whether the slack variable corresponding to the right-hand 
side of interest is basic or nonbasic in the solution basis. We first turn to the analysis 
of right-hand sides when the corresponding slack variable is a basic variable in the 

solution basis. 


When the Slack Variable in the Corresponding Row 
Is a Basic Variable in the Solution Basis 


The first basis is rewritten in Table 9C-6 and incorporates a delta in the right-hand side 

™Nofice that the delta is similar to the basic variable S, in the same row. Both have 
a coefficient of I and do not appear elsewhere in their indtvidual coktmns. Therefore, 
whatever happens to S, in each basis also happens to A. Since S, m the solution 


Table 9C-6 Waverly Company Problem 
Analyzed for Changes in Department 
B's Constraint 


Row 1: 

p -30X - ioy 

= 0 

Row 2: 

2X+ 1X + 1S, 

-- 10 

Row 3; 

1X+ 2 Y 

V 15^= 10 * 

Table 

9C-7 Solution Basis Modified to 

illustrate the Influence of a Change in the 
Constraint Capacity Associated with De- 

partment B 


Row 1 

P 4 sx + 15S. 

150 

Row 2 

IX + '/2Y + V 2 S, 

= 5 

Row 3 


+ 1S?= 5+ 1A 


Note that the slack variable associated with this 
department, Sj. is a basic variable 
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basis of Table 9C-2 retains its coefficient of 1 (it is a basic variable), we can conclude A 
will also appear and retain its coefficient of 1. The solution basis is rewritten in Table 
9C-7 to reflect this. 

It should be apparent that a change in the right-hand side of the initial problem 
does not affect the left-hand side of row 1 in the solution basis. Since the left-hand side 
of row I is not affected, it remains positive. However, in order to have a feasible 
solution basis, all of the right-hand values must remain positive. Remember the 
nonnegativity conditions? It makes no sense to produce - 15 units of product X. We 
must therefore ensure that the right-hand side remains positive. If so. then the solution 
basis of Table 9C-7 remains optimal. 

The right-hand side will remain positive as long as the following holds true: 

(5 + A) > 0 


or 


A>-5 


We can therefore conclude that the solution shown in Table 9C-7 will remain optimal, 
provided that the change associated with department B's capacity is greater than -5. 

For example, if the capacity of department B were decreased by 2 units, we 
would have A = -2, and since - 2 is indeed greater than - the present solution 
would remain optimal. 

When the Slack Variable in the Corresponding Row 
Is a Nonbasic Variable in the Solution Basis 

Next, we will analyze the consequence of a change in the capacity of department A. In 

Table 9C-8 a delta is introduced in the right-hand side of row 2. Again, it is similar to 

the 5, in the same row. Both of them have a coefficient of I and appear nowhere else 

111 their columns. Consequently, whatever happens to 5, from one basis to the next 
must also happen to A. 

Moving down to the solution basis in Table 9C-K, we see that 5, is a nonbasic 
variable and has a coeflicient of + 15 in row 1. + '/: in row 2. and - '/, in row 3. We 

can therefore conclude that the coefficient of A must also be + |5 In row I + 'A in row 
2. and - '/: in row .3. 

Since the solution basis in Table 9C-8 remains optimal as long as the right-hand 

values remain feasible, we must now determine for what values of A these right-hand 

sides remain positive. Looking at the first right-hand side. W'e can conclude that it 
remains positive as long as the following holds; 


(150+ I5A)>() 


or 


150+ 15A >0 

15A > - 150 
A > - 10 
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Table 9C-8 Sensitivity Analysis Per- 
formed on the First Right-Hand-Side Con- 
straint 


Initial basis 

Row 1 

P-30X-WY 

= 0 

Row 2 

2X + 1 V + 1 S, 

= 10+ 

Row 3 

1X+ 2Y +1S^ 

= 10 

Solution basis 

Row 1 

p + 5X + 15S, 

= 150+ 15A 

Row 2 

1X+ '/ 2 Y+ VjS, 

= 5 + '/ 2 ^ 

Row 3 

^Y - 'AS, + IS; 

= 5 - 'AA 


This region is illustrated in Figure 9C-2. Turning to the next constraint, we have the 
following: 

(5 -H ’M) > 0 


5 + V 2 A >0 
■M > - 5 
A > - 10 

Since this is a duplication of the region just identified, we can move on to the last 
right-hand-side constraint. 

(5 - 'AA) > 0 
- 'M > - 5 
-A > - 10 
A < 10 


^®“‘LrifLlllh7regtns1!l"rTted'm'FigL"'9^ 

INOW ail 111 h than - lO but less than + lO, the right-hand side 

that as long as the cliarif'e is greater in 



Figure 9C-2 Region within which the 
right-hand side of the solution basis 
remains feasible for a change in the first 
right-hand side constraint. 
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of the solution basis will remain feasible and the solution will remain optimal. This 
interval can be summarized in the following way: 


- I0<A<+ 10 


As an example, consider an increase of 3 units of capacity in the first constraint. In 
other words, A = + 3. We can conclude that the solution basis depicted in Table 9C-8 is 
still optimal since a delta of + 3 is indeed within the interval. 

Returning to the final basis of Table 9C-8. we can also see that an increase of 3 units 
of capacity in the first constraint will affect the value of the objective function. That is. the 
right-hand side of row 1 will now become: 

150+ I5A 


or 


150+ I5{3)= 195 

Profit therefore increases by $45 to $195. 


PROBLEMS 


9C-I 


9C-2 


9C-3 


Suppose that the objective function in Table 9C-1 were changed to the follow- 
ing. Would the solution basis shown in that same table remain optimal? 
a Max profit = 30X + 5 V' 

Max profit = 30A’ + 12 T 
Max profit = 45X + 10 V 
Max profit = 50X + 3 V 
Max profit = I9.V + 10 V' 

Max profit = 22.V + 10 V’ 

Suppose that the right-hand-side values in Table 9C-I were changed to the 

following. Would the solution basis shown in that same table remain optimal? 
a 10. 50 

b 10. 6 

c 19. 10 

d 9. 10 

I he first and final bases of a linear-programming problem are given below: 


h 

c 

d 

e 

f 


Rov, 1 
Row 2 
Row 3 


P -57-7H 

27 + + ]S, 

\r + 2B + \s. 


= 0 

= 10.000 
= 12,000 


Row 1 
Row 2 
Row 3 


+ 15,+ 35^= 46,000 
1 7 + V.5, - ■/,5, = 

1 B - 'A5, + y,5; = =*'-'•"‘’4 
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a What is the solution to this problem? Identify each variable, its level of 
intensity, and the profit. 

b For what changes In the profitability of T will the final solution remain 
optimal? 

c For what changes in the capacity of the first constraint will the solution 
given above remain optimal? 

9C-4 Refer to the first and final bases of problem 9C-3. 

a For what changes in the profitability of B will the final solution remain 
optimal? 

b For what changes in the capacity of the second constraint will the solution 
remain optimal? 

9C-5 Refer to the first and final bases of problem 9C-3. 

a Give an interval for the coefficient of T such that the solution remains 
optimal. 

b Give an interval for the first constraint such that the solution remains 
optimal. 

9C-6 The first and final bases of a linear-programming problem are given below: 


Row 1 : P-3/4- 4B -0 

Row 2: 2A + \B + 15, = 16 

Row 3: 4/4 + lOB + 15. = 20 


Row 1; P + yiB +y45. = 15 
Row 2; “ 4H + 15, - = 6 

Row 3; M + 7;/? + ^ 


9C-7 


9C-8 


a What is the solution to this problem'.’ Identify each variable, its level of 
intensity, and profit. 

b pQi" what changes in the profitability of A will the final solution remain 
optimal? 

c For what changes in the capacity of the first constraint will the solution 


remain optimal? 

Refer to the first and final bases of problem 9C-6. 

a For what changes in the profitability of B will the final solution remain 
optimal? 

b For what changes in the capacity of the second constraint will the solution 
remain optimal 

Refer to the first and final bases of problem 9C-6. 

a Give an interval for the coefficient of A such that the solution remains 
optimal. 

b Give an interval for the second constraint such that the solution remains 
optimal. 
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APPENDIX D: Duality 

INTRODUCTION 

Every linear-programming problem can be expressed in another form, called the dual. 
Formulating and solving (he dual provides us with new insights into linear program- 
ming as well as providing useful management information. 

All the linear-programming problems covered in this and previous chapters can be 
designated as primal. And any primal problem can be converted into its dual by 
following just a few steps. First we will look at these steps and then we will explore 
the reasons behind them. 


THE MECHANICS OF THE PRIMAL-DUAL RELATIONSHIP 

The Jerr> Company problem depicted in Table 7-1 is repeated in Table 9D-1. It is 
labeled the prin>al problem. Hy following (he rules given below it can be converted into 
a dual problem. 


Rule 1 


Rule 2 


Rule 3 


Rule 4 


If the objective function in the primal is maximized, the objective function in 
the dual is minimized. 

The right-hand-side values of the primal become the coefficients of the 
objective function in the dual. The first lighl-hand-side value becomes the 
first coefficient in the objective function. The second right-hand-side value 
becomes the second coefficient in the objective function, and so on. 

The coefficients of the objective function in the primal become the right- 
hand-side values in the dual. 

The coefficients in the rows of the primal constraints become the coefficients 


Table 9D-1 Primal and Dual Problems 



Camping 
tents, per unit 

Mountain 
tents, per unit 

Capacity 

Profit contribution 
Fabric cutting 
Sewing 

S20 

2 worker-hours 

2 worker-hours 

$30 

1 worker-hour 

4 worker-hours 

8,000 worker-hours 
16.000 worker-hours 


Max P = 20C ^ 30M 


2C+ 1 W s 8000 

2C ■> 4/W I. 16,000 
C. iVf >0 


r Primal 


Min £ = 8000V + 16.000Z 


2V + 
1 V + 


27 2:20 
4Z>30 


> 


Dual 
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of the columns in the dual constraints. The coefficients of the first row in the 
primal become the coefficients of the first column in the dual, and so on. 
Rule 5 The direction of the inequality found in the primal is reversed. If the primal 
has “less than or equal to“ constraints, they will become “greater than or 
equal to“ in the dual. 

These rules have been followed in developing the dual problem presented in Table 
9D-I. Both y and Z are called dual variables, whereas C and M are called primal 
variables. Utilizing the simplex solution method, it is possible to solve this dual 
problem and obtain values for these dual variables. If indeed this were done, you 
would find that the value of the objective function for the primal solution would equal 
the value of the objective function for the dual solution. This is no accident, and 
comes from the fact that there is an interesting correspondence between the primal 
and dual formulations. We now leave the mechanical aspects of primal-dual rela- 
tionships and shift our focus to an economic analysis and interpretation of the 
correspondence between them. 


THE ECONOMIC MEANING OF THE DUAL 

In analyzing the economic meaning of the dual, we will first look at the variables, then 
the constraints, and finally the objective function. 

The Variables 

In the primal problem, the variables M and C represent the level of an activity. For 
example, in the Jerry Company case they represent the quantity of camping and 
mountain tents produced. In the dual problem the variables Y and Z represent the 
accounting value of a unit of scarce resource. In the dual problem depicted in Table 
9D-1, the first dual variable Y represents the accounting value to the firm of a unit of 
capacity in the fabric-cutting department. Similarly, Z represents the accounting value 
to the firm of a unit of capacity in the second constraint department, sewing. Another 
interpretation which can be given to these dual variables is that they represent how much 
each unit of additional resource is worth to the firm. 

The Constraints 

The first constraint in the dual problem was written in the following way. 

2y + 2Z>20 

The coefficients on the left-hand side of the inequality represent the per unit inputs 
necessary to produce I unit of output. That is. each camping tent requires 2 units of 
fabric-cutting capacity and 2 units of sewing capacity. Multiplying these coefficients by 
the per unit accounting value of each of the scarce resources gives us the total 
accounting value of the inputs necessary to produce 1 unit of output, camping tents. 

The right-hand side of the inequality represents the per unit profit of camping tents. 
The purpose of this inequality, then, is to assure that the accounting values Y and Z fully 
allocate the per unit profit associated with a camping tent to the scarce resources. Said 
another way, we are trying to find what portion of the per unit profit we “owe * to each of 

the scarce resources. 
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The second constraint can be interpreted in the same way. The values of Y and Z 
which are found must also fully allocate the per unit profit made from each mountain 
tent. 

Objective Function 

The objective function for our dual problem was written in the following way: 

Min E = 8000 y + I6.000Z 

It represents the total accounting value of all the firm's scarce resources. Our 
objective, then, is to find the minimum accounting value of Y and Z which, according 
to our constraints, completely allocates the per unit profits to each of the resources. 


SOLUTION OF THE DUAL 

The dual problem which is presented in Table 9D-I is solved in Table 9D-2. Since this 
is a problem in minimization, the method described in Appendix A must be followed. 

In the solution basis we see that the value of the dual objective function is 13,333. 
This is precisely the value found for the primal objective function. It is characteristic 
of primal-dual problems that the optimal value of the primal objective function will 
always equal the optimal value of the dual objective function. 

We can also see from this solution basis that the accounting value of a unit of Y 
is . or $3.33. and the accounting value of a unit of Z is '“7.2. or $6.66. Since Y 
represents the accounting value of a unit of resource in the fabric-cutting department. 


Table 9D-2 Solution of the Dual Problem 


Row 

1 : 

E- 8000 y - 

16,0007 



Row 

2: 

2V + 

27 

1L, 


Row 

3: 

1 Y + 

47 


14 

Row 

1 ; 

E + 472.000/ + 944.000Z - 

160.000L, - 

160.000L, 

Row 

2: 

2Y i- 

27- 


£ 

Row 

3: 

1 Y + 

47 



Row 

1: 

E + 236.000/ 


160.000L, + 

76.000L, 

Row 

2 

y./ 

— 

1L,+ 

£ 

V 2 L 2 

Row 

3: 

V4 / + 

17 

— 


Row 

1; 

E 

_ 

2666L, - 

2666L, 

Row 

2: 

1 / 

— 

36L, + 

€, 

'AL, 

Row 

3: 


17-t- 

'AL, 4- 

VeLj 


+ 


l6O.OOOL3-l6O.OOOL, = 0 

1 L, =20 

+ 1 L, = 30 

= 8.000,000 

IL3 =20 

+ 1L4 = 30 

- 236.OOOL4 = 920.000 


IL3- 

+ 


’AL4 = 5 

74 L, = 37* 


y-iL 

VsL 


+ 3^L4 = ‘«7i2 


Solution: 


E= 133.333 
Y = '(y, 

Z = ®0/l2 


L, = 0 
L, = 0 
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Table 9D*3 Primal Solution Basis to 
Jerry Company Problem Taken from 
Table 9>3 


Row P 10 ^ + 8 o/, 25 ^ = 133,333 

Row 2: C 2 /jS, - 2 / 12 S 2 = 

Row 3: M - '/sS, + V 3 S 2 = «o<xy3 


we can conclude that the decision maker should be willing to pay up to $3.33 for 
additional units of this scarce resource. Likewise, the decision maker should be willing 
to pay up to $6.66 for additional units of capacity in the sewing department. 

The values of these dual variables are also called shadow prices. Some mention of 
them was made earlier in the chapter, where we learned that shadow prices can read from 
the coefficients of the slack variables in row I of the final basis in the primal problem. 

To illustrate this, the final basis of the primal problem depicted in Table 9D-1 is 
presented in Table 9D-3. The shadow price for the first scarce resource can be read from 
the coefficient of the first slack variable in row 1 of the solution basis. The shadow price 
for the second scarce resource can be read from the coefficient of the second slack 
variable in row I of the solution basis. From Table 9D-3 we can see that the first shadow 
price is '®/3 and the second one is This exactly corresponds to the values of the two 
dual variables found in Table 9D-2. 


ADDITIONAL OBSERVATIONS 
ON THE PRIMAL-DUAL RELATIONSHIP 


Dual Surplus Variables and Primal Variables 

The augmented form of the dual problem is shown in Table 9D-4. The surplus variables L, 
and L2 have a special interpretation. They are referred to as accounting losses. Variable 
L, represents the accounting loss associated w ith the first dual constraint. Repeating this 
constraint, we have the following: 


2^ + 2Z- IL, = 20 

Solving for L| and introducing parentheses for convenience, we have; 


L, = (2y' + 2Z)-20 

where the sum inside the parentheses represents the total accounting value of resources 
used in producing 1 unit of camping tents. From this total value is subtracted the per unit 

profit of camping tents. 

Table 9D-4 Augmented Form of the Dual 

Problem 


Min £■ = 8000V + 16.000Z 

2Z 
4Z 


IL, 


= 20 
1 La = 30 


2V + 
1 V + 
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Accounting 

loss 


L, = i2Y + 2Z) - 20,^^^ 

Total accounting Per unit 

value of resources profit 

used per unit of 
camping tents 


A positive value for the accounting loss would mean that the value of the resources, if 
used in this w ay. would be greater than the profit generated by a camping tent. If this is the 

case, we would not expect to see the product scheduled; the resources would be used 
elsewhere. 

If. on the other hand, the accounting loss is zero, these resources would be used to 
produce camping tents. They would not be worth more (L, = 0) if used elsewhere. 

Returning to our solution of the dual in Table 9D-2 we find that L,does indeed equal 
zero. We can then draw the conclusion that our resources will be used to produce camping 
tents, Returning to the primal solution found in Tabic 9D-3. we find that camping tents are. 
in fact, produced. 

In every primal-dual problem, we can conclude that if an accounting loss is zero, its 
associated primal variable will be positive. Correspondingly, if an accounting loss is 
positive, its associated primal variable will be zero. 

Verify that this relationship holds for /.j and A/. 

Primal Slack Variables and Dual Variables 

Another interesting correspondence between the primal and dual has to do with the primal 
slack variable and the dual variables. 

When a primal slack variable is greater than zero, excess capacity exists in the 
resource. You would therefore expect that additional units of this resource have no value. 

Since the dual v ariable represents the value of additional units of this scarce resource, you 
would .ilso expect it to be zero. 

If. on the other hand, the value of a primal slack variable is zero, no excess capacity 
would exist and you would expect the value of its associated dual variable to be positive. 
Inal IS, additional unils of iho resource would have value. 

To rclurn lo our exumpic, primal slack variable S. is equal lo zero in the final basis. 
Its corresponding dual v ariable is Z and it has a positive v alue in the final basis of the dual. 


THE PRIMAL-DUAL RELATIONSHIPS SUMMARIZED 

i here is. then, a close relationship between the primal and dual formulations. First, the 

opitmal objective function value of the primal is exactly equal to the optimal objective 

function value of the dual. Second, the dual surplus variables and primal variables are 

related in such a wa\ that when one is zero, the other is positive, or when one is positive. 

the other rs zero. This same relationship holds for the primal slack variables and their 
associated dual variables. 
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9D-I Given the following primal problem, write its dual: 


Max P =6A + \2B + \4C 

« 

1- 4 + 2B + 5(r< 13 

2- 4 + IB + 4r < 10 

-4, B. C >0 

9D-2 Take your answer to problem 9D-1 and write its dual. That is. write the dual of 
the dual. Does it look familiar? 

9D-3 Refer to the first and final bases given in problem 9C*3. 

a Write the dual problem in inequality form. Let Y and 2 be the dual 
variables. 

b Write the dual problem in augmented form, 
c What are the optimal values of the dual variables Y and 2? 
d Compute the optimal value of the dual objective function. Is it the same as 
the primal ? 

e Compute the accounting losses for each constraint in the dual problem. 
f Show that if the accounting loss is zero, its associated activity or product is 
scheduled (its level of intensity is positive), 
g Show that if the value of the dual variable is positive, its associated primal 
slack variable will be equal to zero. 

9D-4 Refer to the first and final bases given in problem 9C-6. 

a Write the dual problem in inequality form. Let Y and 2 be the dual 
variables. 

b Write the dual problem in augmented form, 
c What are the optimal values of the dual variables? 

d Compute the optimal value of the dual objective function. Is it the same as 
the primal? 

e Compute the accounting losses for each constraint in the dual problem, 
f Show that if the accounting loss is zero, its associated activity or product is 
scheduled (its level of intensity is positive), 
g Show that if the accounting loss is positive, its associated activity or product 
is not scheduled (its level of intensity Is zero), 
h Show that if the value of the dual variable is positive, its associated primal 
slack variable will be equal to zero. 

i Show that if the value of the dual variable is zero, its associated primal slack 
variable will be positive. 
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Linear Programming: 
Transportation Method 


INTRODUCTION 

I here is :i category of problems that can he analyzed by either the linear- 

programming or the transportation method. When this is the case, the choice 

IS always made in favor of the transportation method. It is much more 
etheient. 

Iraditionally the transportation method has been used to analyze trans- 
portation or logistical problems. In these problems a company might have 
several production facilities— or sources— all of which have the capability of 
producing a certain homogeneous product. After the product has been 
manufactured it must be shipped to one of several distribution centers or 
destinations. The problem is to determine the quantity of output that should 

be shipped from each production facility to each distribution center so that 
transportation costs are minimized. 

Today, the transportation method is used to solve a wide variety of 

problems, f^ut all these problems share a certain format that permit analysis 
b\ this method. 

Both this format and the transportation method itself will be presented in 
the case which follows. 


232 



LINEAR PROGRAMMING; TRANSPORTATION METHOD 


233 


CASE STUDY: Sudsdown Beer Company (Part 1) 

The Sudsdown Beer Company with headquarters in Cleveland, Ohio, operates 

breweries m Cleveland and Denver. The company was founded over 75 years 

ago and has established a reputation for selling one of the best beers brewed 
in the United States. 

The company sells its product in two major market areas, which include 
Cleveland and Denver, and three secondary market areas, which are served 
from distribution centers located in San Francisco, Chicago, and Atlanta. 

These distribution centers receive their beer by truck from the breweries in 
Cleveland and Denver. 

Market Trends 

Jn the last several years there has been a change in the company's growth 
pattern. This change has suggested that its future lies in the Southern market. 

Recently it was decided to consider the construction of a new brewery on 
a parcel of land which the company has the option to purchase in Dallas, 
Texas. It was expected that the output from this new brewery would not only 
meet the demand from the Dallas market area but also have the capacity to 
supply beer to the three distribution centers. 

Factors Influencing the Investment 

Several factors are being considered in the evaluation of this site. They 
include the demand for the product, cost of land, construction costs, availabil- 
ity and quality of water, availability and cost of power. labor supply, proxi- 
mity of transportation facilities including highways and railroads, local en- 
vironmental regulations, and transportation costs. 

Transportation Costs 

Transportation costs represent a sizable portion of the cost of producing 
beer. Raw materials including rice, barley, and hops are shipped into the brewery 
from the Midwest and Northwest. 

Much of the finished product is also shipped a considerable distance. At 
the present time the breweries at Denver and Cleveland ship thousands of 
cases weekly to the distribution centers in San Francisco, Chicago, and 

Atlanta. 

The cost of shipping beer to these distribution centers has gone up 
dramatically in the last several years. A new brewery strategically located in 
the South should reduce some of these costs substantially. 

The management team studying the feasibility of the new brewery 
recently turned its attention to these transportation costs. In order to estimate 
the cost of transporting the finished product to various distribution centers the 
team agreed that it must first determine the new shipping pattern between 
breweries and these distribution centers. 

It was clear to those on the management team that the Atlanta dis- 
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tribution center would now receive much of its beer from the new Dallas 
plant, but they were not sure as to the exact portion of Atlanta's demand that 
would be met from the Dallas facility. They also wondered if it would be 
economical for the Dallas plant to supply some of its output to the San 
Francisco distribution center. In fact, it became clear to them that this new 
plant could change the entire shipping pattern of the Sudsdown Company. 

The management team decided to call in Bob Gruber from the company's 
management science department and ask him to recommend a shipping 
pattern between the three breweries and the three distribution centers and 
then to determine the transportation costs associated with this strategy. 

Bob began his study by collecting some data. 

The Data 

Transportation Costs Bob collected the following data on transportation 
costs, demand, and supply capacities. In Table 10-1 the transportation costs 
between all possible breweries and distribution centers are given on a per case 
basis. For example, if a case were shipped from the brewery at Denver to the 
distribution center at Chicago, the cost would be 40 cents. 

Demand The demand data are presented in Table 10-2. It can be seen 
that the estimated average monthly demand for the San Francisco distribution 
center is 70.000 cases; the estimated average monthly demand for the Chicago 
center is 40,000 cases; and the estimated average monthly demand for the 
Atlanta center is 65,000 cases. 


j 

To distribution center 

from brewery 

San Francisco 

Chicago 

Atlanta 

Denver 

I 

S 40 

40 

40 

Cleveland ' 

1 

1 

1,00 

30 

50 

1 

OaMos 

,80 

1 

1 

,60 

,35 

Table 10-1 

Transportation 

costs on i 

3 per case 


basis between breweries and distribution centers 


Distribution center 

Demand 

San Francisco 

70 

Chicago 

40 

Atlanta 

65 

Total demand 

175 


Table 10-2 Average monthly 
demand data for the distribution 
centers in thousands of cases 
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Brewery 

Supply 

Cdpacity 

Denver 

30 

Cleveland 

90 

Dallas 

55 

Total supply capacity 

175 


Table 10-3 Average monthly 
supply capacities available for 
shipment to the distribution 

centers. 


Supply The supply capacities shown in Table 10-3 represent the supply 
of finished product available for shipment to the distribution centers. The 
finished product which will be used to meet demand within the immediate 
market area of the three breweries has already been subtracted from total 
production output. 

The figures shown represent the maximum efficient output levels for all 
three plants. Plant capacities are 30.000 cases at Denver. 90,000 at Cleveland, 
and 55.000 at Dallas.' 

A TRANSPORTATION PROBLEM 

The Sudsdown Beer Company case can be structured as a typical trans- 
portation problem. This can be accomplished by summarizing all the data 
presented in Tables 10-1 through 10-3 in one table or matrix. 

In Table 10-4 the breweries — or sources — are listed down the left and the 
distribution centers — or destinations — are listed across the top. A matrix of 
three rows and three columns is then constructed, and in each of these boxes 
or cells is entered the transportation cost for that particular source-des- 
tination combination. Along the bottom we include the demand figures below 

' At present the output at the Cleveland and Denver plants is I.T‘'.000 and 40.000 cases. But 
this is at a cost of substantial inefficiencies. Neither phmt can be increased in physical si^e. 


From 

source 

To destination 

Fra^ncisco 

Supply 
capacity in 
thousands of 
cases 

Denver 

1 

1 .40 

.40 

1 .40 

30 

1 

Cleveland 

|Too” 

L_30 

fso" 

90 

Dallas 

.80 

.60 

L_35 

1 

55 

Daniand in 





thousands of 

70 

40 

65 

175 

cases 






Table 10-4 The Sudsdown problem in transportation format. 
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their respective destinations, and to the right of the last row in the matrix we 
include the capacity of each source. 

Notice that the total demand and total supply are equal. That is, exactly 
175,000 cases are demanded and 175,000 cases can be supplied. Purposefully 
the complexity of the problem has been kept as low as possible until the 
basics are covered. Later in the chapter there will be a problem in which 
demand does not equal supply. 

By looking at this structured problem, it should become clear that our 
objective is to assign demand to these cells in such a way as to remain within 
the supply constraint for each source, meet the demand at each destination, 
and above all accomplish this at lowest cost. 


THE TRANSPORTATION METHOD 

In structuring the Sudsdown Company problem, we have arrived at a typical 
transportation format. All transportation problems can be depicted in this 
way; a matrix with the rows representing sources, columns representing 
destinations, some measure of effectiveness such as cost in the upper right- 
hand corner of each cell, demand constraints, and supply constraints. 

When a problem falls into this format, it can be solved quite efficiently by 
using the transportation method, to which we will now turn. 

Initial Allocation by the Northwest Corner Rule 

There ;^e countless ways to solve transportation-type problems: some are 
more efficient than others and some easier to understand than others. The 
method presented here is easier to understand and more intuitive than most, 
hut It may not always be as efficient. Most complex problems are solved with 
the help of a computer, and consequently an intuitive understanding of the 
method IS more important than the knowledge of the most efficient one. The 
method that will be used here is known as the northwest corner method. 

■ northwest corner method the first step is to make a trial allocation 

m the following way. As many units (cases) as possible are entered in the 
upper left-hand corner (northwest) of the matrix. As we move toward the 
opposite corner of the matrix, allocations continue until the opposite corner 
(lower right-hand side) is reached. To illustrate this we return to the example. 

In I able 10-5 it can be seen that at most 30 (thousand) cases can be 
assigned to the Denver-San Francisco cell. To allocate more than this would 
violate the supply constraint for that brewery. Continuing to allocate, we 
move to the Cleveland-San Francisco cell. (Do you know why we didn’t 
move to the Denver-Chicago or the Denver-Allanta cell?) At most 40 cases 
can be allocated to the Cleveland-San Francisco cell because any more than 
this would result in more than 70 cases being shipped to San Francisco and 
only 70 are needed. Continuing to the Cleveland-Chicago cell, we find at most 
4 cases can be assigned there. Why > Because the demand at Chicago is only 
40 cases. Ten cases are assigned to the Cleveland-Allanta cell, and finally 55 
cases are assigned to the Dallas-Atlanta cell 
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From 

source 

To destindtion 

Frandsco Atlanta 

Supply In 
thousands 
of cases 

Denver 

i .40 

1 -40 

1 -40 


30 



30 

Cleveland 


.30 

1 .50 

90 

40 

40 

10 

Dallas 

^ .80 

.60 

.35 

55 



55 

Demand in 
thousands of 
cases 

70 

40 

65 

175 


Note; Entries in cells are in thousands of cases- 

Table 10-5 An initial allocation by the northwest corner rule. 

# 

This initial allocation may not be a very good one, but at least it is a start. 
And from this start we will continually make improvements until a solution is 
reached. 

Before we make our first improvement, we can compute the cost of this 
initial allocation. This is done in Table 10-6. The total cost of this allocation is 
therefore 88.25 thousand dollars. 

Can an Improvement Be Made? 

We return to Table 10-5 and ask: Can an improvement be made? Or saying it 
another way: Is it possible to shift allocations into empty cells and thereby 
effect an overall cost reduction? For example, can cases be reallocated to the 
Denver-Chicago cell with a resultant decrease in overall costs? This is 
precisely what we will now do. We will evaluate the net savings associated 
with shifting assignments from assigned cells to unassigned cells. 

To simplify this presentation, the breweries are relabeled A, B, and C and 
the distribution centers are relabeled 1. 2, and 3. Turning to Table 10-7, we 


Table 10-6 The Total Cost of the Initial Allocation 


From 

source 

To 

destination 

(1) 

Cost per case 

(2) 

Number of 

cases 

(in thousands) 

(1)x(2) 

Denver 

San Francisco 

$0.40 

30 

$12.00 

Denver 

Chicago 

0.40 



Denver 

Atlanta 

0.40 



Cleveland 

San Francisco 

1.00 

40 

40.00 

Cleveland 

Chicago 

0 30 

40 

12.00 

Cleveland 

Atlanta 

0.50 

10 

5.00 

Dallas 

San Francisco 

0.80 



Dallas 

Chicago 

0.60 



Dallas 

Atlanta 

0.35 

55 

19.25 

Total cost in thousands of dollars 


$88.25 
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To destination 



Step 2 


Step 3 
Step 4 


Diamond shows consequence of moves 
Circles show pattern of moves 

Table 10-7 Evaluating empty cell A2 (Denver-Chicago). 

will now evaluate the consequence of reallocating cases to each of the empty 
cells. 

Step by Step toward Finding an Improvement 

The following steps will be taken in search of a possible reallocation: 

Step 1 Each empty cell is evaluated for possible reallocation one at a time 
and independently of the other empty cells. 

For each empty cell a pattern of moves must be established such that 
a unit or case is added to that cell and the appropriate adjustments 
made to other cells so as not to violate demand and supply con- 
Then the cost consequence of that pattern of moves is evaluated. 

I he process continues with the repetition of steps 2 and 3 until the 

cost consequence associated with each empty cell has been cal- 
culated. 

Next a comparison is made between the cost consequences as- 
sociated with all the empty cells. That empty ceil which exhibits the 
greatest per unit cost savings is used as the basis for reallocation, 
binally. a reallocation is made of as many units as possible, and a 
new table is developed. The new table with its new allocation then 
serves as the basis for an identical round of steps until it is found that 
turther cost savings are not possible. At that point, the optimal 
solution has been reached. Now to apply these steps. 

Evaluating the Empty Cells 

According to step 1. we must evaluate each empty cell. Turning to Table 10-7, 
we will start cell A2. 

Cell A2 According to step 2. a pattern of moves must be established for 

cell A such that a unit is added to that cell and the appropriate adjustments 

are made to other ceils so as not to violate the demand and supply constraints. 
Tel s see how this works. 


Step 5 


Step 6 
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First we add a unit (or, in this situation, a case) to cell A2 (see the circles 
in Table 10-7). Then we must remove a unit from cell A1 or the quantity 
supplied by the Denver brewery would have been increased to 31, a pos- 
sibility which is not allowed since its capacity is only 30. Now since we took a 
unit out of Al. we must add one to cell Bl. The purpose of this is to maintain 
the quantity shipped to San Francisco at 70 units. Why didn't we add the unit 
to Cl instead of Bl? Because a basic rule of the transportation method is that 
when an empty cell is evaluated, adjustments to other cells can be made only 
to those with previous allocations and cell Cl does not have a previous 
allocation. Finally we must remove a unit from cell B2 to meet the Cleveland 
supply constraint. This completes step 2. and we have developed a pattern of 
moves which has resulted in a unit addition to cell A2 and a series of unit 
adjustments to assure that the demand-supply constraints along the “rim" of 
the table are unaffected. 

In step 3 we determine the cost consequence of this pattern of per unit 
moves. In moving 1 unit into cell A2. costs have increased by .40; by moving 
a unit out of cell Al. costs have decreased by .40: by moving a unit into cell 
Bl, costs have increased by 1.00: and by moving a unit out of B2. costs have 
decreased by .30. The net cost consequence of this pattern of moves is the 
following: 

+ .40 

- .40 

+ 1.00 

- .30 

+ .70 

That is, if a unit is reallocated into A2. the net cost consequence would be to 
increase costs by .70 for each unit so reallocated. This figure is entered in the 
diamond within cell A2. 

Cell A3 Step 4 tells us that we must now move on to evaluate another 
empty cell. Suppose we choose A3. In Table 10-8. the pattern of moves which 


To (Jf.-stination 


A 

B 

C 



I 

2 

3 

1 

From 

source 

San 

Francisco 

Chicago 

Atlanta 

Denver 

I .40 

[ 40 

r ^ 1 

40| 

0 30 

< 3 > 


Cleveland 

1.00 

1 30| 1 

50 

© 

O 

1 40 

10 0 

Dallas 

1 .80 

' T 60 

( 

35 



55 


Demand in 
thousands of 

70 

40 

65 


cases 


Supply in 
thousands 
of cases 

30 

90 

55 


Table 10-8 Evaluating empty cell A3. 
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meets all our requirements is shown in the circles. A unit is added to cell A3, 
removed from cell Al. added to cell Bl, and removed from cell B3. Notice 
that there is no other possible way to arrange this reallocation. For example, a 
unit cannot be removed from cell A2 because our basic rule was that with the 
exception of the empty cell being evaluated, all adjustments can be made only 
to previously assigned cells and A2 is not one of them. The per unit cost 
consequence of these moves is 

+ .40 

- .40 
1 .00 

- .50 

+ .50 

and it is entered in the diamond within cell A3 of Table 10-8. 

Cell Cl Continuing, we must evaluate the consequence of reallocating a 
unit to cell Cl. The pattern of moves includes adding to Cl. removing from 
C3. adding to B3. and removing from BI. The cost consequence of this is 


+ .80 

- .35 
+ .50 

- 1,0 0 
- .05 


and we can conclude that by introducing a unit to cell Cl. the net con- 
sequence is a saving of .05 per unit reallocated. We enter this in Table 10-9. 

Cell C2 Finally we turn to cell C2. The pattern of moves is adding to C2, 


T o dcsttnattor) 


A 

0 

C 



Supply in 
thousands 
of cases 

30 

90 

55 


Table 10*9 All empty cells evaluated. 











LINEAR PROGRAMMING: TRANSPORTATION METHOD 


241 


removing from C3, adding to B3. and removing from B2. The cost con 
sequence of this is 

+ .60 
-.35 
+ .50 
-.30 
+ .45 

and we can conclude that the net consequence of reallocating a unit to cell C2 
would be to increase costs by .45. Again we enter this in Table 10-9. 

Identifying the Largest Per Unit Saving 

Having completed step 4, we now move to step 5 and compare the evaluations 
associated with each empty cell. The cell with the largest net per unit saving 
becomes the basis for reallocation. 

In our example, cell C I with a saving of 5 cents for every unit reallocated 
to that cell becomes our basis for reallocation. 

Now that we have determined to reallocate units to cell Cl, the natural 
question we turn to is: How many units should be reallocated? 


Making the Improvement 

We have decided that an improvement can be made by reallocating to cell Cl. 
It would therefore be to our advantage to reallocate as many units as possible 
to that cell and save .05 for each unit reallocated. But we must be careful to 
remember that any unit added to Cl must be removed from C3. added to B3, 
and removed from Bl. And when removing units from C3 and BI, we must 
not let the assigned units in these cells fall below zero. Therefore the most 
that can be reallocated to cell Cl is 40 units. Why? Because 40 units must be 
removed from cell C3. 40 units added to cell B3. and 40 units removed from 
cell BI. What would have happened if you reallocated 50 units to Cl? You 
should conclude that this would have resulted in — 10 units being assigned to 
cell Bl, and how you ship a negative quantity from the Cleveland brewery to 
the San Francisco distribution center is a problem which no one can solve. 

We can therefore conclude that when determining the number of units 
which can be reallocated, the focus is directed to those cells in the pattern of 
moves from which units are removed. The most that can be reallocated 
depends upon the lowest number of units that have previously been allocated 
to these cells. 

Making the improvement to Cl. we add 40 units to Cl. remove 40 units 
from C3, add 40 units to B3. and remove 40 units from Bl. A new table is 
drawn in Table 10-10. in which this reallocation has been made. The cost of 
this new allocation is computed in Table lO-II. Comparing this new cost of 
86.25 thousand dollars with the cost of the initial allocation. 88.25 thousand 
dollars (Table 10-6), we see that an improvement has been made. 
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To destinatron 


From source 


1 

San 

Francisco 


2 

Chicago 


3 

Atlanta 


Supolv in 

thousands of cases 


A 

Denver 

ca 

o 

o 


.40 

[40 

30 

e 

Cleveland 

1.00 


■30 


.50 

90 


40 


50 


c 

Odlia$ 

.80 

40 

60 

15 

35 

55 


Demand in 
thousands of 
cases 

70 

40 


65 


175 


Table 10-10 First reallocation. 


Table 10-11 Total Cost of the First Reallocation 


Cell 

(1) 

Cost per case 

(2) 

Number of cases 
(In thousands) 


A1 

40 

30 

12.00 

B2 

30 

40 

12.00 

B3 

50 

50 

25.00 

Cl 

.80 

40 

32 00 

C3 

35 

15 

5 25 

Total cost in thousands of dollars 

S86.25 


Can Further Improvement Be Made? 

The allocation depicted in Table 10-10 is clearly better than the original 

allocation in fable 10-5. The question which we must now answer is; Can a 
lurther improvement he made? 

To answer this question, we start with Table 10-10 and proceed to 
evaluate al the empty cells in order to determine whether a further real- 
location will result in a saving. And our method for evaluating these empty 
cells IS exactly as it was before. 


The Steps Applied Again Starting fresh from Table lO-IO. let’s turn our 
attention to the evaluation of cell B 1 for possible reallocation. If we add a unit 
to Bl, a unit must be removed from Cl, a unit added to CC and a unit 
removed from B3. The per unit cost consequence of this pattern of moves is 


+ 1.00 
- .80 
+ .35 
- .50 
+ .05 


This figure is recorded in Table 10-12. 
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To destination 


From source 

San 

Francisco 

Chicago 

Atlanta 

Supply in 
thousands of cases 

A 

Denver 

1-40 

30 

^^[40 

<5> 


30 

B 

Cleveland 

r ^ii 00 

L3^ 

40 

50 

50 



90 

C 

Dallas 

Tso 

40 


35 

15 

55 


Demand in 
thousands of 
cases 

70 

40 

65 



Table 10*12 Evaluation of empty cells for second reallocation. 


Can complex. 

Lan you identify the pattern ' Add a unit to A2. remove one from Al. add one 

® , remove one from C3. add one to B3, and remove one from B2. The oer 

Unit cost consequence of this pattern is 

+.40 
-.40 
+ .80 
-.35 
+.50 
-.30 
+ .65 


and this is also entered in Table 10-12. 

The remaining patterns of moves for evaluating empty cells A3 and C2 

are given in Table 10-13. Their per unit cost consequences are entered in 
Table 10-12. 


Solution 

Our next step is to look at Table 10-12 and see if there is a unit cost savings 
associated with any of the empty cells. But none exists. It would therefore fiof be 
profitable to carry our reallocation process any further. We have reached the 

optimal solution! 

It can therefore be concluded that whenever the evaluation of empty 


Table 10-13 Evaluating Empty Cells A3 and C2 


Empty cell Pattern of moves 


Cost consequence 


A3 

C2 


+ A3- Al +C1 -C3 
+ C2-C3+B3-B2 


+ .40 - .40 + .00 - .35 - + .45 
+ .60 — .35 + -50 — .30 = + .45 
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cells reaches a point where there are no net cost savings to be gained from 
icallocalitMis. the problem is soKed. In our example the best allocation is 
therefore 30 units shipped from A to ! . 40 units shipped from B to 2. 50 units 
shipped from B to 3. 40 units shipped from C to 1, and 15 units shipped from 
C to 3. The total cost of this solution has already been computed in Table 
10-11; it is K6.25 thousand dollars. There is no other solution that will yield a 
lower total cost. 


EXAMPLE 


To give you more experience in solving transportation 
example i* included in this section. After the example 
solution. 


problems, another 
you will find its 



Solution 



A 


6 


c 


Supply 

1 

1 

h- — “ — 



jV 

i 

i 

<i>^: 

10 


I 

' 1 

1 


I 

1 

121 

-T- 

1] 


2 

1 

1 


9 ^ 

^ 


2 ‘ 

12 

3 

1 

-t:: 1 

< 5 > 

HI' 

\ 

i 

15 ^ 


15 

Demand 

\ ] 


9 


17 





Demand 


9 


17 
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ABC 


1 

< 3 > 

1 7 
9 

1 

6 

2 

10 

11 


1 

1 ^ 

3 



15 


Demand 

n 

9 

17 



Supply 

10 

12 

15 


Therefore the previous step represents ihe optimal solution. Can you 
compute the total cost of this solution? 


DEMAND AND SUPPLY UNEQUAL 

In the previous sections it was assumed that total demand always equaled 
total supply. For example, in the Sudsdown case total demand was 175 cases 
and total available supply was 175 cases. In the more common situation 
demand might not equal supply. 

When this happens, two situations can exist. First, demand may be 
greater than supply and there will consequently be some unsatisfied demand. 
Second, supply may be greater than demand and on this occasion there will be 
unused capacity. First we turn to the case of demand greater than supply. 

Demand Greater than Supply 

In Table 10-14, demand units) is greater than supply (.^0 units). We would 
therefore expect to find 3 units of unsatisfied demand in the solution of the 
problem. 

The analysis of any transportation problem requires that in matrix form 
the demand is made equal to the supply. In this situation, where demand is 
greater than supply, this can be accomplished by introducing a "dummy" 
supply row. The dummy supply row is introduced in Table 10-15, and the 
supply associated with this row is 3 units. Now demand equals supply. 

Zero costs are introduced into the cells of the dummy supply row. 
Therefore if any demand is allocated to that row. it will have a zero cost 
associated with it since in fact it will not be filled. 


ABC Supply 


1 i 

1 3 

1 ^ 

L6 

2 

1 

[H 

1 

Qo 

3 

L5 

Qo 

L6 

Demand 

5 

15 

13 


Table 10-14 Demand greater than supply- 


Demand Supply 


5 

7 

15 

9 

13 

14 

33 

30 
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A 

B 

C 

Supply 

1 

u 


L6 

7 

2 

Ll 

7 

10 

9 

3 

u 

[20 

6 

14 

Dummy 

Lo 

U 

L2 

3 

Demand 

5 

15 

13 

33 


luDiV'’’’* Introduction of dummy suppfy row for problem where demand is greater than 



A 

B 

C 

Supply 

1 




» 

1 

7 

2 

IBS 


IBBIB 

9 

3 


4^ 

,0^ 

14 

Dummy 


IBS 


3 

Demand 

5 

15 

13 

33 


A 

6 

C 

Supply 

1 

3 

5 

N> 

00 

^^51 

7 

2 


— B 


9 

3 


10 

1 


14 

Dummy 




3 

Demand 

5 

15 

13 

33 


The above matrix is the solution to the problem 
because no further improvement can be made 


Table 10-16 Solution to problem with dummy supply row 


After the dummy supply row is introdurpH or»H 

in the cells, the solution of the problem proceeds just as^h th”e*? T 
The complete solution is given in Table 10-16. ^ example. 

In this solution we find that demand center R u 

cannot be satisfied. In fact, it will be short exactly 3 n„"trTh"e"or d 

centers will receive their full amounts. ' " demand 






















linear PROGRAMMING: TRANSPORTATION METHOD 


247 


Supply Greater than Demand 

When supply is greater than demand, it will be necessary to introduce a 

S ““-“a 

exacHv as^n ,h “^e made, the solution process continues 

exactly as in the example of demand greater than supply. 


SUMMARY 

The transportation method is a set of well-defined steps which can be used to 
nnd the optimal solution to certain problems. To use this method, it must be 

possible to summarize the problem in a matrix with the rows representing 
sources and the columns representing destinations. 


questions 

1 What characteristics are shared by those problems which can be solved by the 
transportation method? 

2 Do transportation models assume linearity and certainty? 

3 How can a transportation problem be solved when demand is greater than supply? 
Return to Table 10-12. Suppose that shipments must be temporarily suspended 
between Cleveland and Chicago. How could the model be modified to reflect this 
change? Do not solve. 

5 Return to Table 10-12. Suppose that at least 20 units must be shipped from Dallas 
to Atlanta. How could the model be modified to reflect this change? Do not solve 


problems 

10-1 Solve the following transportation problem: 


Frorn^ 

t 

2 

3 

Supply 

A 

Lio 

Lli 

1 to 

23 

B 

.12 

to 

1 to 

6 

C 

.10 

' [20 

L30 

15 

Demand 

10 

15 

19 

44 


10-2 Solve the following transportation problem: 


c \ro 

rrom\ 

1 

2 


3 

Supply 

A 

Q 


3 


10 

B 

toj 

Ll 

Q 

12 

C 

to 

to 

to 

13 

Demand 

16 

4 

• 

16 

35 
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10-3 Solve the following transportation problem: 



Demand 31 10 9 



Demand 6 1 1 


10-5 The Ti,ylor C ompany manufactures the same line of toys in three locations and 

ships to three demand centers. From the data given below, determine the optimal 
shipping paticrns and cost. 


Manufaclurin^ costs per unit 
Plant 1 $.10 

Plant 2 .12 

Plant .09 


Demand in (000) units 
Region I 50 
Region 2 40 
Region } 80 


Supply in (()()()) uniis 
Plant 1 2.^ 

Plant 2 48 
Plant 3 99 


Transportation costs per unit 
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CASE STUDY: Sudsdown Beer Company (Part 2) 

It was now 2 weeks later and Bob Gruber was meeting with the management 
team that had been assigned to study the new brewery project. Bob was 
explaining that he had completed the transportation study and that the 

following monthly schedule would minimize the cost of shipments to the 
distribution centers. 


Cases 

Denver to San Francisco 

30.000 

Cleveland to Chicago 

40.000 

Cleveland to Atlanta 

50.000 

Dallas to San Francisco 

40.000 

Dallas to Atlanta 

15,000 


The cost of this schedule. Bob explained, would be $86,250 per month, or 
$1,035,000 per year. 

Joe Guildor, vice president of production, was puzzled by these figures 
“Why," he asked Bob. ‘ don't you ship more between Dallas and Atlanta anc 
fewer between Dallas and San Francisco? I’m sure that if you did, costs could 
be reduced even further." 

Joe continued: "Another thing that bothers me about your study is that 
the results don’t tell me the extent of the savings that can be attributed to the 
new brewery. 1 need these figures before I can justify such a large in- 
vestment." 

“I don't have enough data for this comparison." answered Bob. 

"I have some figures here," replied Joe, "that you might find useful. The 
Cleveland and Denver breweries can continue to meet all the demand but the 
cost will be high. Cleveland could supply as many as 135,000 cases per month 
while Denver could supply as many as 40,000 cases. However, since their 
regular time capacities are 90,000 and 30,000 cases per month, the extra cases 
Would have to be produced on overtime. These extra overtime costs will 
amount to $20,000 per month. The new brewery would, of course, eliminate 
these extra costs." 


questions 

1 Is Joe Guildor right? Should more cases be shipped from Dallas to Atlanta? How 
would this change in shipping strategy affect costs? 

2 Determine the transportation costs associated with the present system. Use the 
transportation method to make your estimate. 

3 Compare the transportation costs associated with the present system of two 
breweries and the proposed system of three breweries. What is the magnitude of 
the proposed savings. 
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CASE STUDY: Sharon Nut and Bolt Company 

The Sharon Nuf and Bolt Company manufactures a variety of nuts, bolts, 
fasteners, and screws for both the industrial and consumer marketplace. 
These items are sold in varying quantities from 100 up to I million. Some 
items which have stable demand are produced at uniform monthly rates, 
whereas others suffer from fluctuating demand. 

According to E. Reubens, company president, a major problem is the 
scheduling of jobs in the shop. The cost of manufacturing an item depends 
upon which machine is used. Some machines are faster for certain jobs, some 

machines require longer setup times, and some machines require constant 
operator attention. 

Up until now the foreman has made all scheduling decisions, but Mr. 

Reubens wonders whether there is a better way to schedule production. He 

doubts very much that the foreman is actually achieving the lowest possible 
costs. 

To focus on a specific problem, consider this week's scheduling problem 
facing department M)2. The department operates several screw machines, and 
the total available hours for each of these machines is as follows: 


Machine 

Output, parts per rour 

Capacity, hours 

S-1 

50.000 

12 

S-2 

40.000 

30 

S-3 

30.000 

40 

S-4 

40.000 

15 

S-5 

40,000 

30 

S-6 

20.000 

50 


The production control department delivered this week' 
late yesterday. According to this schedule, a series of bolts wi 
quantities required are as follows: 


s production orders 
II he machined. The 


Item 

Quantity 

p-101 

700.000 

P-107 

1.000.000 

p-109 

1,200.000 

p-114 

350,000 

p-130 

400.000 

p-150 

1.500.000 


The production costs for these items on each piece of equipment have 
been estimated by the cost accounting department. The department ac- 
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complished this by retrieving the job tickets for previous jobs and determin- 
ing the average length of time that the job took on a particular machine. The 
time was multiplied by $8. a figure which represents the labor cost including 
fringe benefits. In addition, tooling and scrap costs on a per unit basis have also 
been estimated. These manufacturing costs are presented in the following table; 



Cost per thousand pieces, dollars 

S-1 

S-2 

S-3 

S-4 

S-5 

S-6 

P-101 

1.10 

1.05 

0.90 

1.20 

3.15 

4,40 

P-107 

1.30 

1.75 

1.15 

2.15 

3.80 

3.60 

p-109 

1.60 

2.20 

2.00 

2.50 

3.20 

2.60 

P-114 

— 

— 

3.15 

1.90 

1.85 

2,80 

p-130 

— 


— 

2.20 

320 

2.30 

p-150 




2.30 


4.10 


Note: A dash implies that it is not possible to produce the part 
on that machine. 


To get some help in solving this problem, Mr. Reubens called in B. 
Landy, a management consultant. The consultant said that the problem 
appeared to be complex and perhaps the transportation method could be used 
to determine the solution. His only reservation about using this method was 
that each machine had a setup or “fixed ' cost. 

Mr. Reubens assured him that although some setup was necessary, it was 
often negligible. And, in fact, this was especially true for the category of jobs 
which department 302 faced this week. 


questions 

1 Formulate this as a transportation problem. 

2 Why would the transportation format be inappropriate if setup costs were signifi- 
cant? 

3 If a transportation code is available on the computer, determine its solution. 


CASE STUDY: American Auto Import Company 

The American Auto Import Company has been importing Japanese cars for 5 
years. These compact cars have been sold in Japan for 15 years and have 
earned a sound reputation in both countries. 

When the cars were first imported, 90 percent of them were sold within 
300 miles of San Francisco. 

In the last few years management has focused its attention on national 
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market penetration. Distributorships have been established on the East Coast 
and more recently in the Midwest. Within the next 5 years dealerships will be 
established in all major automobile markets in the United States. 

Sales over this period have more than tripled, and these cars now rank 
among the top four imports. 

At the present time, however, all these cars are shipped through the port 
of San Francisco. When they arrive, they are processed and stored in the 
company's distribution center 5 miles away until sent by truck or train to 
dealers across the United States. 

Recently this shipping-distribution system has come under attack. There 
are several people who feel that a fresh look at this problem must be taken. 
Total domestic shipping costs for last year were over $5 million and a saving 
as small as lO percent could save the company a half million dollars. 


The Shipping Problem 

Cars are shipped from a central point in Japan and do not have to be shipped 
exclusively to San Francisco. They could be shipped to any one of several 
other United Stales destinations, such as Portland, Galveston. Baltimore, 
New York, or Boston. 

The shipping charges differ according to destination and in part reflect the 
different handling charges at each port. For example, dock charges at New 
York are considerably higher than dock charges at Galveston. 

If a new port is used, it will he necessary to build or lease a distribution 
center near that port. The function of this distribution center will be to 
process and store incoming cars and then fill orders from dealerships in that 
region. 

The shipping strategy from the new distribution center to dealers is also a 
problem, it is not obvious what distribution center should ship to what dealer. 

To some extent time is also a factor. It generally takes I week longer to 
ship to East Coast points via freighter than by truck or train. In fact with the 
backlog in New York, shipments through that port in the last few years have 
taken 2 weeks longer. One of the reasons why time is a factor is that 
American Auto Imports is billed when the cars leave Japan. An extra week or 
two in transit has the effect of tying up large sums of money in idle resources. 
The average car costs $2000, and with the firm's cost of capital at 20 percent, 
each extra day costs the firm over $!. 


A Consultant's View 

Two months ago Trowbridge House, a nationally recognized consulting firm, 
was called in by top management to propose a solution method. If the 
proposal is accepted, the firm will contract to complete the study and help in 
implementing the solution. 

The problem was assigned to Dave Lampert. and after several weeks of 
intensive study, he developed two alternative solution strategies. 



LINEAR PROGRAMMING; TRANSPORTATION METHOD 


253 


The First Strategy 

His first strategy was quite complex and also very costly to execute. In it he 
would sacrifice little and attempt to model the problem capturing as much of 
reality as possible. 

He would build a model that would consider 30 separate American ports, 
take into account the fixed and variable costs of establishing these distribution 
centers, and calculate the fixed and variable costs of shipping from these 
distribution centers to dealers. 

The output of this model would specify the number and location of 
distribution centers, the dealers to be serviced from these centers, and the 
number of cars to be shipped into these distribution centers and then to a 
specific dealer. 

There are several difficulties with this approach, however. The first is the 
magnitude of the data collection problem. For example, with 30 ports and 
1000 dealers there are 30.000 freight rates to be established. The second 
concerns the handling of fixed costs and the type of model that needs to be 
built. Linear programming or transportation models can deal only in linear or 
variable costs. To build a model with fixed cost elements would require the 
use of integer programming techniques, making the model even more difficult 
to solve. 


The Second Strategy 

The second strategy simplifies the problem. Only three alternatives would be 
compared. The first alternative would include the ports of San Francisco. 
Galveston, and Baltimore, the second alternative would include the ports of 
San Francisco. Norfolk, and New York: and the third alternative, the ports of 
San Francisco. Galveston, and Boston. All costs would be assumed to be 
linear. 


QUESTIONS 

1 Compare strategy I vvith strategy 2. Hov^ 

2 Is strategy 2 a reasonable compromise 

3 Set up strategy 2 as a transportation mode 


lit) they differ ’ 

1 \plain how you would establish your 


4 


costs. 

In general, when is it appropriate to 
solution methods than might otherwise 
sideralion? 


settle for less-sophisliealed and quicker 
he suggested by the problem under con- 
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CASE STUDY: Harbor Landing" 

In 1971 Harbor Landing apartments were converted from a rental to a 
condominium complex. By 1972 about half the units had been sold. The 
investment firm responsible for managing and selling the remaining rental 
units had not as yet solved an important problem: the assignment of per- 
manent oflf-street parking to each unit. In the past parking was on an informal 
basis, but a city ordinance required that individually owned units must have 
their own permanently assigned off-street parking spaces. Since half the units 
had already been purchased, any assignment had to meet the approval of 
current owners. 

Background 

Harbor Landing is a complex of 1 16 luxury apartments located 15 miles north 
of a large city on the Atlantic Ocean. (See map.) It was built during 1964 and 
received wide acclaim for its imaginative design. In the past it was operated 
on a rental basis by professional management. In 1971 the owners decided to 
convert it into a condominium complex. 

The characteristics of a condominium include: 

1 The division of the total complex into individually owned units with 
common elements (private beach, social hall, grounds, etc.) to be owned 
jointly 

2 The common responsibility for establishing and participating in an 
administrative structure which enables the owners to manage the complex 
(e.g.. maintenance and day-to-day operations) 

Harbor Landing s transition from a rental into a condominium complex 
requires that a nutr,her of problems be solved. One of them is the assignment 
of permanent oif-vreet one-car parking facilities to each unit within the 
complex. This assignment has to be documented in the master deed according 
to the local bylaws. 

Description of the Problem 

The problem is to determine which space to assign permanently to each 
apartment. Two types of parking facilities can be utilized.’ These include: 

1 Open-air parking spaces (139) which are scattered throughout the 
complex (see map). Some of them are close to apartment units, and others 
are en bloc in a lot located alongside Allerton Place. 


' By Christoph Haehling von I.anzenauer and Barry Shore. Reproduced with the permission 
of the University of Western Ontario. 

Furthermore, there are 16 spaces located in two uooden garages on the complex. These, 
however, are to be excluded for the purpose of permanent off-street parking assignments. 

' Unassigned spaces are rented at SIO per month. 
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2 Underground parking garage with capacity of 20 cars located at the 
end of Skinners Path below apartments 9. 10. and 11. 

Owing to the location of and quality difference in parking facilities, there 
seems to be no simple and equitable solution to the assignment of spaces. In 
the past the allocation of parking spaces was controlled by the resident 
manager. With an average vacancy rate of 10 percent, he was able to keep 
most tenants happy with their parking assignments. At present, however, the 
temporary spaces that have been assigned to new owners would leave those 
yet to purchase the remaining apartments with relatively inferior parking. In 
short, the status quo is unacceptable. 

The common expenses (waterfront, rubbish and snow removal, building 

repairs, insurance, etc.) in 1972 totaled $1^6,000. This was paid by the owners 

and tenants of the complex in the form of a monthly "common element fee." 

I he proportion of this total which each apartment is assessed is computed on 

the basis of that apartment's value to the total value of all apartments. These 

figures range from .44687. for which the monthly fee is $58.09, to I 34062 for 
which the fee is $174.28. 

As long as the garage is retained as paid parking ($35 per month per 
vpace). $8400 is generated to help offset the $156,000 in common expenses In 
fact this revenue was collected in 1972. and the common element fees did 
reflect this income. From past experience it is believed that any reasonable 
price applied to the underground parking garage will have no adverse effect 
on filling the spaces. If. however, a new plan is devised whereby these 
underground garages are used as free parking, this revenue will be lost and 
must he made up by an increase in the common element fee. 

The First Step toward Solving the Problem 

de^'el’on uv’,^ SO'ernors decided that a consultant should be comntissioned to 
could he hr', J<--t.uled alternative parkint; strategies. These in turn 

During the first meeting with the consultant, the problem was carefully 

explained and it was finally agreed that the following factors should be 
considered in making the assignments, 


1 The distance between apartment and parking place 
M 'r P‘>rking facility (underground garage space is 

considered higher-quality than outside spaces) ^ 

f .ir 7 i' should be 

lair and equitable to all owners 

The meeting then closed and the group decided to meet again before the 
owners meeting. 



LINEAR PROGRAMMING: TRANSPORTATION METHOD 


257 


QUESTIONS 

1 Define the problem confronting the consultant. 

2 What criterion should guide the solution of this problem? 

3 What alternatives should the consultant consider? 

4 Can the problem be modeled? 

5 What is the magnitude of the data collection and model solution process? 

6 Is it cost-effective to use a large model? 

7 Are there other alternative methods for solving the problem? 
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APPENDIX A: Transportation Method 
and Linear Programming 


The transportation problem summarized in Table M-4 can also be written in linear- 

programming format. If we let X,, represent the quantity produced at brewery (source) 

/ and shipped to distribution center (destination) j. then the problem can be sum- 
manzed m the following way. 


Objective function: 

Min C = .40A\, + .4().V ,, + .40X.,, 1 .OOXn, + .30A',„+ .50X,„ 

+ .«{)X< ,+ .60X, , 4- .35AV. 


Demand constraints: 

+ IA'„, + ]\\ , >70 
1A'.,:+ 1A'„:+ I A", ,>40 
IA'„.+ 1A\ ,>65 


Supply constraints: 

I A',, + I A',,: ^ I A',. < 30 

1A„| f 1A'„:+ lA',^,<9n 
l-V< , ♦ lA'. , f I.V, ,<55 


all .V., > 0 


d?cd h r hi" ' ’ m',"" formula.ion of Table 10-4 

nt h d ThtcTo c'ii i" ' ’hi"'"' " I"''" 'r‘‘nspor.ation 

solulu:;, wm p-Ne., i.s 


PROBLEMS 


lOA -1 Express problem ! 0 -l in linear-programming format 
lOA-2 Express problem lt»-2 in linear-programming format 


APPENDIX B: Degeneracy 

To use the transportation method as presented in this chapter it is essential that a 
certam requ, recent be metjf it is not met, a modificatton must be made m ihe tble 
If we let R represent the number of rows and C represent the nnmK^r r - i 

one''ome'''^’ ^ problem must have R + C-i cells alIocrted''al‘Tny 

Let us look at the first example in this chapter (Table 10-4). It has /? = 3 rows and 
C = 3 columns. Therefore exactly K . C - , or 3 . 3 - 1 = 5 cells shouM be alirted at 
a times. Referring to Table 10-5, we can verify that indeed five cells have received 
allocations. Again m Table 10-10 after the first reallocation has taken place, exactly 
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1 2 3 



five cells have received allocalions. We can therefore conclude that in this first 
example this special requirement has been met in all tables. 

It is not true, however, that this special requirement will always be met. When 
fewer than /? + C — 1 cells have allocations, we have a situation known as degeneracy. 
And when this occurs, a modification must be made to the table. 

Consider the problem presented in Table IOB-1. Using the northwest corner rule 
as the basis for the initial allocation, we have four allocations and according to our 
basic requirement we should have R + C - \ or 3 + 3-1 = 5 allocalions. Consequently 
we have a degenerate table. 

The major consequence of degeneracy is that it will be impossible, using the 
method presented in our first example, to evaluate some empty cells. Try evaluating 
empty cell Cl. You will not be able to find a pattern of moses which w'ill utilize only 
filled-in cells (other than Cl). 

To resolve this impasse, w'e simply add a "little hit. d. to one of the empty cells. 
The cell in which d has been allocated will be treated like all other allocated cells, its 
only difference being that the quantity d is considered to be only a little little little bit. 

In Table lOB-2 a little bit d is allocated to cell A3, and it then becomes possible to 
evaluate all the empty cells.' The evaluations are included in Table lOB-2. 

An improvement can be made by reallocating as much as possible to cell B3. 
Unfortunately cel! A3 limits the amount that can be reallocated to cell B3. The most 
that can be reallocated Is d. a very little bit. Undertaking this reallocation, we now 
have the allocation depicted by Table l()B-3. Perhaps this reallocation deserves some 

' It is generally possible to get out of a degenerate problem by adding d to any one of 
several empty cells. We could have added J to cell B3. cell C I or cell C2. 
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Table 10B-3 First reallocation 



Table 10B-4 Second reallocation 


^.VpkllliltUin In cell Xl </ r/ls/»*ri^ x_i /■ e 

,o - ^ In -11 lo - '/ . \ ' ''incc > plus a little hit is “close 

^ -‘II ay ue introduce a liiile hi, J 

^h,n.i ^hc nv,k IT '' reallocation to cell C2 

dec r te “ ^^''’1^ l»B-4, Notice that i, is not 

vW,i h K 'o "le 'n ‘'esenerate table becomes one 

'Witch IS not degenerate, and eien the opposite may occur 

solut, on." """ have reached the optimal 


PROBLEMS 

lOll-l Solve the fidlowinj: transportation problem: 
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lOB-2 Solve the following problem: 


1 2 3 



10Bo3 When a transportation problem has I at the end of every row and column, it is 
called an assignment problem. Solve the following assignment problem: 


B 


1 


2 


3 



5 


r ~ 

1 


1 

1 1 







4 


6 

* 1 

1 

1 

f ~ 

; 15 1 

1 i 



1 

— 

1 

1 


15 


7 


8 







1 


1 


1 

1 


lOB-4 The City of Bound Brook has three dilfcreni types of plows which it uses to 
remove snow from three /-ones within the city limits. The cost of removing the 
snow in each of these zones depends upon the type of plow which is assigned 
to it. The costs of removal for each combination of plow and /one are given 

below: 


Zone 


Plow 

A 

B 

c 

1 



1 

1 

S2 

6 

7 1 

1 

1 

_ -j 




1 

2 

8 

1 

2 

1 1 

3 

g 

2 

1 

! 5 

1 


If a plow must be assigned to only one zone, how should the plows be assigned 
to minimize costs? 

lOB-S Three workers must be assigned to three machines. The length of time that it 
lakes to complete the job cycle depends upon the efficiency of the worker 
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assigned to the machine. Job cycle times for each 
below: 


combination are given 


Machine 


Worker 

A 

B 

C 

1 

2 

7 

5 

2 

6 

' 4 j 

; 2 

3 

4 

3 

6 


Using the transportation 
combination. 


method, determine the most efficient worker-machine 
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Inventory Control: 

Certainty 


introduction 

Many organizations carry large inventories. In fact, inventory may account 
for as much as one-third of a firm's current assets. 

Inventories are necessary, for they provide immediate access to an item 
when it is needed. If inventories are inadequate, not only might it be 
impossible to meet demand, but profits may also be eroded and customers 
lost. If, on the other hand, inventory levels are too high, the cost of carrying 
this large inventory may be unnecessarily high and profits, once again, may be 

eroded. 

The object in inventory control is to strike the right balance. Inventory 
levels must be neither too low nor too high. They must be managed efficiently. 

Several models will be developed in this chapter which have been 
successfully used to manage large complex inventory systems. They have 
proved to be more successful and profitable than any other model developed 
in this book. 

To begin, the analysis will focus upon those inventory systems where 
demand is known with certainty. In the next chapter the analysis will continue 
with those systems where demand is not known with certainty but can be 
described by a probability distribution. 
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The case which follows will be used to introduce the elements which 
constitute an inventory system. Later these elements will be combined into a 
model. 


CASE STUDY: Stanley’s 

Stanley's is a supermarket chain of 30 stores located in California. At the 
present time it is in the process of installing a new pricing and inventory 
system in its largest store. If the system is successful, Stanley's intends to 
have the system operating in all stores within 18 months. The new system 
operates in the following way. 

All packaged food items are now coded with a series of black stripes. 
Each item has its own pattern. When a customer brings the item to the 
check-out counter, the item is passed over an optical scanning device. The 
scanner reads the code and transmits this information to a central computer. 
The computer instantaneously identifies the current price of the item and 
returns this new information to the electronic cash register at the check-out 
counter. This process continues until all the items which the customer has 
purchased have been priced. After the last item has been priced, the total cost 
of the customer's order is computed. 

Although the system is quite expensive to install, it has several ad 
vantages over methods which have been used in the past. First, it is no longer 
necessary to price each food item on the shelf. Second, the time it takes to 
process a customer s order at the check-out stand is substantially reduced. 
Third, it eliminates the costly errors that are frequently made by check-out 
personnel. Fourth, the information collected by the computer can be used to 
control inventory levels. 

In the past an inventory of all packaged food items was taken once each 
week. When an item was found to be low. a replenishment order was issued. 
This system was expensive because it required a large staff of inventory 

also resulted in frequent stockouts. 

I he new' system is expected to eliminate these problems. Only a few 
inventory clerks will be needed, and few stockouts should occur. 

Instead of taking an inventory on a weekly basis the new system will 
keep a perpetual record of inventory levels. Whenever a sale is made, the 
computer inventory record will immediately be updated to include the sale. 
When the inventory is depleted to a certain level — called the reorder level — a 
replenishment order will automatically be issued. 

Several problems must still he resolved before the design of the new 
inventory system is completed. First, the reorder levels must be set for each 
item in inventory. If these levels are set too low. stockouts may occur before 
the replenishment order arrives. 

If. on the other hand, the level is set too high, there may be an 
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unnecessarily large number of items that must be kept in stock. But few 
stockouts will occur. 

The second problem is the number of items to order. If each order placed 
is for a large number of items, the cost of storing these items will be large. 
Imagine what would happen if 6-ounce cans of tuna fish were ordered 
just once each year. The storage problem would be enormous. The benefit of 
this strategy, however, would be that only one order would have to be placed. 
Consider the other extreme, which would place frequent orders for few items. 
Tuna fish might arrive twice each week. The storage problem would be 
minimal, but the cost of placing frequent orders would be high. 

Both these problems — when to place an order and how many items to 
order — have yet to be solved for each of the 20.000 products carried by 
Stanley’s. The inventory control department has been asked to study these 
problems and expects to make a recommendation in 4 weeks. 


inventory decisions 

In the case just presented the two basic problems of inventory control were 
identified' when to place an order and how iiKiiiy item^ to order. These 
decision problems occur not only in retail organi/alions but in manufacturing 
plants, hospitals, banks, government agencies, airlines, educational in- 

stitutions, and transportation systems. 

Inventory can be broadly defined as an idle resource of any kind that has 

potential economic value. The cash held by a commercial bank, for example, 
can be considered as inventory. It must be determined how m, ah cash to 
order from the Federal Reserve to meet ctislomer demands and when to place 
the order. Another example is the inventory of beds maintained by a hospital 
ffow many beds are necessary to meet the needs of the community - Still 
another example is the number of flight attendants needed by an airline to 

adequately staff its flight schedule. 

Inventory problems are widespread, but they share many aspects in 
common. In the next section a general framework is established within which 

these problems can be analy7ed 


A GENERAL FRAMEWORK FOB INVENTORY ANALYSIS 

Inventory systems are complex because they include many interrelated ele- 
ments. When a system is modeled, firsi the elements must be identified and 
then a decision must be made to either include or exclude them from the 

model. 

In this section we will examine those elements common to all inventory 
problems. They include demand, lead lime, procurement source, and costs. 
We now turn to the first element, demand. 
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Demand 

Inventory decisions are made to accommodate future demand. For example, 
an order placed in this period for tuna fish will make the product available to 
customers in some future period. Future demand, then, must be considered in 
formulating an inventory strategy. 

Three states of knowledge can exist about future demand: certainty, risk, 
and uncertainty. There are some situations in which the future level of 
demand is known with certainty. For example, in some construction projects 
the cement, steel, glass, and lumber requirements may be known with cer- 
tainly well in advance. 

Seldom, however, is demand known with certainty. More often there will 
be some doubt, and it may be possible to express this doubt as a probability 
distribution of future demand. In the supermarket case, for example, the 
demand forecast for tuna fish might be expressed in the following way. There is 
a lO percent chance that yearly demand will be 10,000 cases, a 20 percent 
chance that demand will be 15,000. a 40 percent chance that demand will be 
20.000. a 20 percent chance that demand will be 25,000. and a 10 percent 
chance that demand will be 30,000. This probability distribution is illustrated 
in Figure ll-l. It represents the situation of demand under risk. 

The third state of knowledge is that nothing is known about future 
demand. This is called uncertainty. In practice this complete lack of knowl- 
edge is uncommon. 


Lead Time 

The second element in this framework is lead time. It is defined as the period 
between the placing of the order and its receipt in stock. Again, three states of 
knowledge can exist. Lead time can be known with certainly, risk, or 
uncertainty. 

When lead time is known with certainly, the exact number of days needed 
for an order to be delivered can be predicted with perfect accuracy. When lead 
time is known with risk, delivery time can be described by a probability 
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Figure 11-1 Probability distribution of demand. 
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distribution. Finally, when lead time is uncertain, nothing can be said about when 
the order will arrive. 

inside or Outside Procurement 

The third element in the framework has to do with whether the inventory item 
under consideration will be purchased from an outside supplier or will be 
produced within the firm itself. 

When the inventory item to be ordered is produced within the firm, 
special problems arise. Inside orders mean that production schedules, work- 
force requirements, raw-material orders, and machine availability are all 
affected. The timing of the order (when) and the order quantity (how much) 
niust take all these secondary effects into consideration. Consequently, in- 
ventory decisions for internal procurement are considered quite complex. 

When the inventory item is ordered from an outside supplier, it is 
unnecessary to consider the secondary effects, and the problem is easier to 
solve. 

Costs 

A major element in this framework is the cost structure of the system. In 
some cases price discounts are allowed; in others they are not. Stockouts may 
be tolerable in one situation and intolerable in others. But in all situations, 
inventory carrying cost and ordering cost are incurred. In the next section 
these costs are given a closer examination. 


inventory costs 

Inventory problems require that two decisions be made. The first is how many 
items are to be ordered, and the second is when to place the order. 

The criterion by which the alternative strategies for these decision 
problems can be compared is generally the minimization of relevant costs. In 
this section these costs will be explored. Later, models will be developed 
whose purpose it will be to determine the order quantity and timing such that 
these costs are minimized. 

Per Piece Procurement Cost 

Por each unit purchased or manufactured a per piece procurement cost is 
incurred. In the simplest case the per piece cost remains the same, regardless 
of quantity purchased; there is no quantity discount. But in the more complex 
case, a series of price breaks may be offered for purchases of larger and 
larger quantities. 

Rxed Order Costs 

Whenever an order is placed, a fixed cost is incurred. This cost includes such 
components as order preparation cost, order follow-up cost, some incoming 
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inspection costs, and the clerical cost associated with order payment. Therefore 
this category includes ail those costs which do not vary with the size of the 
order — those costs which are the same, regardless of how much is ordered. 


Inventory Carrying Cost 


When inventory is carried in stock from one period to the next, a carrying 
cost is incurred. This cost, however, will never be found explicitly in the 
profit and loss statement at year-end. Nonetheless, it is a very real one for 
decision-making purposes and must be calculated. 

The funds which are tied up in inventory could be used for other 
prodiicti\e purposes. For example. SlOO.OOO tied up in inventory could be 
used to invest in a new product or a new plant. Therefore, it seems reasonable 
to say that an opportunity cost is incurred for holding inventory. This cost is 
at least equal to the lowest return that could have been earned if these funds 
were invested in other projects. The lowest return that the firm can earn is 
equal to its cost of acquiring funds or its cost of capital. If the firm earns less 
than this, it will not be able to meet its financial obligations. We can therefore 
conclude that the cost of carrying inventory is at the very least this cost of 
capital. 

To this cost of capital other inventory carrying costs must be added. 


These include storage, obsolescence, insurance, and taxes. 

Stiirage c sis are those warehouse-related costs which are incurred for 
holding the itnentorv until it is needed. 


Many kinds of goods suffer from deterioration or obsolescence. Dry-cell 
batteries and vegetables, for example, deteriorate with age. but electronic 
equipment and fashion wear become obsolete slowly. 

Insurance is generally purchased to protect the firm's investment in 

inventory. The larger the inventory, the higher the insurance premiums will 
be. 


Finally, we have inventory taxes. Firms are assessed a tax, based on their 
level of inventory. The larger the inventory, the higher the tax. 

All these costs can be measured as a percentage of the cost of the unit, 
boi esample, the yearl\ storage cost for a particular firm has been com- 
puted to be 10 percent of the per unit purchase price of the item. Therefore, if 

one paiiicular item costs $10 per unit, its storage cost for one year would be 
the following. 


$10x .10 


which is equal to $1. 

To obtain the total cost of carrying inventory (in percent), each of these 
separate costs (in percent) must be added together. 


I ^C + G + K + T 
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where / = total cotX of carrying inventory in percent per period 

C = opportunity cost (cost of capital) of carrying inventory in percent 
per period 

G = storage cost in percent per period 

K = deterioration and obsolescence cost in percent per period 
T = insurance and taxes in percent per period 
In any structured approach to sohing the problems of how much and vs hen to 
order, an estimate of these carrying costs is es^ential. Unfortunately, they 
cannot be read directly from accounting data, and in many cases it takes a 
considerable amount of cITori to obtain (hem. 

Stockout Cost 

When demand occurs and no stock is available, a stockout is said to exist. 
This stockout can lead to either of tw'o possible outcomes. The first is that the 
out-of-stock position can lead to a hack order. This situation is often found at 
mail-order houses, where the customer is told that the item is temporarily out 
of stock and upon replenishment of the slock the item will be sent to the 
customer. The firm incurs additional costs because of this back order. 
Generally, the order placed w'ith its supplier must be expedited; this might 
include telephone calls, letters, and express shipments. In addition to these 
explicit costs, a pattern of repealed back orders will certainly lead to an 
erosion of customer loyalty and company goodwill. These last costs, however. 

are difficult if not impossible to measure. 

The second possible outcome of an out-of-stock position is the lost sale. 
Here the cost may be much more severe, but the exact level of the cost is. 
once again, difficult to measure, in this case, the customer places an order, 
receives an out-of-stock response, and lakes his or her business elsewhere. 
The cost of this to the firm may be more than the profit lost on the potential 
sale. Since the customer may never return, the profit on future sales may also 
be lost. 

This completes the development of the framework which will be used as 
a basis for constructing and comparing the models presented in this chapter. 
In the next section the first model will be developed. 


eoq mojel 

The EOQ, or economic order quantity, model is the best-known and most 
widely used of all inventory models. The assumptions that must be made in 
the development of the model, however, place some limits on its usefulness. 


The Assumptions 


The first assumption is 
assumed that lead lime 
from outside suppliers, 
stockouts are allowed. 


that demand is known with certainly. Second, it is 
is known with certainly. Third, the item is purchased 
Fourth, no quanlil> discounts are offered. Fifth, no 


iMviintory level 
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Inventory Levels 

Given these assumptions, the inventory level will behave in a predictable way. 

This pattern is illustrated in Figure 11-2. Consider a point in time when a new 

order for Q units arrives in stock. Now in this model not only is demand 

known with certainty, but demand is the same each and every day. Therefore, 

inventory is depleted in a steady and predictable pattern as shown in Figure 
I 1 * ^ • 

Since lead time L is also known with certainty, it can be determined quite 

easily when a reorder should be placed. Suppose that lead time is 4 days and 

demand is 3 units per day. A reorder should be placed when the inventory 
level falls to 


4 units per day x 3 days 

or 12 units. This point is referred to as r the reorder level. 

After a reorder is placed, inventory continues to drop during the lead- 
time period. Just when inventory drops to zero, the replenishment order for <? 
units arrives and inventory is restored to Q units. 

The next and all subsequent inventory cycles are exactly the same as the 
first one. Initial inventory is Q units, a reorder is placed at r, and when 

leverlo'^Q^^^^^^^ ^ arrives, restoring the inventory 

As we mentioned earlier, the two problems in inventory control are when 

to order and how much to order. The method for solving the first problem, 

given the present set of assumptions, has been presented in this section: an 

order is placed when inventory levels fall to a lead time’s worth of demand. 
Next we turn to the, second problem. 

Opposing Costs 

Suppose that during I year large infrequent orders are placed for a particular 
unit. As a result of this strategy, average inventory levels would be large and 



Figure 11-2 Inventory level over time 
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yearly inventory carrying costs would therefore be high. The benefit from this 
strategy, however, would be that yearly fixed order cost would be low 
because orders would be placed infrequently. 

Consider the other extreme, where small orders are frequently placed. 
The average inventory in this case would be small and the yearly inventory 
carrying costs would be low. But owing to the frequent placement of orders, 
fixed order cost per year would be high. 

What becomes apparent from these examples is that there are costs 
which move in opposite directions. They are illustrated in Figure 11-3. As the 
order quantity associated with any one order increases, the fixed order cost 
per year goes down since fewer orders are placed. And as the order quantity 
increases, the yearly carrying cost goes up. 

There is one additional cost that must be considered — the total per piece 
cost. Since no quantity discounts are allowed in this model, the yearly total 
per piece cost will remain the same, regardless of ordering strategy. Con- 
sequently, this cost appears as a horizontal line as shown in Figure 11-4. 

The criteiion in selecting an order quantity is total cost minimization. 
Therefore, all three ct^inponenl costs must be added together. The result is the 
total yearly cost curve shown in Figure 11-4. The curve reaches its minimum 
at TC*. This occurs when Q* units are ordered every time an order is placed. 
If any other quantity is ordered, higher total costs will be incurred. 

In the next section a mathematical formula will be developed which can 
be used to compute Q*. 


EOQ Formula 

A formula for determining the optimal ordering quantity Q* will be developed 
in two stages. First a mathematical expression for the total costs will be 
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0 * 

Order quantny, Q 

Figure 11*4 Total yearly inventory costs. 


devekiped. and then that value of Q will be determined which minimizes 
these total costs. 


Total Costs As we have seen in Figure 11-4, total yearly inventory cost 
can be broken down into three components: total per piece cost per year, total 
fixed order cost per year, and total inventory carrying cost per year. 


I Total yearly 
' inventory cost 

If we let 


total per\ /total fixedX / total inventory 
piece cost I +1 order cost 1+1 carrying cost 
per year / \ per year / \ per year 


Q = order quantity 
C = per piece cost 
A - fixed order cost per order 
O = yearly demand estimate 

^ ~ cost of carrying inventory in percent per year 
then we can develop a mathematical expression for total costs. 
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First, the total per piece cost is equal to the yearly demand multiplied by 
the per piece cost. 


( Total per \ 
piece cost 1= 
per year / 


CD 


Second, the total fixed order cost per year is equal to the number of orders 
placed per year multiplied by the fixed order cost per order. 


/Total fixed\ 

I order cost 1 = 
\ per year I 


number of \ 
orders placed 1 
per year / 


fixed 
order cost 
per order 


To determine the number of orders placed per year, the yearly demand is 
divided by the order quantity associated with each order. Then to get the total 
fixed order cost per year, this result is multiplied by the fixed order cost per 

order. 


/Total fixed\ 

I order cost 1= 

\ per year / 



Third, the inventory carrying cost per year is equal to the average inventory 
in units multiplied by the per unit procurement cost and then by the inventory 

carrying cost in percent per year. 


( inventory 
carrying cost 
in percent 
per year 

The computation of average inventory depends upon the assumption made 
about the time pattern of inventory depletion We assumed that demand is 
such that inventory is depleted in a steady and predictable manner. For 
example, if demand is 2500 units per year and if there are 250 business days 
per year, demand and inventory depletion is 10 units each and every day. 
Continuing with the example, suppose that an order for Q = 50 units is placed 
every Monday and that the order arrives exactly 1 week later, on the 
following Monday. Every Monday morning the inventory level will therefore 
be 50 units, and since 10 units are demanded, the average inventory for 
Monday will be 45 units. The average on Tuesday will be 35 units, the average 
on Wednesday will be 25 units, the average on Thursday will be 15 units, and 


/ Total 
inventory 
Icarrying co 
\ per year 
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the average on Friday will be 5 units. The weekly average can be computed in 
the following way: 

45 + 35 + 25 + 15 + 5 125 


The average inventory 
following way. 


under these assumptions can be expressed in the 


Average \ 


inventory 
in units 





1 


Returning to our example: 

2 2 “* 


and we can conclude that the average inventory based 
about demand and inventory depletion is 25 units. 


on our assumptions 


Using the 
paragraph, the 
algebraically: 


expression for average inseniory 
total inventory carrying cost per 


in units found in the last 
year can be summarized 


Total 
inventory 
carrying cost 
per year 



Returning to our original expression: 


Total yearly 
inventory cost 


( total per\ /total fixed 
piece cost j +( order cost | + 


per year 


per year 


( f total 

inventory 
carrying cost 
^ per year 


It can now be expressed algebraically in the foil 


owing way. 


Potal yearly inventory cost = CD + ^ A + — Cl 


This is the 


total cost expression for any order quantity Q. Since the decision 
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maker has control only over this quantity, the relevant question is what order 
quantity Q will minimize total yearly inventory cost. 

This mathematical expression has already been illustrated graphically in 
Figure 11-4, the the optimal order quantity was identified as Q*. In the next 
section this optimal ordering strategy will be expressed mathematically. 


Minimum Cost In order to find the value of Q which will minimize the 
total cost expression, it is necessary to employ the techniques of differential 
calculus. This is done in Appendix I), and the results are presented below: 



Therefore the optimal order quantity Q* can be computed by performing 
the arithmetic operations shown in the formula given above. This quantity is 
frequently called the econofuii order quantify, or EOQ. 

The total cost of (his optimal strategy can be computed in the following 
way: 


/ Total yearly 
Vinventory cost 




CD + 


Q* ' 2 

D 

\/2daiTc' 


r 


\ 


-> 


Now we will turn to examples of how these formulas can be used. 


example 

The yearly demand for a particular item has been forecast as lO.OOO units. The 
per piece procurement cost is SI. the fixed order cost is $10 per order, and the 
inventory carrying cost has been estimated to be 20 percent per unit per year. 
No price discounts or stockouts are alloued. 

The EOQ can be computed in the follos^ing way: 


D~ 10.000 units per >car 
A = $10 per order 
C = $1 per unit 

/ = 20 percent per unit per year 


‘ This can be simplified 


lolal yearl> 
inventory 


* 

= V2DAIC 


cost 
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Q* = 


2D A 
IC 


2(l(),00())(l()) 


. 20 ( 1 ) 


- 1000 


Thereft^re 1000 units should be ordered every time an order is placed. The 
total yearly cost of this strategy (TC*) can be computed in the following way: 


TC* = CD^^-A^^CI 

= H10.0()0) + Ij^\|(), + lll|^^ 


= 1 (). 000 + 100 + 100 
= 10.200 


The total cost of this strategy including the per piece cost is $10,200 per year. 


SENSITIVITY ANALYSIS 


Seldom are the data required by the EOQ formula known precisely. It would 

therefore be useful to know the magnitude of error in the EOQ for errors in 

these data estimates. What, for example, would be the consequence on EOQ 

if demand were 1000 units higher than originally estimated? What would be 

the consequence of a fixed order cost of $10 rather than the original estimate 
of $20 ' 


The consequence of these changes on the EOQ depends upon the 
sensitivity of the model to these changes. To explore the extent of this 
sensitivity, we will now turn to an example. 

Suppose that the fixed order cost in the previous example actually turned 
out to he $20 rather than the original estimate of $10. The EOQ that should 
have been ordered can be computed in the following way: 



2 ( 1 0 . ()()())( 20 ) 
. 20 ( 1 ) 


= 1414 


and the total cost of this strategy would have been 


TC = I (10,000) + ^{^(20) + I )(.20) 

1414 Z 

= 10,282.80 
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Now the total cost of the EOQ strategy that was adopted on the basis of a $10 
fixed order cost can be calculated. 


TC = 1 (10,000) + (20) + ^ ( I )(.20) 


1000 

■ ^ n 

units actually 
ordered 


fixed order cost 
actually incurred 


= $10,300 

Therefore with a 100 percent error in fixed order cost, the total inventory cost 
was higher by $10,300- $10,282.80. or $17.20. per year.' We can conclude that 
the computation of EOQ in this example was not very sensitive to errors in fixed 
order cost estimates. In fact EOQ calculations in general are not too sensitive to 
errors in any of the estimates. 


INVENTORY SYSTEMS 

Inventory systems can be classified as either outside or inside procurement 
systems. First we turn to a description of outside procurement systems, 
where orders are placed with outside suppliers. 

Inventory Systems lor Outside Procurement 

An integrated inventory control system for outside procurement decisions 
combines three subsystems. The first is the order quantity and order point 
subsystem just developed in the previous sections. Two other subsystems are 
needed to support the first system. These include the forecasting and control 

subsystems. 

Forecasting Subsystem Inventory is held for future demand. Therefore 
any well-designed inventory system requires that a forecast of future demand 

be available when inventory decisions are made. 

In the EOQ model the role of the demand forecast is quite explicit. An 

estimate of D must be made before the value of Q* can be computed. 

Several forecasting methods are currently m use. These include judg- 
mental, time series, and cause-effect forecasting. . , , , 

In judgmental forecasting the forecaster makes an estimate based solely 

on good judgment and intuition. Unlike the next two. this method is not based 

Upon scientific analysis of available data. 

In time series analysis the forecast represents a hiistorical extrapolation 

of available demand data. The simplest time series model uses the average of 


’ For firms wilh thousands of items in 


stock this “extra”cost could be substantial. 
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the historical data as a forecast for the future. Other time series models 
include moving averages, weighted averages, and exponential smoothing. 

In cause-effect forecasting the underlying causes behind demand fluc- 
tuations <Ire studied, and then these relationships are used to develop a 
forecast. For example, it might be determined that demand for refrigerators is 
related to housing starts. To forecast the demand for refrigerator sales, it 
would then be useful to see government projections of housing starts. The 
statistical methodology for drawing these relationships is called regression- 
correlation analysis. 

All three of these forecasting methods are used, and it is difficult if not 
impossible to say which is the best. The choice of one rather than another 
would depend upon the available data, the time that can be devoted to the 
development of the forecast, and the accuracy required. 


Order Quantity and Order Point Subsystem After the forecast has been 
made, the focus shifts to the problems of order quantity and timing. The EOQ 
system developed in this chapter is often used to make these decisions. 

Doubts can be raised about the use of the EOQ model for all ordering 
decisions. The reason behind the doubts is that the use of the model requires 
that several assumptions be made about the real-world inventory problem. 
These assumptions include demand known with certainty, no price discounts, 
and no stockouts allowed. The model should therefore not be used for all 
inventory problems but only for those where these assumptions correspond to 
a reasonable degree with reality. As we have seen, the model is fairly 
insensitive to changes in some of the estimates. Therefore we might conclude 
that the model will provide reasonable results for minor departures from these 
assumptions. Major departures require that new models be developed. Sev- 
eral new models are developed in the appendixes to this chapter. 


Control Subsystem Inventory control requires that inventory levels be 
monitored, and orders executed at the right time and for the right amount. 

Two methods for accomplishing this, currently in use. are the two-bin and 
perpetual-record systems. 

In the two-hin system a lead time’s worth of stock r is placed in a second 

hm and sealed. The remainder of the order is placed in the first bin. When 

stock IS required, it is withdrawn from the first bin until it is depleted. 

Immediately upon breaking into bin 2, a reorder is placed. This system will 

therefore ensure that a reorder occurs when a lead time's worth of stock r is 
reached. 

The second system requires that either manual or computer records of 
stock levels be maintained. Whenever items are withdrawn, the proper entry 
must be made in the records. When the records show that stock has been 
depleted to a lead time s worth of demand r, a reorder is placed. 
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Inventory Systems for Inside Procurement 

When an order is lo be produced within the firm, a new dimension is added to the 
problem, for the order w ill affect production schediiliniz and control decisions. 
Consequently the production subs>sicni must also be considered. 

Many manufacturing firms use a system called material requirements 
planning (MRP). In this system the first step is the development of a product 
forecast. Then each product is broken dow-n into its assemblies, subassemblies, 
and component parts. Identical parts are grouped together and economic order 
quantities are determined. Finally a production schedule is developed. The 
schedule must ensure that available machine and labor capacities are not 
violated and that the finished products will be ready when needed. If these 
requirements cannot be met. order quantities may have to be modified. 

It is also necessary tt) ensure that pri>duction lev'cls helw'cen consecutive 
periods is reasonably uniform. For example, it might make little sense to 
schedule overtime and extra hiring in one period if in the next workers would be 
scheduled for less than a full 40 hours and layoffs would be necessary besides. A 
better balance would be to smooth prt)duction over the two peiiods to whatever 
extent it is possible. Again, order quantities may have to he modified to meet this 
objective as well. 


SUMMARY 

The inventory control model developed in this chapter assumes that demand 
and lead time are known with certainty and that procurement is from 
outside sources. Although these assumptions may not apply to all inventory 
systems, the EOQ model may still he used if these are reasonable ap- 
proximations. In fact the F.OQ model has enjoyed widespread use in practice. 

In Chapter 13 a model is developed for use when demand is not known 
with certainty but can be estimated by a probability distribution. 


QUESTIONS 

1 How sensitive is the optimal lolal cost IC* changes in the oplimal order 
quantity Q*? llluslrale your answer by using l igiirc 11-4. 

2 What effect does inside procurement have on the inventory decision'.’ 

3 If demand for a product doubles, what effen should Ihis have on the order 

quantity? 

4 Suppose the cost of a stockout was very high fan the simple EOQ model slill he 
used? 

s An urban bus company must decide upon the number of buses ihtd should be 
included in its fleet. Is Ihis an inventory problem ’ If so. whal characteristics does 
this problem share with other inventory problems ’ 
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PROBLEMS 

II-I An order is placed every 2 weeks (5 business days per week) for 200 units. 

Demand is 20 units per day. Prove that average inventory is Q/2 or 100 units. 
11-2 An order is placed every week for 500 units. Daily demand is given below: 


Day 

Demand 

1 

50 

2 

50 

3 

100 

4 

100 

5 

200 


11-3 


11-4 


11-5 


11-6 


11-7 


Is the .iverage inventory 0/2? If not, why? Compute the average inventory. 
Can the EOQ formula be used to determine the optimal order quantity*’ 

The demand for a particular unit is 4000 per year, fixed order cost is $100 per 
order, cost of carrying inventory is 20 percent per year, and the per piece 
procurement cost is $I per unit. What quantity should be ordered? If the lead 
time IS 2 weeks, when should a reorder be placed*’ 

The demand for a particular unit is 5000 pieces per year, fixed order cost is 
$100 per order, cost of carrying inventory is 25 percent per year, and per piece 
procurement cost is $4 per unit. What quantity should be ordered? If the lead 
time IS 4 weeks, when should a reorder be placed*’ 

The demand for a particular unit is .^600 pieces per year, fixed order cost is 

$100 per order, cost of carrying inventory is 25 percent per year, and per piece 

procurement cost is $8 per unit. What quantity should be ordered, and what is 

the to al cost of this strategy'.^ If lead time is 3 weeks, when should the order be 
placed ? 

Town and Country is a large retail store located in a suburban shopping center. 
If specializes in gifts and gourmet ware. 

ren J' '"‘I '’‘"'‘^^hases them mostly through sales 

representatives who have regular monthly appointments to see the buyer. 

One of the most popu.ar items in the store is dried flowers. Approximately 

600 dozen per year are sold. Fixed order cost is $10 per order. Inventory 

^aj-rymg cost ,s 20 percent, and the flowers cost $6 per dozen. Lead time is 3 

recommend'.’ When should this order be 

" mcZed' ’suggested in part a with the costs currently 

' fe'o^Lr""’“",‘' '' "“1 ‘‘"r" f make sense to raise the 

reorder point considered in pari a above? 

‘‘ •hes^w.^’"''' undertaken, do you think that 

he s ore s inventory strategy is adequate'.’ What would you do-- 

^,0 p.oduction schedulmg department of the Sprague Company must deter- 
mine how many pieces to run on its new automatic machining center. The part 
which must be machined is used in several Sprague products and has an 
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expected yearly demand of lO.OOO. In the past the part has been machined on 
several different lathes and drill presses. Manufacturing costs have been close 
to $1.40 per unit. 

Now all the operations can be performed on the new computer-controlled 
machining center. Per unit production cost is expected to be low. about 80 
cents per unit. The only problem, however, is that this new machine requires a 
4-hour setup for the job. The cost of setup lime is estimated at $50 per hour. 
This includes not only labor cost but the opportunity cost of lost production 
while the machine is idle. 

The cost of paperwork for placing an order is $15, and the company's cost 
of carrying inventory is 20 percent. 

The production scheduling department is about to recommend that orders 
be placed monthly rather than every 2 weeks as had been done in the past. 

What would you recommend? 

11-8 Last year the Somersworth Company ordered 1000 units of a particular item 
each time it placed an order. This year, however, demand has doubled, and the 
company has just decided to double its order quantities from 1000 units to 2000 
units. 

Last year's demand was 5000, and this year’s is expected to be 10,000. Fixed 
order cost is $100 per order, per piece procurement cost is $4. and inventory 
carrying cost is 25 percent per unit per year. 

Do you think Somersworth is about to make a wise decision'.’ 

11-9 The demand for a particular unit is 1000 per month. Fixed order cost is $100 
per order, cost of carrying inventory is 12 percent per year, and per piece 
procurement cost is $2. What quantity should be ordered? 

11-10 Mr. Renton, manager of inventory control, has just received a letter from the 
insurance firm that covers his inventory informing him that the cost of 
insurance will be increased next year. The present insurance cost is 2 percent 
of the per unit cost of the item per year. Next year it will be 3 percent. 

Item number 1507-D is a typical item which is carried in Mr. Renton's 
warehouse. The per unit procurement cost is $8. inventory carrying cost has 
been 24 percent, fixed order cost is $100 per order, and yearly demand is 3600 
pieces. Using this item as an example, do you think this increase in insurance 
cost should affect Mr. Renton's inventory strategy at all.’ 

11-11 One year ago the demand for a particular unit was estimated to be 4000 units. The 
actual demand, however, turned out to be 6000 units. Given the following 
additional information, determine the error in total cost that was incurred. 

/4 = $100 per order 

/ = 20 percent per unit per year 

C = $I per unit 

During the past year each lime an order was placed, the order quantity was 
2000 units. 
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CASE STUDY: Springfield Alarm Company 

The Springfield Alarm Company, located in Chicago. Illinois, produces 40 
different burglar alarm systems. Since it was founded 10 years ago. it has 
experienced rapid growth. 

This year the company reported $20 million in sales and a net profit after 
taxes of $894,000. Next year it expects an increase in sales to $25 million. 

All its alarm systems are assembled in the company’s Chicago plant, and 
in addition it manufactures approximately 70 percent of the parts used in 
these systems. The remainder are purchased from outside sources. 

In the past the pressure has been on the marketing department to 

increase sales. It has been so successful that in the last six months the 

demands made upon the production department have increased dramatically. 

Orders have frequently been shipped late, backlogs have been high, and per 

unit production cost has increased. The pressure has now shifted to produc- 
tion. 

George liutler. the manager of production, recently called a meeting 
which was atteaded by the assembly foreman, machine shop foreman, and 
inventory control foreman. The purpose of the meeting was to identify 
problem areas and uncover strategies for dealing with the problems. 

At that meeting the first to make a presentation was the assembly 

foreman. Ralph Surette. "As far as 1 am concerned," said Ralph. "I could do 

a much better job if I had the parts. Lately it seems that every time I pull the 

stock from inventory to begin a certain job. at least one-third of the parts-are 

out of stock. What this means is that I have to hold up the job and start 

something else or use substitute parts which may not be perfect but are often 

close. In fact, the out of stock problem is so severe that on several occasions 

we have used a hammer and file to alter substitute parts so that an order could 

be delivered to the customer. I think the fault lies with a lousy inventory 
control system." 

The inventory control foreman. Bill Melchiontia. trying to keep his 
temper under control, was slow to respond. ''Ralph.'' he said, “don't forget 
that your people have violated every rule of our inventory system. When we 
instituted our system 3 years ago. it was clearly specified that only authorized 
stock IS to he taken from the inventory bins. As you recall, all our inventory 
records are based on standard withdrawals from slock. When an assembly 
order ,s issued, the quantity of each item required for that assembly is 
automatically deducted from the item's balance on our inventory record. 
Once ‘‘month, when we examine these inventory records, we reorder those 
1 ems which have low stock levels. Our problems with this system began when 
he assembly people started making substitute selections from stock. Since we 
have no vyay of knowing when a substitution is made, our records often show a 
higher balance than that which is actually in stock. I suggest that the first step in 

sols mg our problem is to prohibit the use of substitutes on assembly orders: if 
the part is not in slock, then the job must wait." 
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The next one to speak was James Maigeri. machine shop foreman. *‘My 
efficiency,” he said, "has gone to hell since the inventory and assembly 
problems started. Let me give you an example of what you guys did to me 
yesterday. I had my numerically controlled drilling center running on job 
1407-5. It had taken 4 hours to set up the job and the run time was to be about 
6 hours. But at 11 a m. Bill came running in to tell me that job 5703-2 was 
desperately needed. He said that a customer had called the marketing department 
and said that unless his order was shipped by the end of the week it would be 
canceled. But this system could not be assembled until the parts included in 
job 5703-2 were available. So. just as I have done countless times in the past. 
I broke down the machine, set it up for job 5703-2, ran the job. and then set 
up again for job 1407-5. No wonder our per unit production costs have gone 
way up.” 

Mr. Maigeri went on to say. "Another reason why our costs are so high is 
that our order quantities are so low. My machines are becoming more and 
more automated. A consequence of this is that setup times are longer but per 
piece production times are lower. My feeling is that once these machines are 
set up for a particular job. we ought to produce a large batch. I think our old 
policy of producing enough for 1 month's demand is absurd. The reason for 
this policy has been that the engineering department continually revises 
machining drawings and we are afraid that if we order too large a quantity, 
they will become obsolete when a new drawing is issued. 

”Jim. why don't you pass out the copies of the report you prepared for 
me?” said George Butler. Jim then passed out copies to e\eryone present. 
The report is shown in Exhibit A. 


Exhibit A Random Sample of Four Parts Manufactured In the Machine Shop 


Part 

Machine 
setup time 
hours 

Fixed order 
paperwork 
cost 

Yearly 

demand 

Actual 

order 

quantities 

Per piece 
production 
cost 

2701-3 

4 

$10 

10,000 

1000 

1.00 

1406-1 

2 

$10 

40,000 

4000 

,50 

2704-8 

2 

$10 

25.000 

2000 

.20 

2694-5 

1 

$10 

10.000 

1000 

.40 


"What I did," said Jim. "w'as to randomly select four component parts 
which we have manufactured over the last year. On the basis of cost, this 
sample represents about 4 percent of the manufacturing costs incurred over 

this period.” 

Jim asked the group to look at the first item on the list. "This part was 
made on the new automatic drilling and machining center. It requires a 4-hour 
setup at $15 per hour, and every time an order is placed a fixed cost of $10 is 
incurred for paperwork. Yearly demand for the part is 10,000, and the actual 



264 


CHAPTER 11 


order quantities placed averaged 1000 units. I feel that since inventory 
carrying costs are a reasonable 20 percent, order quantities on this and the 
next three parts should have been substantially higher. I can assure you that if 
we produce larger lots, our production and inventory costs will drop." 

At this point Mr. Butler decided to adjourn the meeting until the begin- 
ning of next week. 


QUESTIONS 

1 Is It justifiable to have many parts which are close substitutes for one another? 
Should this philosophy be encouraged? 

2 What are the benefits and disadvantages of limiting the access to inventory? Should 
Springfield limit this access? 

3 What inventory record-keeping system would you recommend? Should the records 
be based on standard or actual withdrawals? 

4 Analy7e the effectiveness of an EOQ system for Springfield by computing EOQ 
quantities and costs for the items given in Exhibit A. 

5 Compare the actual costs incurred with those computed in question 4. Estimate the 
yearly saving if the EOQ system is used. 

6 What problems may occur if the EOQ system is used to order those parts 
manufactured in Springfield's Chicago plant? 

7 Can an EOQ system be used to order those parts purchased from outside 
suppliers? 


CASE STUDY: Matrix Company 

The Matrix Company, located in Los Angeles, California, manufactures 

component stereo receivers and speaker systems. Its product line includes 

twenty receivers in the moderate-price range ($200 to $400), five receivers in 

the h.gh-price range ($400 to $800), ten speaker systems in the moderate-price 

range ($80 to $200). and one speaker system in the high-price range ($350). 

The company was founded 14 years ago by two engineers who had 

previously worked together for a major hi-fi manufacturer. In their old job, 

they had developed a new speaker system which included several state-of-the- 

cirl innovations, but owing to the conservative nature of the company, their 

esign was never used. They subsequently left tbe company, and I year later 
Matrix Company was founded. 

Matri ; has prospered since the beginning. Each year new models have 

been introduced. Most have been successful. At present the company is 

considering the expansion of its line to include turntables and compact 

portable stereo systems. The portable units will include an integrated am- 
pliher. turntable, and speaker system. 

fun Ir “’^Ti!"' has stressed the engineering and marketing 

functions. That is, the emphasis has been on the development and marketing 
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of new sound systems. Production and inventory control have not been 
neglected, nor have they received any emphasis. 

With the company about to embark on a major expansion program. Hank 
Lobeski, president, has decided to solve some inventory control problems 
which he feels may seriously limit expansion plans if they continue to be ignored. 


Inventory Department 

Most inventory items are purchased from outside sources and held in in- 
ventory until requested by the assembly department. The inventory depart- 
ment has no formal method for establishing when an order should be placed 
or how much to order. When the company was smaller, this inft)rmal system 
worked satisfactorily, but now. with some 10.000 items in stock, the old 
system has all but collapsed. Some items are frequently out of stock while 
others are overstocked. Mr. I.obeski has felt for some time that the lack of 
any formal system has cost the company a considerable amount of money. 


Toward a Solution 

Four months ago. Bucky (irader. a recent business school graduate, was hired 
by Mr. Lobeski for the purpose of developing a new inventory system. To 
become familiar with the system. Bucky selected fue stockkeeping units at 
random and collected some inventt>ry tiata on them. These data are shown in 
Exhibits A. B, and C'. Bucky s intention was to carefully analyze these data, 
determine if a new system w'ould be economical, and establish the methods 
and procedures that could be used If this limited study proved successful, 
plans would be made tt) change the entire inventory system. 

After examining these data Bucky could see that a forecasting system 
Was needed. From Exhibit B he saw that demand foi some items wms incrcMsing 
while for others it was decreasing. A good demand estimate would he 


Exhibit A 

Random Sample of 

Five Items 




Inventory 

item 

Identification 

number 

Actual 

demand. 

1976 

No. of orders 
actually 
placed 
that year 

No. of times 
during year 
a stockout 

occurred 

Per 

unit 

cost 


Resistor 

12715 

1.000 

10 

4 

$ 0.30 

Transistor 

14652 

3.000 

15 

5 

2 00 

Cabinet 

36565 

300 

4 

3 

15.00 

Speaker 

27891 

250 

10 

1 

10.00 

Machine screw 

17496 

10.000 

1 

1 

02 


Note 1. Cost o( carrying inventory for Mafnx Company is 20 percent 

Note 2. Fixed ordering cost is S30 per order ^ m » • < ^ ■ 

Note 3. A stockout is recorded whenever the assembly department calls lor a part and it is not found in 

stockroom. 
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Exhibit B Yeariy Demand for Five Selected Items 


Demand for item 

Year 

12715 

14652 

36565 

27891 

17496 

1964 

550 




6,600 

1965 

550 

— 

— 


6.700 

1966 

600 




6,700 

1967 

600 




6,800 

1968 

600 



200 

6,800 

1969 

800 



205 

7.100 

1970 

1200 

1400 


205 

7,100 

1971 

1400 

1500 

— 

210 

7.200 

1972 

1600 

2000 

150 

210 

7,400 

1973 

1400 

2200 

200 

210 

7.400 

1974 

1200 

2500 

240 

240 

7.500 

1975 

1020 

2600 

260 

240 

8,000 

1976 

1000 

3000 

300 

250 

10.000 

Exhibit 

C Lead-Time 

Demand 

for Five 

Selected 


Items 


The figures show the actual amount demanded be- 
tween the times an order was placed and received in 
stock for six separate lead-time periods 


Identification 

number 


Demand during lead time 
for inventory cycle 


1 

2 

3 

4 

5 

6 

12715 

31 

32 

35 

32 

35 

33 

14652 

15 

17 

16 

19 

17 

18 

36565 

15 

12 

14 

15 

14 

14 

27891 

9 

12 

8 

10 

10 

11 

17496 

450 

500 

460 

490 

450 

460 


sensitive to these changes. Bucky. however, was not sure what kind of 
forecasting system should be used. 

He also considered the use of an EOQ model for determining order 
quantity. Hts only reservation was that demand was not known with certainty. 

F hibi;‘T 'T Periods-shown in 

worn I thi r r EOQ system: How 

wr u d th s elemen of nsk affect the reorder point r> The record-keeping 

svsiem be ns-^ Th'“"'; ‘"ventory 

Three days ago a sales representative had dropped by to 
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explain an inventory control system that had a card file for keeping the 
records. On each card were recorded the outstanding orders, withdrawals, 
additions, and balance for each unit kept in stock. Bucky's reservation about 
this system was that two or three new clerks would have to be hired to 
maintain the records. Another aliernatise was to keep inventory records on a 
computer. The company was currently negotiating with a large computer 
manufacturer for the rental of a machine which could easily keep the 
necessary information. 

Inventory access was a major issue in the company. Bucky felt that no 
one but stock-room personnel should have access to inventory. Only in this 
way could effective stock control be assured. At present anyone could 
withdraw parts, and for any reason. 

The current inventory manager. Krank Greysoti. had been on the job ever 
since the company started. He was an honest and sincere man but sometimes 
stubborn and defensive. He was firmly convinced that he could straighten out 
the inventory problems if he were given two additional clerks. To quote 
Frank. “Those confounded computers foul up every job they tackle. Just give 
me more people and you wtm t have problems. 

Bucky could see that it w-as going to be difhcult to gel along with Frank. 
He was sure, however, that after his new' system w'as developed. Frank would 
see it his way. 

Bucky's last consideration would be the impiemenlalion of this system. 

He wondered whether the old system should he abruptly terminated and the 

new one begun or whether they should be run alongside each other for a while 

in order to gain the ct)nfidence of the users. If the two systems were run side 

by side, he would also have the opportunity to rectify any inconsistencies or 

* 

errors before the system w-as in full operation. 


QUESTIONS 


1 


4 

5 

6 

7 

8 


stern for Matrix Ctirnpany? Design a simple 


Is the present system workable, and should Grey son be given the authori/ution to 

hire two new clerks'.^ 

How important is a forecasting sv 

forecasting system. Use it tt) forecast demand ft)r 1977. 

How effective would an EOQ svstem be for the Matrix C'ompany .> ('ompute the 
EOQ quantities for the five siimple items. C ompare the results of an EOQ system 

with those of the current system. 

Determine reorder points for the five items. 

What record-keeping system would be preferable 
Should access to inventory be limited Why 

What behavioral problems could inicrfere with the success of the study? What 
could be done to minimize this c(»nflict ' 

If the results of the study are positive, what suggestions could you make to ensure 
successful implementation of the system.' 
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APPENDIX A: Quantity Discounts 


The EOQ model assumes that 
Frequently, however, price breaks 
price schedule; 


one price prevails for all quantities purchased, 
are offered for larger orders. Consider the following 


If 0 < q„. the price is C, 
If 0 > the price is C> 

where Q = quantity ordered 

^io — price-break quantity 
C, >C, 


herpfur.o'devZ',t'" T f is 

helpful to develop the analysis as a sequence of decisions. 

c^' r "t:'; 'c: r OP-'vV- base: 


Q* 




da 


/c. 


- 'hp of cos, 

lower pHce'c>"*'mIiM''b: 'compm'ed'^''^^*’"^"'' ‘'''' PP«P«mic order quantity at the 
determined that Q* lies below (/ ind now vx h ~ ^ reciiU, we have already 

even t^s^outcle. the ^ r - 

nA-2 prevails"' BmT'o* Q” m'i's? bri:^'’':i!^'' '" ^ '"isure 

comparison is between the total ,-o^.i reasonable 

exactly q„ ,s ordered Sa': anlr wF;Te':e;'''' 

quantity based on the higher price or to .r t economic 

Therefore the total cost for each alternative '‘'i 

incurred at Q* is computed' computed. First, the total cost 


D 


0 


TC* -C,D + ~a + Y ic 


he total cost of purehasing just the price-break quantity is computed 



f 
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Rgure 11A-1 Quantity discount decision model- 


TC* is less than TCo, Q* is ordered and the behavior of the cost functions is as 
shown in Figure 1 1 A-2d. If TCo is less than TC*. the relevant cost functions are shown 
in Figure IlA-2c, and should be ordered. 

example 

Consider the following: 


D= 10.000 units 
A = $10 per order 
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N. In. 


</o O' Q‘ 
[a) 


Quantity 


Qo O" 
{b) 


Quantity 


TC'- V 
TCo--- - 




O' Q" c/o 


Quantity 


I / 
. / 


rc-^ 




Figure 11A-2 Cost functions for various discount si 


O' O' ' 

id) 


Situations 


Quantity 


/ = : 

)() 

percer 

It 


£/., = 

1700 unii 

Is 


If Q 

< 

</(!• C 1 


$1 

If c> 

> 



$0.80 

Step 

1; 

Q* 



Step 

n- 

Q* 


1 700 

Step 


Q** 

= 

V"' 

Step 

4. 

Q** 


</.. 

Step 

5; 

TC* 


MI0.{ 


.30(1) 


1000 


.3()(.X()) 


— = 15X0 


Step 6; 


TC* = urn mull 4 . l^^-^^oo looo 

I (in.noo) + — ^ 10 + , 20)( i , 

TC* = 10.000+ 100+ 100 
TC* = 10.200 

rr,, =. 8(i( iox,o», + 12^' 

rc., = 8000 + 59 + 136 
TC„ =8195 
TCo < TC* 
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Therefore. 


Order = 1700 


PROBLEMS 


llA-1 


llA-2 


nA-3 


llA-4 


A firm's demand for a particular product is 100.000 per year. Fi\ed order cost 
is $100 per order, and inventory carryint- cost is 20 percent per unit per year. 
The per unit price paid depends upon the order quantity. If 5000 or fewer units 
are ordered, the price is $1 per unit. If more than 5000 units are ordered, the 


price drops to 80 cents per unit. How many units should be ordered'.* 

A firm’s demand for a particular product is 1000 units per year. Fixed order 
cost is $100 per order, and inventory carrying cost is 20 percent per unit per 
year. The per unit procurement price depends upon the order quantity. If 
fewer than 1100 units are ordered, the price is $1 per unit. For quantities over 
1 100 units the price drops to 80 cents per unit. What quantity should be ordered? 
A firm's demand for a particular product is 7200 units per year. Fixed order 
cost is $10 per order, and inventor> carrying cost is 20 percent. The per unit 
procurement cost depends upon the order quantity. If fewer tluin 650 units are 
ordered, the price is $2 per unit: if more than 650 units are ordered, the price 
drops to $1.50 per unit. How' many units should be ordered * 

Consider the following pricing schedule: 


If (?<850. C, = $10 per unit 
If O>850, C; = S8 per unit 

If forecast demand is 8000 units, fixed order cost is SIOO. and inventory 
carrying cost is 25 percent, what quantity should be ordered? 

HA-S Consider the following pricing schedule: 


If 0 < 2000. C, = $10 per unit 
If 0 > 2000. C: = $0-50 per unit 


IIA'6 


If forecast demand is 8000 units, fixed order cost is $100. and inventory 
carrying cost is 25 percent, what quantity should be ordered * 

Given the following information, determine the appropriate order quantity: 


A = $10 per order 
/ = 10 percent per unit per year 
D = 500 units per year 
If Q < 250. C, = $10 per unit 
If G > 250. C; = $2.50 per unit 


IlA-7 


The forecast demand for a particular unit is 40.000. 


The fixed order cost is $25. 
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and inventory carrying cost is 25 percent per unit per year. The manufacturer 
offers price breaks at the following two points: 

If 0<O< 100. C, =$S per unit 
If 100^0 <800. Cj = $7 
If O>800, C, = $6 

What quantity should be ordered? 


APPENDIX B; Noninstantaneous Replenishment 

PRODUCTION RATE AND AVERAGE INVENTORY 

The EOQ model assumes that stock is replenished instantaneously by an amount equal 

I % mK • C ft ^ L A I * • • • ■ arrive at once, it is possible for 

units to be replenished in slock one at a time until the order is complete. This is 

especially true of companies that manufacture their own inventory. 

,1 'he rate D and replenished at the rate P 

until an Q units have been produced. This pattern is illustrated in Figure I IB- 1 

The production rale P and demand D must be given in the same time dimensions. 
We will assume it is yearly demand and yearly production rale 

O/P Pf°duce the order is 

0/P. At this lime (0/P)D has been demanded and used. Therefore the inventory at the 
highest point is ^ 


0~(Q/r)D 


or 





Time 
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Average inventory is half this amount. 
Average inventory = ^(P - D) 


total costs 

Returning to the statement of total yearly inventory cost made in the chapter, we have 
the following: 


/ Total yearly 


/ total per 


total 
fixed order 


I • ' " 1= I piece cosiU 

I inventory cost; I j | cost per 


per year 


year 


total ^ 
inventory 
carrying cost 
per year j 


The only change that needs to be made is the total inventory carrying cost 


Total \ 
inventory 
carrying cost 
per year ^ 


average \ / per unit \ 
inventory j [procurement j 
/ I cost ' 


in units 


inventory \ 
carrying cost 
in percent 
per year j 


= ^(P-D)CI 


We can now write the expression for total yearly inventory cost: 


Total yearly inventory cost = CD + ^ A ^ D)CI 


minimum COSTS 

The value of O which will minimi?e this expression is found by employing the 
techniques of calculus. This is done in Appendix D. The results are presented below. 



Consider the following example: 

D - 10,000 per year 
/ =25 percent per unit per year 

C = $4 per unit 
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A 

P 

Q* 

Q* 


$2 per order 
50.000 per year 




2(10.000)2 50.000 


.25(4) 40.000 


= 224 


PROBLEMS 


llR-1 


llB-2 


llB-3 


nB-4 


b 

c 


The yearly demand for a particular item is 10.000 units. It is produced within 

the plant at the rate of 40.000 units per year. Ordering and setup costs are $100 

per order, inventory carrying cost is 25 percent, and production cost is $1 per 
unit. 

a What quantity should be ordered? 

What will be the maximum amount in inventory? 

If it takes 1 month to receive the first units from production, when should a 
reorder he placed’’ 

d What is the cost of this strategy? 

The yearly demand for a particular unit is 1000. It is produced within the plant 
at the rate of lOO.OOO units per year. Ordering and setup costs are $100 per 
order, inventory carrying cost is 25 percent, and production cost is $1 per unit, 
a What quantity should be ordered? 

b What can be said about the order quantity in the noninstantaneous re- 
plenishment case when the rale of production is substantially higher than 
the rate of demand? 

Ihe yearly demand for a particular item is 10.000 units. It is produced within 

the plant at the rate of 20.000 units per year. Ordering and setup costs are $100 

per order, inventory carrying cost is 25 percent, and production cost is $2 per 
unit. 

a What quantity should be ordered? 
b What will be the maximum amount in inventory? 

c If II takes I month t.. reeeise the first units from production, when should a 
reorder be placed? 

I he yearly demand for a particular item is .s(K)l). It is produced within the plant 
at a rate of 1000 untts per week. Ordering and setup costs are $100 per order, 
inscnuiry carrying cost is '/s percent per week, and production cost is $2 per 
unit. How' many units should be ordered’’ 


APPENDIX C; EOQ Model 
with Stocko its Allowed 


Again we 

assumption 

expression. 


will return to the simple EOQ model, but this time we will relax the 
that no stockouts are allowed. The first step is to specify the new total-cost 
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total COSTS 


Writing the total-cost expression for (hose costs which are affected by the order 
quantity Q, we have 


/ total per 


1 total , 


j total 

j total > 

TC = 1 piece cost 

+ 

fixed order 

4- 

inventory 1 ^ 

' back-order 

\ per year i 


cost per 

i 


carrying cost j 

cost per 

\ 


year / 


^ per year / 

\ year / 


The total per piece and fixed order costs are determined just as before. The other 
costs, however, require that we examine the time pattern of inventory levels. This 
pattern is shown in Figure IIC-I. 

Turning to the total inventory carrying cost per year, we have the following; 


/ Total ' 



! inventory \ 

[ carrying cost 

inventory 

, 

/ average > 

, per piece \ 

carrying cost 
per year 

\ inventory y 

1 I procurement 1 

\ cost ' 

, in percent 
' per year / 

/ Total \ 




1 inventory 
carrying cost 

, / average \ 

1 Vinventory ' 

Cl 



per year 


Average inventory, however, is quite different from what it was in the simple 
case. Maximum inventory is defined as M and the minimum is zero. The average 
inventory of (M + 0)/2 = M/2, however, is carried for only tJT of the cycle. The 
average inventory for the remainder of the cycle is zero. We can therefore write the 



Roufe 11C-1 Time pattern of inventory levels when stockouts are incurred. 
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average inventory as (MIDitJT). Therefore, 


/ Total \ 
inventory 
carrying cost 
. per year 




Cl 


Next we turn to the back-order cost per year. This cost can be determined in the 
following way: 


Total 

back-order 
cost per 
L year , 


average number \ /^ . 

of back-orders ^""*^-o^der 

, per year / ^ 


The average number of back-orders while back-orders are taking place is equal to 

the maximum number of back-orders divided by 2, or Since back-orders 

during tJT of the cycle, the average number of back-orders per cycle is 

|{C> Af)/21(r,/T). This will also he the average number of back-orders per year We 

therefore have 


Total 

back-order 
cost per 
year 


2 r® 


where B is the cost incurred for back-ordering one unit of demand for one year 
Returning to the expression for total cost, we now have the following: 

Q 2 T 2 T 

It is possible to remove and T from this expression in the following way: 


,= r-/, = ¥-^ = 


Q M_Q- M 
D D D 


Therefore. 


O 

Q~ M 

Q 
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Returning to the total-cost expression, we now have 


TC = 


TC = 










The next step is to find that order strategy 0 which minimizes these costs. 

MINIMUM COST 

Since we now have a function in two decision variables Q and M. it becomes a little 
more difficult to solve for the lowest total cost TC*. In Appendix D the following 

solution is found: 




B 


and 



QB 

CI + B 


Notice that if back-order cost B is very large, the value of the second radical 
approaches I and economic order quantity derived f<.)r the simp e case o s. 

As an example, consider the following; 


D= 10.000 units per year 
A = $10 per order 
/ = 20 percent per unit per year 
C = $1 per unit 

B = $5 per each back-order incurred 

/2(10.000KTuy /'TlWJI 

^ = V .20(1) - V 3 

Q* = 1000(1.02) 

Q*= 1020 

= ^ 1 _ 020 ( 5 ) ^ 
l(.20)-»-5 

Therefore the maximum amount back-ordered is 


Q- M = 1020 - 980 = 40 units 
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PROBLEMS 


IIC.3 


llC-4 


llC-l The demand for a particular unit is 4000 per year, fixed order cost is $100 per 
order, cost of carrying inventory is 20 percent, and the per piece procurement 
cost is $l per unit. Back-order cost is considered to be very high: the latest 
estimate is $1000 for every unit back-ordered. What quantity should be 
ordered? What conclusions can be reached when back-order cost is high? 
lIC-2 The demand for an item is 4000 per year, fixed order cost is $100 per order, 
cost of carrying inventory is 20 percent per year, the per piece procurement 
cost is $100 per unit, and the back-order cost is $5 per unit back-ordered. What 
quantity should be ordered? What is the maximum amount back-ordered? 
The defhand for an item is 3600 units per year, fixed order cost is $100 per 
order, cost of carrying inventory is 2.'' percent per year, the per piece cost is $8 
per unit, and the hack-order cost is $10 per unit back-ordered. What quantity 
should be back-ordered? What is the maximum amount back-ordered? What is 
the cost of this strategy? 

The Dawson Company sells a patented electric rotor to several large firms who 
manufacture printing presses. The manufacturing cost of the rotor is $50. 
Demand over the past few years has been growing. Next year's demand 
estimate is 1000 units. Fixed order cost, including paperwork and machine 

setup costs, is $200 per order. Inventory carrying cost is 20 percent per unit 
per year. 

Since the rotor is a highly specialized and patented part, it is felt that 
the firms who purchase the unit will wait a reasonable time if the unit is out of 
stock. Back-order cost is therefore relatively low and has been estimated to be 
$2 per unit. 

a How many parts should be ordered? What is the maximum number of parts 
back-ordered? 

b What conclusions can be reached when back-order cost is small in relation 
to inventory carrying cost? 

c Is this an example of inside or outside procurement? What precautions 
should be taken if EOQ is to be used in this situation? 

d Do you think that back-order cost is too loW^ What factors should be 
included in the cost of a back-order? 

IX-iermine the reorder point for problem I lC-4. The lengih of time to complete 
a production run is 4 weeks. 


UC-5 


APPENDIX D: Derivations 

DERIVATION OF EOQ 

TC = CD r + Qcl 


Taking the first derivative 


with respect to Q. we 


have: 
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djTC) 

dQ 


= -DAQ-^ + 


a 

2 


Setting this expression equal to zero and solving for Q. we have the following: 



DERIVATION OF EOQ 

FOR NONINSTANTANEOUS REPLENISHMENT 


TC = CD + 



§iP-0)CI 


djTC) 

dQ 


= - DAQ ' + 


(P-P)C/ 

IP 


Setting this expression equal to zero and 


solving for Q. we have the following: 



derivation of ECONOMIC ORDER QUANTITY 

WITH BACK ORDERS ALLOWED 


» u U- U <x«tinv.i ^.•due of O is found involves taking the partial 

5 process by whtch the optimal vaiuc m v * 

ivative of the total-cost expression f.rsl with respect to the variable 0 and then v th 
pect to the variable M. Then the partial derivatives are set equal to zero and solved for 


The 

derivative 
respect 

Q. 

The total-cost expression is repeated for convemente. 


D M ‘ IC? “ u 


Its partial derivative with respect to M is 


d{TC) M (Q- 

dM Q Q 

Then we set it equal to zero. 



(Q-M) 

Q 


B 


0 


and solve for M : 



QB 

Cl + B 
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Next we take the partial derivative of the total-cost expression with respect to Q. 

aiTC) DA M- B M~B 

dQ Q~ 2Q- 2 20" 

Setting it equal to zero, we have the following: 

DA B 

in this equation and simplifying, we get the expression 


0 * 20 ' 2 20 


Finally, by substituting M 
for 0*: 


I2DA ICI+B 


Chapter 12 


Inventory Models: Risk 


introduction 


The EOQ models developed in 
assume that demand is known 
cannot be made, and it is more 
distribution. The purpose of 
occasions. 


the last chapter are used when it is reasonable to 
with certaini\. Often. howc\cr. this assumption 
appropriate to describe demand by a probability 
this chapter is to develop a model for these 


Reorder Points 

When demand is not known with ccr.ain.>. the ins en.ory system may suffer 
stockouts during the lead-time period Some protect, on against these stockouts 

IS required. . . . i • 

^ ,h^ F-.stern Auto Parts store. Its retail stock is 

Consider the case oi the tasiem ^ ; 

ordered from a wholesaler who always fills an order ,n 2 weeks. I ead time ,s 
therefore known with certainty. Demand for the.r Products, however, ,s 
not known with certainty. Wide fluctuations above and below the average level 

of demand frequently occur. . 

T- ^ ^ hin inventory system. When the items in 

Eastern Auto Parts uses the two-bin invemoiy y 

Ki« 1 j I 1 \c ni^red It is whi e Items are being withdrawn 

om 1 are depleted, an order is piaceu. n 

from bin 2 that stockouts may occur. 
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Eastern Auto's present strategy is to fill the second bin with a quantity of 
stock equal to the average demand expected over the lead time of that item. 

The average demand during lead time can be computed from historical 
records. For example, the record for a particular spark plug is given in Table 
12-1. It was compiled during 100 lead-time periods. To compute the average 
demand X. first the product of each lead-time demand X and its probability of 
occurrence P{X) is taken. 

XP[X) 

Then they are summed. 

X = iXPiX) 


The result is an average lead-time demand of .SO cases. Eastern Auto has 
therefore filled the second bin with 50 cases of spark plugs. This strategy, 
however, has not worked out very well for them. Stockouts have occurred 
during more than half the lead-time periods. 

A closer analysis of the Eastern Auto Parts system reveals why frequent 
stockouts should indeed be expected. If a reorder is placed when an average 
lead time's worth of stock is reached, then during 54 percent of the lead-time 
periods demand will be greater than available supply.' If greater protection 
against stockouts is desired- the reorder point will have to be raised. This can 
be accomplished by including a larger number of items in the second bin. 


\ 


'l-ront t able IM ii can be dcicrmincd lhai ihcrc is a 54 percent chance that lead-time demand 
eveecd 50 units. 


Table 12-1 Demand during Lead Time for Spark Plug AC-P210 (in Cases) during 
100 Lead-Time Periods 


Lead-time 

demand. 

X 

Frequency 

of 

occurrence 

Probability. 

P{X) 

40- 

2 

.02 

41 

2 

.02 

42 

3 

03 

43 

3 

03 

44 

4 

04 

45 

4 

04 

46 

4 

.04 

47 

5 

05 

48 

6 

-06 

49 

6 

06 


Lead-time 

demand, 

X 

Frequency 

of 

occurrence 

Probability, 

P{X) 

50 

7 

.07 

51 

11 

.11 

52 

10 

.10 

53 

9 

.09 

54 

8 

.08 

55 

7 

,07 

56 

5 

.05 

57 

3 

.03 

50 

1 

.01 


’Number of cases 
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The question to be answered in this chapter is; To what level should the 
reorder point be raised in order to provide adequate protection against a 

stockout? 

Inventory Patterns 

When demand is known with certainty, it is possible to place a reorder when 
inventory is exactly equal to a lead time's worth of slock and thereby avoid 
the possibility of a stockout. With reference to Figure 12-1. a reorder would 
be placed at r and would arrive a lead time later. When it arrives, slock is 
replenished to Q units and no stockouts have occurred. 

But when demand is not known with certainty, inventory depletion will 
not behave in a predictable way. An example of this is shown in Figure 12-2. 
The reorder point r has been set at an average lead time's worth of demand 
(just as in the Eastern Auto l^arts example). In the first cycle demand during 
lead time is close to average and the order arrives just when slock is depleted 
to zero: no stockouts have been incurred. In the second cycle demand during 
lead time is higher than average and the stock is depleted before the order 
arrives; stockouts ha>c iherefore been incurred. Finally, in the third cycle we 
see an example of below-average demand diiiing lead lime. When the order 
arrives, there is still some inveniorv on hand {bin 2 has not been completely 
depleted) and consequently there are no stockouts. 

Safety Stocks 

To ensure stockout protection, extra stock must be included in bin 2. Or to 
say it another way. the reorder point / must be raised. This extra stock must 
be above and beyond an ovci'oiic lead lime s worth of stock, and the 
protection against stockouts will increase as more and more extra stock is 
Used. Technically, this extra stock is called either safety stock or buffer stock. 



Tim*» 

12*1 Inventory depletion with certain demand 
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If we let S represent safety stock, then 

S = r - X 

or safety stock is equal to the difference between the teorder point and the 
average lead-time demand. 

For example, if average lead-time demand is 50 units and the reorder 
point is 80 units, .^0 units are maintained as safety stock to protect against 
stockouts. 

TOTAL COST WHEN STOCKOUT COST IS GIVEN 

I he total cost of operating an inventory system under certainty was de- 
veloped in C hapter 11 and is repealed below: 


j Total ^ 


1 total ^ 


1 total \ 


/ total \ 

yearly 

inventor\ 

\ cost 1 


per piece 

cost 

i per year 1 


fixed 

order cost 
\ per year 1 

+ 

f • \ 

inventory 

carrying cost I 

1 per year / 


Total yearly inventory cost = CD + + ~CI 

The assumptions of this model were that demand and lead time were known 
with certainty and that no stockouts were allowed. 
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When demand is no longer known with certainty, stockouts can occur, 
and safety stocks are used to provide some protection against this possibility. 

Stockouts can be expensive. Each time one occurs, there is a cost to the 
firm. For some firms and for certain products these costs may be high; for 
others they may be low. The safety stocks which are used to prevent these 
stockouts can also be expensive because they represent additional stock 
which must be carried in inventory. 

An economic analysis therefore requires that both costs — stockout and 
safety stock — be included in the total cost equation which was just presented. 
This is done in the following way; 


Total ' 
yearly 
inventory 
cost 


I total ' 
per piece 
1 cost 
\ per year 





+ 


total ^ 
in ventory 
carrying cost 
per year / 



total 

safety stock 
carrying cost 
per year 



total 

stockout 

cost 


\ per yeai 


/ 


Solving the Problem by the Decomposition Method 

Given the total-cost expression, the problem to he solved is this: How many 
(Q*) items should be ordered each time, and when Ir*) should the order be 
placed so that costs are minimi/ed * The method which we will use requires 
ffiat the problem be broken intt) iwt> separate parts. 1 he first is the order 
quantity problem and requires that the first three terms in the expression be 
solved for a minimum: the second is the reorder point problem and requires 
fhat the last two terms in the expression be sol\ed for a minimum. 

Theoretically, this is not the proper way t<.) solve the problem, but it 
reduces the amount of computation significantly. In additi<.)n it is very 
intuitive and provides answers which are close to optimal. 

Next we turn to the first part of this two-part problem, the order quantity. 


order quantity 

Returning to the total-cost expression and isolating the first three terms, we 
have the following: 



\ / total \ 

fixed ' 
order cost 
/ \ per year / 


I total i 
inventory 
carrying cost J 
\ per year / 
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This should be very familiar lo you. as it is the total-cost expression which 
was developed in the last chapter. Substituting, we have: 


DC . 4 



and minimizing the expression, the optima! order quantity is found to be the 
following: 



It can therefore be concluded that when demand is nol known with certainty, 
the HOQ expression can still be used lo approximate the order quantity. 

-As an example, we will return lo the Eastern Auto Parts case. The 
following additional information has been obtained. 


1) - I ()()() cases per \ ear 
(' ^ $lt) per unit 
A - $40 per order 
/ - 20 percent per unit per year 


C\)mpuiing the EOQ. we have: 



/2( 1 000)40 
’l0(.20) 



Iherelore. every time an order is placed, 
ordered. 


200 cases of spark plugs should be 


CALCULATING THE REORDER LEVEL 
WHEN BACK-ORDER COST IS GIVEN 


Now we turn to the last two terms in the total-cost expression. Before 
representing these costs with algebraic notation, let's examine their economic 
behavit>r over a few' different strategies. 


The Economics of Safety Stocks and Stockouts 

Consider a strategy where safety stocks are kept very low. A consequence of 
this may be frequent stockouts. The cost associated with these stockouts may 
be l.irge However, the cost of carrying these extra units in stock will be low. 

Consider another strategy in which safety stocks are high. A con- 
sequence of this will he infrequent stockouts. The cost associated with 
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• 

incurring these infrequent stockouts m:i\ be low. but the cost of carrying 
these extra units in stock will be high. 

Although either of these esirenie strategies could be used, it is reasonable 
to expect that the strategy finally adopted would try to minimize the sum of 
both costs; inventory carrying cost for safety stock and stockout cost. 

In the next sections a method will he developed for determining the 
reorder point — and therefore the safeis stock level— for w'hich the sum of 
these two costs is minimized. 


Back Orders 

The model that will be developed assumes that all sirickouts are back-ordered 
and do not become lost sales. In addition, when a back order docs occur, a 
fixed back-order charge is incurred only once. For example, if a stockout 
occurs for spark plugs, a fixed charge of %> per case w'ill be incurred owing to 

the expenses associated with a hack order. I'lic letter h is used to represent 
this cost. 


Quantifying Total Safety Stock and Back-Order Costs 

When safely stocks arc added to average lead-time demand, they must be 
carried for the entire year. The cost of carrving these stt)eks can be quantified 
in the following w'ay; 


/ Total safety ' 
I Slock carrying 
\ cost per year 


pafetyv/per piece w invetitory 
' slock cost '^carrving cost 


= ,S’C / 

= (/ -X»C7 


Back orders can occur during the lead time of each cycle. If HiN) is the 
expected number of back orders per cvcie. the total number of back orders 
per year is equal to the number of itn entorv -ordering cycles per year 
multiplied by the expected number of back orders per cycle. 

To get the cost of these back orders, this pri>duct is multiplied by the cv>st of a 

back order B. 


Total cost of back orders per year - ^j-\ Ei N )]B 

Summarizing these two components of the total-cost expression, we have 
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the following: 


(r-X)CI +~[E(N)]B 


In the next section the method for minimizing the sum of these two costs will 
be introduced. 


Total 

safety stock 
carrying cost 
per year 


+ 


/ 


total \ 
cost of 

back orders 
per year / 


Tabular Form for Cost Minimization 


The sum of the back-order and safety stock costs depends upon the reorder 

level chosen. It will be necessary, then, to compare the cost consequences for 

several different reorder levels. This will be done using the tabular form 
shown in Table 12-2. 


Across the lop are entered the alternative reorder levels starting with the 

average lead-time demand. The first entry in the body of the table is the safety 

stock. For example, if the reorder level is 54. the safety stock is determined in 
the following way: 


r- X 

S = 54 - 50 
-S - 4 


The next entry in the table completes the computation of the safety stock 
carrying cost. 

Total safety stock carrying cost per year = (r-X)C/ 

For example, if the reorder level is 54, safety stock is 4 and the carrying costs 


4(l())(.20| = SK 


The second row. therefore, summarit-es the carrying costs for each alternative 

reoirer exe strategy. I he next two rows in the table summarize back-order 

costs for each of these strategies. The first of these rows requires that the 

expected number of back orders per cycle be computed. The next section is 
devoted to these computations. 

Determining the Expected Number of Back Orders 

I he expected ntmther of back orders per order cycle depends upon the 

reorder level. If the reorder level is high, few hack orders will be expected. If, 

on the other hand, the reorder level is low. many back orders will be 
expected. 
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Table 12-3 Computation of Expected Number of Back Orders per Cycle When 
the Reorder Level r Is 50 


(1) 

(2) 

(3) 

(2) X (3) 

If f = 50 



Computation of the 

. . . the back order 

The probability 

expected number of 

and actual 

would be 

of this Is 

back orders 

demand is X. . . 

X-r 

P(X) 

(X-r)P(X) 


<50 0 

51 1 

52 2 

53 3 

54 4 

55 5 

56 6 

57 7 

58 8 


.46 

.00 

.11 

.11 

.10 

.20 

.09 

.27 

.08 

.32 

.07 

,35 

,05 

.30 

.03 

.21 

-01 

-08 


E(N) = 1,84 


Table 12-4 Computation of Expected Number of Back Orders per Cycle When 
the Reorder Level r Is 51 


(1) 

(2) 

If r = 51 

. . . the back order 

and actual 

would be 

demand is X. . . 

X - r 

<51 

0 

52 

1 

53 

2 

54 

3 

55 

4 

56 

5 

57 

6 

58 

7 


(3) 

The probability 
of this is 

P(X) 

(2) X (3) 

Computation of the 
expected number of 
back orders per cycle 
(X-f)P(X) 

.57 

.00 

10 

.10 

.09 

.18 

08 

.24 

.07 

.28 

,05 

,25 

.03 

.18 

,01 

.07 


E{N) = 1.30 


Returning to the Eastern Auto Parts case, we will assume that the reorder 
level will he set somewhere between the average lead-time demand, X = 50, 
and ^the highest lead-time demand recorded in our sample, X = 58 (see Table 

Next, wt- will compute the expected number of back orders per order 
cycle tor each of these alternative reorder levels 

First, the reorder level will be set to 50. If the actual demand is less than 
or equal to 50, no back orders will occur. This fact is summarized in Table 12-3. 

he actual demand is 51. the back order would be I unit. If the actual 
demand is 52. the back order would be 2 units. These and all other demand 
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and back-order possibilities are entered in the first two columns of Table 12-3. 

From Table 12-1 it can be determined that there is a 46 percent chance 
that demand during lead time will be less than or equal to 50. This fact is 
entered in column 3 of Table 12-3. The probabilities for other demand levels 
also can be found in Table 12-1. in column 3. 

From columns 2 and 3 in Table 12-3 it can be seen that 46 percent of the 
time no back order would occur, I I percent of the time one back order would 
occur, 10 percent of the time two back orders would occur, and so on. If the 
product of these two columns is taken and these values are added, the result 
Will be the expected value or the a\erage number of back orders expected 
each cycle. This is done in the last column of the table, and it can therefore be 
concluded that if the reorder level is set to 50. 1.84 back orders can be 
expected every order cycle. 

The same procedure must be followed for reorder levels of 51 to 58. This 
is done in Tables 12-4 through 12-11. It should be clear by looking at the 
results that as the reorder level is raised, the expected number of back orders 
per cycle drops. 

Finally these values are entered in Fable 12-2. 

Computing Total Back-Order Cost 

Total back-order cost for each rcH>rder level can be computed by using the 
following formula: 


Total yearly back-order cost 



(/:(N)|/i 


The value of Q* has already been computed in the first part of the analysis; it 
is used in this formula to compute total back-order cost. For example, if the 


Table 12-5 Computation of Expected Number of Back Orders per Cycle When 
the Reorder Level r Is 52 


(1) 

(2) 

If r = 52 

. . . the back order 

and actual 
demand is X. . . 

would be 

X r 

S52 

0 

53 

1 

54 

2 

55 

3 

56 

4 

57 

5 

58 

6 


(3) 

The probability 
of this is 

P{X) 

(2) X (3) 

Computation of the 
expected number of 
back orders per cycle 
(X r)PiX) 

.67 

.00 

.09 

.09 

.08 

.16 

.07 

.21 

.05 

.20 

.03 

.15 

01 

.06 


E(N) = .67 
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Table 12-6 Computation of Expected Number of Back Orders per Cycle When 
the Reorder Level r Is 53 


(1) 

If r = S3 
and actual 
demand is X . . . 

(2) 

. . . the back order 

would be 

X-r 

(3) 

The probability 
of this is 

P(X) 

(2) X (3) 

Computation of the 
expected number of 
back orders per cycle 
(X~r)P(X) 

<53 

0 

.76 

.00 

54 

1 

.08 

.08 

55 

2 

.07 

.14 

56 

3 

.05 

.15 

57 

4 

.03 

.12 

58 

5 

.01 

.05 




E(W) = .54 


Table 12-7 Computation of Expected Number of Back Orders per Cycle When 
the Reorder Level r Is 54 


(1) 

If r = 54 
and actual 
demand is X . . . 

(2) 

. . . the back order 
would be 

X-r 

(3) 

The probability 
of this is 

P(X) 

(2) X (3) 

Computation of the 
expected number of 
back orders per cycle 
(X-r)P(X) 

■ 54 

0 

84 

.00 

55 

1 

07 

.07 

56 

2 

.05 

.10 

57 

3 

.03 

.09 

58 

4 

01 

.04 




E(N) = .30 


Table 12-8 Computation of Expected Number of Back Orders per Cycle When 
the Reorder Level r Is 55 


(1) 

If r = 55 
and actual 
demand is X . . . 

(2) 

. . . the back order 
would be 

X-r 

(3) 

The probability 
of this is 

P(X) 

(2) X (3) 

Computation of the 
expected number of 
back orders per cycle 
(X-r)P(X) 

£55 

0 

.91 

.00 

56 

1 

.05 

05 

57 

2 

.03 

.06 

58 

3 

.01 

.03 




£{N) = .14 
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Table 12-9 Computation of Expected Number of Back Orders per Cycle When 
the Reorder Level r Is 56 


(■*) (2) (3) (2)x(3) 

Computation of the 

If r = 56 ... the back order The probability expected number of 

and actual would be of this is back orders per cycle 

demand Is X... x-r P(X) (x-r)P(X) 


s 56 0 96 .00 

57 1 .03 .03 

58 2 .01 .02 


EIN) = .05 



Table 12-10 Computation of Expected Number of Back Orders per Cycle When 
the Reorder Level r Is 57 


(1) 

If r = 57 
and actual 
demand Is X. . . 

(2) 

. . . the back order 
would be 

X - r 

(3) 

The probability 
of this is 

P{X) 

(2) X (3) 

Computation of the 
expected number of 
back orders per cycle 
(X-r)P(X) 

S57 

0 

99 

00 

58 

1 

01 

.01 




E(N) .01 


Table 12-11 Computation of Expected Number of Back Orders per Cycle When 
the Reorder Level r Is 58 



If r = 5a 
and actual 
demand is X 


. . . the back order 
would be 
X-r 


The probability 
of this is 


P(X) 


(2) X (3) 

Computation of the 
expected number of 
back orders per cycle 
(X-r)P(X) 


.00 

EiN) = .00 


S58 


0 


1.00 


314 


CHAPTER 12 


reorder level is 54 units, total yearly back-order cost is 


1000 

200 


(.30H5) = $7.50 


where ihe cost of a back-order B has already been given as $5. The results of 
the computations for the remaining reorder levels are given in Table 12-2. 


Computing the Total of Back-Order and Safety Stock Costs 

The safety stock and hack-order costs have already been calculated for the 
various reorder levels. What remains is to add them together and compare. 
This is done at the bottom of Table 12-2. It can be seen that if the reorder 

level is set to ^ 56 units, the sum of back-order and safety stock costs will 
be minimized at SI. 3. 25. 


The Solution 


We can conclude that a reorder should be 
plug cases in the second bin is reduced t 
demand is 50. the safety stock will be six 


placed when the number of spark 
o /•* = 56. Since average lead-time 
cases. 


The Total Yearly Inventory Cost 

'['he total yearly inventory carrying cost 
way; 


can be expressed in the following 


TC - CD + ^A + ^C I +{r X)CI +^[E(N)]B 

rhe total cost for the problem just completed can be computed by substitut- 
ing the appropriate data. 


1 000 


200 


U - lb( loot)) + ^^(40) + ^( !())(. 20) + 6(I0)(. 20) + 

= 10,41.3.25 


1000 

200 


(.05)(5) 


It can be concluded that the total cost of the strategy to order 200 cases when 
inventory falls to 56 cases is $10,41.3.25. 

Is This the Optimal Strategy? 

We^ cannot say that the total cost of the strategy chosen in the last section 
(Q _00. r - 56) is the best one. Recall that in the process of solving the 
total yearly inventory cost expression, we simplified the problem by decom- 
posing the expression into two parts. First we solved for Q* and then for r*. 

By using only the last two terms to determine r+, we have implied that 
the expected number of stockouts per year is strictly a function of r, the 
reorder level. This is only part of the picture, for the choice of r will determine 
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the expected number of stockouts per cycle, but the expected number of 
stockouts per year depends on the product of the expected number of stockouts 
per cycle and the number of orders (or cycles) per year. Therefore, the number of 
stockouts that occurs per year depends on both Q and r, and in our simplified 
approach we have chosen C^* independently of r*. What is the magnitude of the 
error? Y ou may recall that in the last chapter the total-cost expression was found 
to be rather insensitive in the \ icinity of its minimum. It is therefore reasonably 
safe to conclude that our simplified method presented in this chapter will result in 
values of Q* and r* which are close to the optimal ones. 


SUMMARY 

In this chapter a model has been developed for solving inventory problems 
when demand is not known with certainty but can be expressed as a 
probability distribution. The problem of how much to order was solved in 
exactly the same way as it was in C hapter 12. but the problem of when to 
reorder had to take into consideration the size of the safety stock necessary 
to protect against stockouts. 


questions 

1 Can a stockout ever occur bcft)re the lead-time period? 

2 In the Eastern Auto Parts case, under what condition wt)uld it be necessary to set 
the reorder level to 58 units? 

3 Would it ever be reasonable to set the reorder level below average lead-time 

demand? 

^ When a company carries large safely slocks, what assumptions has it made? 

5 How is the cost of a back tirder determined? 


problems 


12-1 

12-2 

12-3 


12-4 


12-5 

12 ^ 


If the average lead-time demand for an item is 250 units and the reorder point Is 
275, what is the safely stock level? 

The demand for a particular item is 10.000 units per year. The EOQ is 200 units, 
the back-order costs are per unit, and the expected number of back orders 
per cycle is five. What is the total cost of back orders per year. 

The reorder level for a particular item has been set to r = 25. The probability 
that demand will be less than or equal to this reorder level is 75 percent. At 
most demand during this lead-time period can be 26 units. What is the expected 
number of back orders per cycle ' 

The reorder level for a particular item has been set to r = 300. The probability 
that demand will be less than or equal to this reorder level is 80 percent. At most 
demand during this lead-time period can be 301 units What is the expected 


number of back orders per cycle? 

Verify that the average demand in Fable I2-I is 50. 

Show that if the safety stock carried for a particular stockkeeping item is 30 
units, the average extra stock carried in inventory is 30 units, not = 15 units. 
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12-7 The Mayfield Company sells precision tools to machinists. The demand for one 
such tool, a micrometer, is expected to be 1000 units. Its cost is $10 each. 

The micrometer is ordered from the Micro Too! Company, and predictably 
arrives I week after the order is placed. The fixed cost associated with placing 
this order is $40, and inventory carrying cost is 20 percent per unit per year. 

Stockouts are expensive for the Mayfield Company, but in most cases the 
customer will wait for the item to arrive. The cost of this back order has been 
estimated to be $5 per unit. 

For several years management has been collecting data on demand during 
lead time. The results are given below: 



Number of occasions Number of occasions 

on which this demand on which this demand 

Demand was observed Demand was observed 


20 

0 

25 

21 

5 

26 

22 

10 

27 

23 

20 

20 

24 

30 



20 

10 

5 

0 


Find the reorder quantity, reorder level, and total cost of this strategy. 

12-8 Determine the reorder level, the order quantity, and the total cost of this 
strategy for the following inventory problem; 


D — 1800 units per year 
A = $30 per order 
/ = 15 percent per unit per year 
= $1 per unit back-ordered 
C = $2 per unit 


Lead-time 

demand 

Probability 

48 

.02 

49 

.03 

50 

.06 

51 

.07 

52 

.20 

53 

.24 


Lead-time 

demand Probability 


54 

.20 

55 

.07 

56 

.06 

57 

.03 

58 

.02 


12-9 The probability distribution for lead-time demand is estimated to be the fol- 
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Lead-time 

demand 

Probability 

Lead-time 

demand 

Probability 

30 

.07 

34 

12 

31 

15 

35 

08 

32 

26 

36 

.07 

33 

18 

37 

,07 


Demand is 2000 units per year: fixed order cost is $25 per order; per piece cost is 
$2 per unit; inventory carrying cost is 25 percent per unit per year; and back-order 
cost is $1 per unit back-ordered. 

When should an order be placed, and how many should be ordered’,’ 
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CASE STUDY: Precision Machine Tool, Inc. 

Precision Machine Too!. Inc., manufactures a broad line of machine tools, 
including grinders, lathes, and jig borers. A recent management audit conduc- 
ted by the management services division of a nationally recognized ac- 
counting firm uncovered several weaknesses in the inventory control func- 
tion. In comparison with other machine tool manufacturers, the auditors 
found that Precision Machine had unusually high inventory costs and recom- 
mended that its inventory ordering system he redesigned. 

The president. Kenneth King, was discussing the problem with the 
irnentory control manager. Peter Barbera. 

"Pete. I think we ought to select the electric motors that go into our 
grinders and ree\aluate the inventory strategy that w-e use on them If we can 
come up with a better strategy, we can apply it to the other units in slock." 

eter replied. '-I II pull the records this morning, but I'm not sure 
^^e can do verv much. As vou know, for 10 years we have been taking 
inventory on major items every Monday morning. Each of those items has a 
cesired level. The actual level is compared against this desired level and we 
place an order for the ditference. For evample. our desired level for the 
grinder motor is 8 units. If Monday's inventory reveals 4 units in stock, an 
orter is issued for 4 units more. Now here is the problem. Ken. If the desired 
evel of inventory is lowered, more stockouts will be incurred. As we all 
know, more stockouts mean production delays, schedule changes, late ship- 
ments to customers and higher production costs. I'M be glad to pull the 
records. Ken. but don t think there is much we can do. Given the kind of 
bu mess we re in. think we re doing a great job. Why should we listen to 
management consultants.’ Have ihcv ever made a grinder'’" 

still go aheod wuh our reesuluation. I hase a suspicion that orders are placed - 
oo frtqucmh. ()ur ordering cost for those motors is about $20, which 
me kdes writing the purchase order, follow-up on the order, handling cost, 
at d neoming inspection cost. Since we order esery week, with the exception 

„r,| '■ ' "'to we spend $11)00 per year on 

ordering alone! I II bet we could cut this cost in half” 

niinulc^ Pclcr liitcrrnnt»'/l t **• i_ 

* you re fortielline about our 

carrying cost. .At Is percent per unit per year these costs make itiinprofi.able 
U order arger quantities on a less frequent basis. Since the motors Lt $.M)0 
each, a larger average insentory would add substantially to your inventory 

reduction i ""''f e'xtra cost might be more than offset by the 

t!kes Zh “''"e 'he EOQ method- It 

lakes both of these costs into consideration." 

Fete replied, -The EOQ system requires that demand and lead time are 

ce-rtair ID ‘I’" "^i'^er is known with 

certainty. Demand during lead time may be cither 0, I. 2, .I. or 4, and it may 
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lake either I or 2 days to gel the motor from our supplier once the order is 
placed. Consequently, stockouts can be incurred if insufficient safety stocks 
are carried. If you recall, we computed the cost of a stockout at $40.” 

Ken concluded. “Pete, why don't you pull the records (see Exhibit A) 
and come back to me in 2 days with st)me suggestions on reorder quantities 
and reorder levels? I would also like to see a comparison between the 
inventory cost for this motor using our present strategy and the cost using any 
other strategy which you might propose.” 

Exhibit A Inventory Record, Grinder Motor A375-1 


Beginning Order Ending 

Day Inventory received Demand inventory 


1 * 

2 

3 

4 

5 


4 

4 
7 
6 

5 


0 0 4 
4 1 7 
0 1 6 
0 1 5 
0 2 3 


6* 3 

7 1 

8 5 

9 4 

10 4 


0 

5 

0 

0 

0 


2 

1 

1 

0 

0 


1 

5 

4 

4 

4 


11 * 

12 

13 

14 

15 


4 
2 
6 
6 

5 


0 

4 

0 

0 

0 


2 

0 

0 

1 

0 


2 

6 

6 

5 

5 


16* 5 

17 5 

18 7 

19 5 

20 3 


0 

3 

0 

0 

0 


0 

1 

2 

2 

0 


5 

7 

5 

3 

3 


21 * 3 

22 3 

23 8 

24 7 

25 7 


0 

5 

0 

0 

0 


0 

0 

1 

0 

1 


3 

8 

7 

7 

6 


26* 6 

27 4 

28 6 

29 6 

30 6 



31* 4 

32 4 


0 0 

4 1 


4 

7 
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Exhibit A (continued) 


Beginning Order Ending 

Day inventory received Demand inventory 


33 7 

34 7 

35 6 


0 0 7 
0 1 S 
0 0 6 


36* 6 

37 4 

38 4 

39 5 

40 3 


0 

0 

2 

0 

0 


2 

0 

1 

2 

2 


4 

4 

5 
3 
1 


41* 


42 0 

43 6 

44 6 

45 6 


0 1 0 

7 1 6 

0 0 6 

0 0 6 

0 0 6 


46* 6 

47 6 

48 8 

49 8 

50 7 


0 0 6 

2 0 8 

0 0 8 

0 1 7 

0 0 7 


51* 7 

52 6 

53 6 

54 5 

55 5 


0 

0 

1 

0 

0 


1 

0 

2 

0 

1 


6 

6 

5 

5 

4 


56' 4 

57 4 

58 8 

59 8 

60 7 


0 

4 

0 

0 

0 


0 

0 

0 

1 

0 


4 

8 

8 

7 

7 


61* 7 

62 7 

63 7 

64 7 

65 5 


0 0 7 

1 1 7 

0 0 7 

0 2 5 

0 2 3 


66* 3 

67 3 

68 2 

69 5 

70 4 


0 

0 

5 

0 

0 


0 

1 

2 

1 

0 


3 
2 
5 

4 
4 


71* 4 

72 4 


0 0 

4 0 


4 

8 
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Exhibit A (continued) 


Day 

Beginning 

inventory 

Order 

received 

Demand 

Ending 

inventory 

73 

8 

0 

2 

6 

74 

6 

0 

0 

6 

75 

6 

0 

1 

5 

76* 

5 

0 

0 

5 

77 

5 

3 

0 

8 

78 

8 

0 

2 

6 

79 

6 

0 

1 

5 

80 

5 

0 

2 

3 

81* 

3 

0 

0 

3 

82 

3 

5 

1 

7 

83 

7 

0 

0 

7 

84 

7 

0 

0 

7 

85 

7 

0 

2 

5 

86* 

5 

0 

0 

5 

87 

5 

3 

1 

7 

88 

7 

0 

0 

7 

89 

7 

0 

0 

7 

90 

7 

0 

1 

6 

91* 

6 

0 

1 

5 

92 

5 

0 

0 

5 

93 

5 

2 

0 

7 

94 

7 

0 

2 

5 

95 

5 

0 

0 

5 

96* 

5 

0 

1 

4 

97 

4 

3 

2 

5 

98 

5 

0 

0 

5 

99 

5 

0 

1 

4 

100 

4 

0 

1 

3 


* Order placed every Monday 

Note: Assume 250 working days per year 


questions 

1 Determine the probability that demand durinj^ lead time will be 0. 1. 2, 3. 

2 What is the average lead-time demand f<.)r the prtiduct . 

2 Compute the economic order quantit>. 

^ When should reorders be placed ' 

5 Compare the cost of the fixed order quantity s>stem developed in questions 
with that of the fixed order interval s>siem now used. Which would you 

mend? 


or 4. 


.3 and 4 
recom- 
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APPENDIX A: Setting the Reorder Level 
When a Service Criterion Is Given 

DISCRETE DISTRIBUTIONS OF LEAD-TIME DEMAND 

In many situations, it might he quite difficult to determine the actual cost of a stockout. 
An indirect way to assess this is to specify a service criterion. For example, the 
inventory manager of the product whose lead-time demand was depicted In Figure 12-1 
might feel that the likelihood of a stockout should not exceed 4 percent during any one 
cycle. 

I'o find the appropriate reorder level that meets this criterion, a "cumulative 
greater than distribution must he compiled. This is accomplished by determining the 
probability that demand will exceed each possible lead-time demand level X. Starting 
troni lahie !2-l. a ‘cumulati\ e greater than ’ distribution is presented in Table 12A-I. 

From Table 12A-I it can be seen that if the reorder level is r* = 56. the likelihood 
of a sti>ckout will not iwceiu/ 4 percent. 


CONTINUOUS DISTRIBUTIONS OF LEAD-TIME DEMAND 

Suppose that the distribution of lead-time demand could be approximated by a normal 
distribution as sIkhmi in T-igure I2A-1. The average lead-time demand is X and its 
Standard de\iation is tr. If the reorder level is set at r. the safety stock is 5. and the 
probabihtv that demand will exceed ^he reorder level r is shown :is the shaded area. 

Consider an example where X = 400 and rr=15. The criterion is that the 
likelihood of a stockout during any one cycle should be less than 1 percent 

In the normal table at the back of the hook, it is found that the area to the right of 
2..'^.^ standard deviations from the mean is approximately 1 percent. Therefore the 
reorder level should he set at the mean plus 2.3.T standard deviations. 


Table 12A-1 Cumulative Greater than Distribution for Lead-Time 
Demand 
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Stock level 

Figure 12A-1 Lead-time demand represented as a continuous distribution. 


r = X + 2.33{(r) 
r = 400 + 2.33(1 5) 
r = 435 


If the reorder level is set to 4.3.^ units, 
is 1 percent or less. 


the likelihood of a stockout during any one cycle 


problems 


12A-1 


12A-2 


12A-4 


12A.5 


Suppose the criterion for the problem illustrated in Table 12A-I was that the 
probability of a stockout was not to exceed 16 percent during any one cycle. 


Find 


Suppose that the criterion for the problem illustrated in Table I2A-I was that 
the probability of a stockout was n.n to exceed 12 percent. Find r* 

12A.3 Demand during lead time for a particular unit can be described by a normal 
distribution with an average demand of .MKK) units and a standard deviation of 
1000 units. Suppose that management does not want more than a 3 percent 
chance of a stockout during any one ordering cycle; when should it reorder? 
Demand during lead time for a particular unit can be described by a norma 
distribution with an average demand of 1000 units and a standard deviation of 
100 units. Suppose that management does not want more lhan a 10 percent 
chance of a stockout during any one ordering cycle, when should it reorder? 
Return to problem I2A-3, Suppose that management would like the probability 
of stockout not to exceed 12 percent during any one inventory cycle. When 

should a reorder be placed? 
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Queuing Theory 


INTRODUCTION 

Waiting lines are common. They can be found in almost any organization. 
Lines form in airline terminals, bus stations, supermarkets, banks, manufac- 
turing facilities, health clinics, restaurants, and at tollbooths. 

In any of these examples it would be unreasonable to provide a level of 
service that could prevent the formation of a waiting line. Instead, adequate 
levels of service are provided and both the customer and the organization 
must accept the presence of these lines. 

What is an adequate lesel of service'.' The answer depends upon the 

Willingness of the customer to wait, or the cost of waiting, and upon the cost 
ot proMuing service. 

The purpose of this chapter is to explore several models that can be used 

by decision makers to compare the cost of waiting and service for several 
dirferenl service-level strategies. 

The case study which follows wdll be used to introduce the concepts 
necessary in the development of these models. 
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CASE STUDY: Mission Hill 
Neighborhood Health Clinic 


The Mission Hill Neighborhood Health Clinic is located in a predominantly 
black section of Boston. Massachusetts. It was established seven years ago 
under a limited grant from the federal government. At present the staff 
includes three physicians, one laboratory assistant, and one secretary. 

The medical needs of the community far exceed the service that 
these physicians can provide. Frequently patients must wait 2 or 3 hours 
before they can be seen by the staff. In fact, the medical director. Dr. Gail 
Swanson, feels that this wailing period often discourages patients from 
coming to the clinic. 

When patients come to the clinic they must register with the secretary 
and wait for the first available physician. They proceed into an examination 
room when the physician becomes available and may spend from 10 minutes 
to an hour with the doctor. Upon completion of the visit they leave the clinic. 

Two months ago Dr. Swanson requested the addition of two physicians 
to her staff. She argued that this increase would not only reduce patient waiting 
time but would probably encourage more people to use the facilities of the 

clinic. 

In response to this request the federal funding agency asked Dr. 
Swanson to estimate the impact of this staff increase on patient waiting time. 
In its letter the agency expressed concern over the magnitude of the benefits 
that could be attributed to this substantial increase in operating cost. The 
letter further suggested that with an increase in staff to five physicians these 
Physicians might well experience periods during the day when there would 
not be enough patients to keep the staff busy. The agency concluded that this 
could result in a waste of federal funds. 


The Mission Hill Clinic as a Queuing System 

The operation of the Mission Hill Clinic can be described as a queuing 
system. The patients arrive, vsait their turn, are serviced by a physician, and 
finally exit from the system In the next section the basic characteristics of 

this and other queuing systems will be deseribed. 


the basics 

There are two basic aspects of any waiting line: arrivals and service. Figure 
13-1 represents the very simplest waiting-line system. In fact it is identical to 
a system that could exist at a health clinic with only one physician. Patients 
arrive at the clinic, the service is supplied by the physician, and upon completion 
of the service the patient exits from the system. If a particular service takes 
much longer than average, or if arrivals occur sooner than average, a waiting line 
niay form. 
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0 0 0 
Arrivals 


0 


Service 


» Exit 


Figure 13-1 Arrivals and service In a 
simple queue. 


How a Waiting Line Is Formed 

Suppose that the average arrival rate at this simple clinic is six per hour (one 
every 10 minutes) and the average service time is 8 minutes. If a patient 
arrived precisely every 10 minutes, and if service took precisely 8 minutes, a 
waiting line should never form. The reason that it does indeed form is that 
there exists a randomness about these average values. Even though the 
long-run average arrival time is every 10 minutes, some patients may arrive 5 
minutes after the previous one. some 14 minutes, and some 1 1 minutes, and so 
on. Similarly, service on any patient may take 4 minutes. II minutes, 9 
minutes, and so on even though the long-run oi era^c of these service times is 
8 minutes. When several arrivals occur sooner than the average time or when 
service takes longer than the average time, a line may form. 

We can therefore conclude that owing to the randomness in the arrival 

and service patterns it is quite possible for waiting lines to build even when 

the (/( mige service time is less than the (neriif>e time between arrivals. Any 

theory of waiting lines must therefore take this phenomenon of randomness 
into consideration. 


CLASSIFICATION OF QUEUES 


A waiting-line 


problem can 


be classified according to the following criteria. 


1 Whether the source of the arrivals is finite or infinite 

2 The number of lines and service stations 

3 The priority of the arrivals 


Finit© and Infinit© Sources 

In most waiting-line problems the source of the arrivals is very large In fact it 
isso large that we assume it is infinite. Consider the source of arrivals at the 
Mission Hill C linic. The number of residents in the area is so large that we say 
the source of the arrivals is infinite. 

In some waiting-line problems, however, the source of arrivals is small in 
number. In thts case we say the source is finite. Consider a repairman who is 
csponsible for eight electronic installations. When one breaks down, we say 
that It has arrived for service. Clearly the source of arrivals is not infinite. 

The Number of Lines and the Number of Stations 

The simplest of all waiting-line problems was presented in Figure 13-1 It 

represented one line one sen irf tu ' • l . 

linn An.fh,. I, U u Station. This IS but one possible configura- 

Another would be the situation depicted in Figure 13-2: one line, multiple 
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0 0 0 0 0 0 
Arrivals 


0 



Exit 


Exit 


0 


E X It 


Service 


Figure 13*2 One line, multiple service. 


service. In this situation all arrivals form one line, and when a service station 
is available, the person at the head of the line proceeds to that station. Many 
banks use this method. All arrivals stand in one single line rather than queuing 
up in front of each window. A service assistant at the head of the line directs 
customers to available windows. In the conventional system most people 
choose the line with the fewest number of people. To their dismay, however, 
there often are customers in front of them who take much longer than average 
in transacting their business. Although their line had the fewest number of 
people in the beginning, waiting time was the longest. A system with one line 
and multiple service would eliminate these unlucky choices and improve 
customer service. It is this method that is used at the Mission Hill Clinic. 

The conventional bank system utilizes multiple lines and multiple ser- 
vices, as depicted in Figure I3-.V Other examples include autos lining up 
during rush hour to pay their toll on the Neu York Thruway. and students lining 
up by alphabet groups (A-M. N-Z> to register for courses. 

Priority of Arrivals 

The most common queue discipline is Itrsl come, first served. This means that 
the first in line is the first served, the second in line is the second served, and 
so on. Perhaps the reason why this type of discipline ,s so popular is that it is 

easy to administer. 


0 0 0 0 0 0 


0 0 0 0 0 0 


0 0 0 0 0 0 
Arrivals 



0 


Exit 


- — ^ Exit 


0 


Service 


^ Exit 


Figure 13«3 Multiple lines, 
service. 


multiple 
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Countless other queue disciplines have been used. In a factory, jobs may 
be scheduled by their due dates. Those jobs with the earliest due dates are 
scheduled first. In a hospital lab. patients may be taken on a first come, first 
served basis, but the queue may be interrupted for high-priority patients. 

The models developed in this chapter all assume that the queue discipline is 
first come, first served. A more advanced treatment of the subject would 
consider the consequence of other queue disciplines. 


ECONOMICS OF WAITING LINES 

It would be totally unthinkable for the Mission Hill Clinic to be provided with 

enough physicians so that no patient would ever have to wait in line Why"* 

Such a strategy would be loo cosily. Although no patient would have to wait, 

many physicians would experience long idle periods. Salaries for this strategy 

would be prohibitive. Consequently it would appear that the existence of 

waiting lines must be accepted. But waiting lines are also costly! When 

waiting lines get too long, patients become impatient and disenchanted with 

the service being offered and may leave. To the patient, or customer, the cost 

of waiting may he too high. Clearly, long lines are a disadvantage 

The number of physicians finally chosen is to some extent an economic 

decision. To make this decision two costs must be balanced. The first is the 

cost of waiting, and the second is the cost of providing additional service. 

With too many physicians the cost of providing this service will be high while 

the cost of waiting might be low. With too few physicians the cost of 

providing this service will be low. while the cost of waiting might be high. In 

general any waiting-line problem faces these opposing costs. As the number 

of service stations increases and the cost of service increases, the waiting 

times decrease as does the cost of waiting. There is some intermediate 

number of service stations for which the sum of these two costs is at a 
minimum. 

The wailing-line models that will he presented in this chapter will not be 
capable of identifying the precise number of service stations that will 
minimize the sum of these costs. They can. however, be used to determine the 
waiting limes associated with several different strategies, each one for a 
different number of service stations. These waiting times can then be used to 
compute the economic consequence of these strategies. Finally the strategies 
can be compared and the choice made. In the next section a model will be 
deve oped which is capable of determining the waiting time for the very 
simplest of circumstances: one line, one service station. 


ANALYSIS OF ONE LINE. ONE SERVICE 
STATION, AND INFINITE SOURCE 


Assumptions 


The simplest wailing line 
station. We can model this 


occurs when there is one line and one service 
simple process mathematically if we make some 
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assumptions. First, we must assume that the source of the arrivals is infinite. 
Second, we must assume that the queue discipline is such that the first one to 
arrive is the first one served, and so on. Third, we must assume that the 
arrivals and services are independent of one another. When arrivals are 
independent, the occurrence of one does not influence when the next one will 
occur. Similarly when service times are independent, the length of time it takes 
to service one customer has no influence on the length of time to service the next 
one. 

Finally we must make some assumption about the pattern of arrivals and 
services. It is not enough to know’ the average time between arrivals and the 
average service time. Something must also be said about the likelihood that 
arrivals and services will fall on either side of these averages. It can be shown 
that the Poisson probability distribution best describes the randomness as- 
sociated with these arrivals and services. The models which follow therefore 
assume that arrivals and services vary according to this distribution. 

The Model 

By utilizing the assumptions presented in the previous section, the following 
characteristics of the waiting-line system can be developed:' the average 
number in the system.' the average number in the wailing line, the average 
wailing time, and the probability of n units in the system. 

The Average Number in the System I he a\'erage number in the system 
(i-), including the one being serviced, can be computed in the following way: 



where A = the average number of arrivals in an interval of time 

M = the average number of sersiecs which the server is capable of 
accommodating in an interval of lime 

For example, if the average number of arrivals at a supermarket check-out 
stand is 60 per hour and the average number of services in 1 hour is 100, the 
average number of people in the s>'slem. including the one being serviced, can 
he computed in the following way: 



and, since A = 60 and /x = 100. 


100-60 40 


'See Appendix A for derivation of Ihese formulas. 
Long-run average. 
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We can therefore conclude that the average number of people in the system, 
including the one being serviced, is 1.5. 

The Average Number in the Waiting Line The average number in the 

waiting line (L^). not including the one being serviced, can be computed in the 
following way: 



A- 

- A ) 


In our example we have the following: 

= Mr = 9 

/ti(M-A) 100(100-60) 

The average number in the waiting line is therefore .9. 


The Average Waiting Time The average waiting time of an arrival 
excluding service time, can be computed in the following way; 




A 


Returning to our example, we have the following: 



.015 


We can therefore conclude that the average 
.015 hours, or 60 x. 015 = .9 minute. 


wailing time for an individual is 


Probability of n Units in the System The 

system at any one time can be computed from 


probability of n units in the 
the following formula: 




In our example, the probabilu;- of n = 2 
computed in the following way. 


people at any one time can be 



= .144 



QUEUING THEORY 


331 


The likelihood that two people will be in the system at any one time is .144, or 
14.4 percent. 


multiple-service facilities 

In the last section we considered systems w iih one line and one service station. 
In this section we will consider systems with one line and multiple-service 
stations (Figure 13-2). 

An example of a one-line, multiple-service system can be found at the 
Greyhound Bus Terminal in Boston. Massachusetts. Guardrails are used to 
converge arrivals intt) one line. At the end of this line is a sign. "Wait here and 
then proceed to first vacant window. ' Be>ond the sign are six ticket windows. 
The customer proceeds to one of these windows when it is free. 

To most who have used this system it is a substantial improvement over 
the multiple-line, multiple-service system. It is better because it eliminates the 
possibility of customers waiting for a long time in a slow line. 

Since people in multiple-line. muliiple-ser\ ice systems have a tendency to 
jump lines, the one-line, multiple-serv ice nuvdels about tt> be developed have 
been used to approximate the multiple-line, multiple-service situation. 


The Model 

In the following sections several characteristics of the one-line, multiple-set vice 
system are developed. 

The Probability of Zero Units in the System The likelihood of zero units 
or zero individuals in the svslem. P... can be calculated in the following 

Way: 

(A/m)" , , ' 

" 2! "■■■ (.S’-D! 


. _ J (A 


where A = the average number of arrivals in an interval of time 

M = the average number of services which a server is capable of 
accommodating in an interval of time 
S = the number of serv ice channels 

For example, if we have a one-line arrival system w ith three servers, and if the 
average number of arrivals is IlK) per hour and the average number of services 
per server is 40 per hour, the likelihood tif zero people in the system can be 
calculated from the above equation: 


A = 100 
M ==40 
S = 3 
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+ 1 + - 


“7 


4 () 



P„=(15.625 + I +2.5 + 3.125)-' 
= .0449 


The likelihood of no people being in the system is therefore .0449, or 4.49 
percent. 

The Probability of n Units in the System The probability of n units in the 
syslem can be computed in the following way: 

Pn = Po ; — if u < 5 

n ! 

P.~ = if » > s 

Returning to our example, we will compute the probability of « = 1, 2, and 3 
people in the system. Since all these values of n are less than or equal to 
S{S = 3). we can use the first formula. 


For n = 1 : 

P> = 


.0449(2.5)' 


/ii 

1 

For /j = 2: 

P.= 

p(A/M)'’ 

.0449(2.5)' 


* 

" /I I 

2 

For n =3: 

P.= 


.0449(2.5)^ 


n 1 

3(2) 


.11225 
. 1 403 
.1169 


Next we will compute the likelihood of n = 4. 5. and 6 
Since these values of n are greater than S (S = 3). the 
be used. 


people in the system, 
second formula must 


For n = 4; 
For n = 5: 
For n = 6; 


P - r, ■0449(2.5)-' 

■' "SIS'’ 31(3)’ 


= .0974 


_ „ _ .0449(2.5)' 


P. = P,. 


P. = P„ 


SIS" '' 

(A/m)" 

SIS" 


31(3)' 

.0449(2.5)'' 

’.V(3)’ 


= .081 19 
= .06766 


1 he probabilities of seven or more 
the same way. 


people in the system can be calculated in 


The Average Number in the Waiting Line The average number in the 
waiting line. L.,, can be calculated in the following way: 
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L -p 

" "5(5!)[1-(A/m)/S]' 

Returning to our example, we have 

■0449(2.5)^ 

3(3!)(l-:! -y, )“ 

L, = 3.507 

Therefore the average number of people in the waiting line is 3.507. 

The Average Waiting Time The average waiting lime in line for an 
arrival can be computed in the following way: 



In our example we have 

=.035 

and can therefore conclude that the average person waits .035 hours, or 

.035x60 = 2.10 minutes. 


COMPLEX WAITING-LINE CONFIGURATIONS 


The two models presented in this chapter are simple but often useful. By no 
means do they represent all waiting-line configurations. For example, we have 
not discussed multiple-line, multiple-service systems, nor have we discussed the 
consequence of wailing-Hne disciplines other than first come, first served. These 
other disciplines might include priority customers who could enter the front of 
the line and thereby avoid long waiting periods. Clearly this change in discipline 
Would change the average waiting time in the system. 

Also not discussed was the possibility of arrivals being processed through 


3 sequence of several service stations. In some health clinics for example, 
patients form a waiting line for the first lest and. after this is completed, 
proceed to the next station to a waiting line for the next test. This sequence 

continues until all tests are completed. 

Mathematicians have developed waiting-line models similar to the ones 
presented in this chapter for some of these other situations. Bui when the 
situations become so complex that it is very difficult, if not altogether 
impossible, to develop mathematical formulas for them, simulation models are 
used. Chapter 15, which is on simulation, includes several examples of wailing 
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lines. In fact it is reasonable to say that in most practical applications, 
simulation models are used to analyze waiting-line problems. 


SUMMARY 


Two queuing models were developed in this chapter. The first assumed a 
single-line arrival pattern and single-service facility: the second assumed a 
single-line arrival pattern but a multiple-service facility. Countless other 
models have also been developed but are beyond the scope of this book. 


QUESTIONS 


1 

2 

3 


Whal are (he opposing costs in a queuing system and how do they behave ’ 

One way to reduce wailing lime is by improving the efficiency of service personnel. 
Is this a possible alternative in the Mission Hill Clinic case? 

On closer inspection it is found that the long waiting lines at the Mission Hill Clinic 
occur het\\een 10 and II \m and 2 and 2:30 p m. Do you think that there are 
other solutions to the problem in addition to increasing the size of the staff? 

Outline the method that you would use in supporting Dr. Swanson's request with 
data. 

Do you think that a reasonable ohjecti\e in a health clinic is the minimization of 
physician idle time? What are the consequences of this objective? Should a 
supermarket schedule its check-out personnel with the objective of minimizing 
personnel idle time.’ What is the difference between these two examples? 


PROBLEMS 


13-1 


13-2 


13-3 


13-4 


I he average number of arrix als at a downtown airline ticket office is 20 per 

hour. The average number of possible services In 1 hour is 25. Only one agent is 
on duty at any one time. 

a Compute the average number of customers in the system including the one 
being serxiced. 

b Compute the average waiting time for a customer excluding service lime (in 
minutes). 

Return to problem l3-i and compute the probability of no customers in the 
waiting line. 

A repair facility for electronic calculators can repair on the average six cal- 
culators per hour. Only one technician is employed. Calculators arrive at the 
rate of five per hour. 

If the technician is sent to repair school, the time it would lake to repair the 
calculator can he reduced. Hy how much must the repair time be reduced to 
decrease the average number of calculators in the system, including the one 
being served, by 2 units. 

A toMbooth at an exit ramp on the Maine Turnpike can serve but one car at a 
time in each direction. The average arrix al rate for cars during the rush period is 
100 per hour, and the average number of services which can be accommodated 
by the toll collector is 120. The arrival pattern and service pattern can be 
represented by a I’oisson probability distribution. 
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13-5 


13-6 


13-7 


a Is it appropriale to represent this sssteni h\ a model vuth one line, one 
service station, and infinite source * 

b Find the average number in the system, the average number in the waiting 
line, the average waiting time, and the probability of eight cars in the system, 
c Is this a reasonable system, or should an additional lollbooth be constructed? 
What factors must he considered ’ 

d Assume that the arrival rate during late morning and early afternoon hours 
drops to 80 per hour. Find the average number in the system, the average 
number in the waiting line, the average waiting time, and the probability that 
five automobiles will be in the system. 

A major manufacturer of electronic medical instruments maintains repair facili- 
ties in several locations throughout the United Slates and abroad. One such 
facility, in Florence, South Carolina, includes five repair departments, each 
specializing according to instrument type. The blood-analy/er repair department 
has only one repairman. Lately he has been swamped with work, and manage- 
ment is considering the additit)n of another person. 

a The arrival and service patterns of the blood-analy/er units can be ap- 
proximated by the Poisson probability distribution. On the average, a unit 
arrives every day during the .‘'-day workweek, and it is possible tv) service six 
per week. Find the average number in the system, the average number in the 
wailing line, and the probability v)f four in (he system at any lime, 
b Assume that the electronics manulacturer has improved his quality control 
and that the consequence of this is an arrival every other day at (he repair 
facility. Find the average number in (he system, the average number in the 
Waiting line, and the probability of three instruments in the system. 

The First Natii>nal Hank of Detner has just changed the physical layout of its 
lobby. A series of rails h.is been installed which force depositors to fortn a single 
line. A bank guard stands at the head of this line and directs depositvirs to the 
first available teller. 

a During peak hours the bank opens four teller windows. 1 he average rale of 
arrivals during this period is 100 per hour. ILich teller requires an average of 
2 minutes to service each customer. Arriv.d and service patterns can be 
approximated by the Poisson probabiliiy distribution. F-ind the average num- 
ber in the wailing line and the average wailing time, 
b What would happen tt> the average waiting time if an additional teller were 

added during the peak period ’ 

c What would happen to average wailing time if the arrival rale for cusitimers 
increased to 150 per hi>ur and ihe bank maintained four teller windows’ 
One of the earliest applications of complex mathematical theory to management 
problems was the use of waiting-line theory by Al&l to determine the number 
of operators required li) service subscribers demands adequately. 

Let us assume that calls come into an exchange in single-channel fashion. 
The first calls in are the first ones serviced by an operator. If all operators are 
busy, the person placing the call lets the phone ring until it is answered by an 
operator. Substantial overloads i>n the exchange, however, result in busy signals, 
and the caller must hang up and try again. 

a it has been determined that arrival and service patterns can be represented 
by the Poisson disirihution. If the average arrival rate during one part of the 
day is 100 calls per hour, and if the average service rale is calls per hour, 
what will be the average wailing time if four operators are used.’ 
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b Is this mathematical model an accurate representation of the telephone 
exchange process? 

13-8 Show that the average number in the waiting line for the case with one line and 
one service station 


' m(m-A) 

is equal to the average number in the waiting line for the case with one line and 
multiple service, when S= 1. 

L -P - 

'■stsim -(a/m)/s)- 
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CASE STUDY: Gold Star Company 


The Gold Star Company of Madison. Wisconsin, produces potato chips, corn 
chips, cheese twists, and popcorn. These products are made in Madison and 
then shipped to company warehouses and distribution centers located 
throughout the Midwest. 

In the past the company has leased trucks or used common carriers to 
ship its product, but in 1970 a decision was made to purchase a fleet of trucks 
itnd to avoid the use of other more costly means of transportation. 

The trucks are kept in a company garage on l.angdon Street, and it is 
there that dispatcher Harold Bascom assigns drivers, loads, and destinations. 
It is not unusual for a truck to be sent to several destinations, dropping off a 
part of its load at each stop. In these situations .Mr. Basctun determines which 
combination of destinations will be assigned, totals the orders placed by each 
distribution center, and loads the trucks with these quantities. .Seldom does this 
quantity completely fill a truck. On average, trucks are XO percent filled. 
Occasionally, the> have been onlv half filled. 

The product is shipped in large cardboard drum containers. At each stop 
along the route, the driver must first unload the requested number of drums 
and then load as man> empty drums as possible onto the truck. When the 
truck returns to l.angdon .Street, the empty drums arc unloaded and stored for 
reuse. 

Recently the shipping department has been unable to keep up with 
production and warehouse demand. 1 rucks are in operation for three shifts 
daily during the 2.^()-day work year, hut more trucks are still needed. Con- 
sequently Mr. Porter, manager of inventory and transportation, has requested 
that the company purchase three new trucks. Since business has been 
Unusually strong. Mr. Porter expects quick approval for the vehicles. 

Upon receiving this request. Mr Bond, the company president, requested 
that the accounting department prepare an analy sis of the problem and submit 
a final recommendation w'ithin 2 weeks. 

To gain some insight into the problem, accounting representatives spent 
several hours observ ing the shipping department at its l.angdon Street location. 

It became apparent that trucks often had long waits before thev were unloaded 
and loaded. One of the accounting staff asked .Mr. Bascom if this was normal. 

Bascom replied that on some occasions all the trucks were out and his 
shippers were idle. On other occasions, he continued, there were several trucks 
Waiting to be unloaded and loaded. "If we onlv had trucks during our idle 
period." he said, "we could increase our shipments." 

Upon closer analysis it was determined that the average lime between 
truck arrivals was 4 hours and the average time to unload and load a truck 
''^as 3 hours. The company maintained one shipping platform, and it was in 
operation 24 hours a day. 

But adding more trucks was not the only solution. The accounting 
department suspected that the construction of a new shipping platform might be 
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far more effective and economical. In fact, if the trucks were purchased and no 
new platform were built, the trucks could only add to the bottleneck at the 
unloading and loading platform. And waiting time was indeed expensive. They 
estimated the opportunity cost of wailing at a minimum of $ 10 per hour. This cost 
included the lost shipments and subsequent lost sales of Gold Star Products due 
to stockouts on warehouse shelves. 

The accounting staff learned from the building and grounds department 
that it would be possible to construct another shipping platform identical to 
the present one. The cost would be $25,000 and would be depreciated on a 
straight-line basis over 10 years. If the new platform were open three shifts 
each day. the labor costs would total $20,000 per year, including fringe 
benefits. 


QUESTIONS 


1 

2 

3 

4 

5 

6 


What is the average number of trucks waiting at any time? What assumptions were 


necessary to make this compulation? 

What is the yearly cost of this wailing time? 

If a second loading-unloading platform is built, what will be the average number of 
trucks waiting at any lime? 

What is the yearly cost of waiting for two loading-unloading platforms? 

Compare the costs of the two alternatives. W’hich one would you recommend? 
What other factors could affect the arrival and service time of the trucks and 
thereby speed the process? 
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APPENDIX A: Derivations 


POISSON DISTRIBUTION 

The probability of the number of arrivals (or services) that occur during an interval of 
time can be expressed as a Poisson distribution in the following way: 


P.(A/) = 


(A ^t)”c 


A 


where n = number of arris als 

A/ = small interval of lime 

A = average number or arrivals in an inters al of time 
From this we can then determine (he likelihood of s>ne arrival (n 
Al. 


I ) in an interval of time 


P,(A/) = (A A/)((' 

And if we let the interval of time become very small, e approaches t since e "= 1 
Pi(A/) = A At 

This then expresses the probability of one arrival itj a small imerval of lime A/. We will 
niake use of this relationship in the next scction. 


DERIVATION OF QUEUING FORMULA 

First we must assume that the probability of more than one arrival during the small 
interval of time is so small that it can be ignvircd. Therefore the probability of no units 
entering the system during this small time period is 

1 - A At 


while 


1 - M A/ 


is the probability of no service taking place. 

Let us now take a look at our system at some point in time t including the next 
instant in time Ai. 



At 






t 


time 


Exactly n units or individuals can be found in the system during (his interval in any one of 
the following ways; 
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(I = n units at / with no arrivals and no service during A/ 
h = n + \ units at f with no arrivals and I unit serviced during At 
c = n ~ \ units at t with I arrival and no service during At 
d = n units at t with 1 arrival and 1 service during At 

We can express the probabilities of these events in the following way: 

P{a)= PJtH] - A A/)(l -tzAt) 

P{h)= P„. ,(/)(! - AA/HmAH 
Pic) = ,(r)(AAn(l - fj. A/) 

Pid) = A/)(m At) 

Since these events are indipendent. we can express the probability of n units in the 
system at time t + A/ in the following w'ay: 

P..il + At)= Pia)+ Pih)+ Pic)+ Pid) 

P„it +At)= Pjt)i\ -A A/)(l -/I An 

V P,. .,(/)(! - A ADin At) 

+ P„ ,il)iA A/Kl - M A/) 

P„ii)i\ Arx^ An 


Multiplying, we have 

pji + An = p„(n[i - AAf - ^lAl + 2MA(Afr I 

+ p„.,(n(MA/ - MAtAn-'i 
+ P., ,(/)|AAr - mA(A/)M 

Rearra nging. 


PJ t 4 A r )_- P,.ii) 
At 


tip„.,it) - (A +M)P,.in 
+ Ap„ ,(/» 

+ ma a/[ - p,..>it)-^2Pji)~ p.. ,(n] 


As the interval At becomes smaller and smaller, the last term approaches zero. In 
.iddiiion. as At becomes smaller. P„(n will become equal to P„it + At), and therefore 
P„it + A/)- P„(n = (). We can now write the above equation in the following way: 


mP,. .,(/)- (A + tx)P.,it) +- AP.. ,(n = 0 


(13A-1) 


From this equation w'e can now determine the probability of /i = 0. 1 . 2. 3. etc., units in 
the system. First we will determine the probability of n ~ 0 units in the system. 

Mp.tn - (A + M)Pu(n+ AP ,{n = o 


We can immediately drop the last term. AP ,(n. since negative arrivals are not 
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possible. We then have 

or 

fxp,(t)-\pjt)- ^tPJn = o 

Since a unit cannot he serviced if (here are zero units in the system, then 
Mn(/) = 0 




or 


P,U) = -P..U) (l?A-2) 

Next we will determine the prohahilily of n - I units in the system. Returning to 
Equation 13A-I. we have 

■ ^^2(0 - (A + /i )P|(M -t A/^,(/) = (I 

= {A + fjL)P,it)- AP.An 

Using Equation 13A-2, 


^lP2it) = (A + M )-Pn(/) - AP„(n 
P,(r)=[(A+M)(^)(;:)-^ 


PJI) 


= ( 


A ^ + Afi - A^i 
•> 

M' 


Put/) 


and 


P2(/)= (^) P„(f) 

If we went through the same process for n = 3. we would find 
Pi(/) = (^) Po(n 
and clearly the general form is 

P«(/)= (^] Pod) 


(13A-3) 


(13A-4) 



342 


CHAPTER 13 


What remains is to find Pu(n. Since all the terms in a probability distribution must 
equal 1, we can write 

2 PnU)= I 

n O 

and from Equation I3A-4, 

P..(n + p„(f)(^) + Pn(/)(^) + -- + p»(n(-) +■•■ = ! 

or 

The terms in the brackets are in the form of the following geometric progression: 

I + + U “ + (/' + ■* + • • . + '• + ... 

Their sum is 

1 

1 - a 

If we let « = a/m- the terms within the brackets can be written as 

1 

1 - A/m 

We then have 


P..(n 


1 

1 — A/m 


1 


Rearranging. 



And from Equation I3A-4 we can now write 



This, then, is the general expression for determining the probability of n units in the 
system at any time i. 


Chapter 14 


Simulation 


INTRODUCTION 

In the preceding chapters the emphasis was on the formulation and analysis 
of mathematical models. In those models the relevant elements from the 
real-world system and their interrelationships were expressed in mathematical 
terms. Then these models were analyzed and solved. 

There are many situations, however, where the system that must be 
modeled is so complex that it is not possible to express the elements and their 
interrelationships as a mathematical model and then to solve this model. In 
those situations the only practical alternative is to simulate the system. 

When a simulation model is developed, the focus is first directed at the 
individual elements of the system. Often the behavior of these elements is 
described by a probability distribution. 

After the elements have been specified, a trial alternative to the problem 
IS tested by combining these elements in their natural order. This process 
generally continues as several alternatives are tested. 

After the trials have been completed, the results are compared. The trial 
alternative with the best outcome is generally chosen as the solution to the 
problem. 

Since simulation methods are often limited to the comparison of a 
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relatively small number out of all possible alternatives, it is not necessarily 
true that the best possible alternative will be uncovered. In spite of this and 
the fact that simulation models are often expensive to develop, they are 
becoming common decision tool at all levels in the organization. 

Simulation methods, however, have not been limited to management 
decision problems. They have been used in engineering for several decades. 
In the design of aircraft, for example, it is routine procedure to simulate the 



the simulation models developed by engineers and managers is different, the 
general concepts behind these models are similar. 

To introduce the methods of simulation, we turn to the first of three case 
studies. 


CASE STUDY: St. Louis Safe and Trust Company 

I he St. l.ouis Safe and Trust Company is a commercial bank which offers a 
broad range of banking services to its customers. At the present time it is 
considering the addition of a drise-in teller window at one of its branch banks. 
I he bank's concern, however, is that this single drive-in window will be 
inadequate to meet demand. The consequence of this would be long waiting 
lines which could back traffic into a busy street. Unfortunately there is 
inadequate space to construct two windows. 

Before approval is given to proceed with construction, the vice president 

of (he bank. Sandra Murray, has asked that a study be undertaken to determine if 
this problem will in fact exist. 

Simulation of the Drive-ln Teller System 

described in the St. l.ouis Safe and Trust Company case can be 
classified as a queuing system much like the ones discussed in the last 
chapter. This system is illustrated in Figure 14 - 1 . Automobiles arrive at the 
window, are serviced by the teller, and exit from the system. If several 
arrivals occur within a short span of time, a line, or queue, will form. If, on 
the other hand, few arrivals occur, little or no line will form. The problem is 

‘“Jcquate to service the bank's customers. 
Although the queuing methods developed in the last chapter might be used in 
this simple example, they become inadequate in more complex queuing 


0 0 0 > 

Arrivals 


Service 


0 0 0 > Exit 


Figure 14-1 Drive-In teller represented 
as a queuing system. 
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situations. The simulation model which will now be developed can be used to 
analyze both simple and complex queuing systems. 

But simulation is not limited to the analysis of queuing systems. Later in 
the chapter two other cases will be analyzed using this technique. 

The first step in formulating a simulation model for the St. Louis Safe 
and Trust Company case is to estimate arrival and service patterns. 

Arrival Pattern 

Since it is not possible to obtain an arrival pattern for a facility which does 
not yet exist, one must be approximated. It has been determined that the 
arrival pattern at a nearby branch bank which maintains two drive-in windows 
will be closely approximated by that of the new system. The time between 
arrivals, then, was observed at that facility during a typical hour of the day 
for 100 automobiles. The results are found in Table M-L It can be seen that 
for 10 of the 100 observations a time of I minute between arrivals was 
observed: for 20 of the 100 observations a time of 2 minutes between arrivals 
was observed; for 50 of the 100 observations a time of 3 minutes between 
arrivals was observed: and so on. In the last column of this table the number 
of observations are converted to probabilities. 

If we can assume that this sample of time between arrivals is represen- 
tative of the system from which this sample was drawn, we can conclude that 
the probability of a time of 1 minute between arrivals is .10; of a time of 2 
minutes between arrivals, .20: of a time of 3 minutes between arrivals, . 5 {)\ 
and so on. Shortly this distribution will be used to simulate this system, but 
first the service-time distribution must be developed. 

Service Pattern 

The service pattern for this proposed drive-in teller was also approximated at 
the same nearby branch by observing one of its tellers. The length of time to 
service 100 automobiles was recorded: this is presented in fable 14-2. For 20 of 


Table 14-1 Time between Arrivals at 
Nearby Branch Bank Drive-in Window 


Time 

between 

arrivals, 

minutes 

Number 

of 

observations 

Probability of 
this time 
between arrivals 

1 

10 

.10 

2 

20 

.20 

3 

50 

.50 

4 

10 

.10 

5 

5 

.05 

6 

5 

.05 


100 

1.00 
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Table 14-2 Service Times at Nearby Branch 
Bank Drive-in Window 


Service 
time, minutes 

Number of 

observations 

Probability of this 
service time 

1 

20 

.20 

2 

30 

.30 

3 

30 

.30 

4 

10 

.10 

5 

6 

.06 

6 

4 

.04 


ibb 

1.00 


the lOO observations it took I minute to service the customer, for 30 of the lOO 
observations it took 2 minutes, and so on. In the last column of the table the 
number of observations are converted to probabilities. 

If we can assume that this sample of service times is also representative 
of the system from which it came, we can conclude that the probability of a 
I -minute service time is .20. of a 2-minute service time is .30. and so on. 


An Intuitive Development of the Simulation Process 

Now that we have the probability distributions for the time between arrivals 
and service time, the system can be simulated. 

In this section an intuitive method for simulating this process is de- 
veloped. A more formal method using random numbers wiH be presented in 
the next section. 

Suppose that we have two containers, one of which is labeled “time 
between arrivals and the other “service times." In each container will be 
placed lOO chips. First the chips in the "time between arrivals" container will 
be labeled. According to Table I4-1. lO percent, or lO chips will be labeled “I 


minute : 20 percent, or 20 chips, will be labeled “2 minutes"; 50 percent, or 
50 chips, will be labeled 3 minutes. The labeling process will continue until 
all chips are labeled to correspond with the arrival times and probabilities 
found in Table 14-1. 


The chips in the second container are marked to correspond with the 
service times and probabilities found in Table 14-2. Twenty percent, or 20 
chips, are marked I minute ; 30 percent, or 30 chips, are marked "2 
minutes . 30 percent, or 30 chips, are marked “3 minutes"; and so on. 

To simulate the system, a chip will be selected at random from the first 
container: this will generate a time between arrivals. Then a chip will be 
selected at random from the second container; this will generate a service 
time. As an example of this process suppose that the chip drawn from the first 
container is labeled “2 minutes." Furthermore we will assume that the 
drive-in teller window will open at 9 a m. This means that the first arrival 
occurs at 9:02. Now suppose that the chip drawn from the second container is 
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labeled “3 minutes." This means that it lakes 3 minutes to service the 
customer who arrived at 9:02. Therefore service is complete at 9:05. and the 
customer exits from the system. At 9:05 the drive-in teller is available for the 
next customer. From the first container a new time between arrivals is drawn. 
Suppose it is "2 minutes." This means that the second arrival occurs 2 
minutes after the first one, or at 9:04. Since the drive-in teller is busy until 
9:05, the second customer must wait I minute before being served. Next a 
service time is drawn from the second container. Suppose it is “3 minutes." 
Service is therefore complete at 9:08. 

This process could continue until an 8-hour day is simulated. In fact it 
could be continued until several 8-hour days are simulated. Then by evaluat- 
ing the waiting time and the length of the waiting line, it could be determined 
whether they would be excessive and whether a single drive-in window would 
be adequate. 

Although the concepts behind the process just presented represent the 
essence of simulation, the method used was cumbersome. Instead of con- 
tainers and chips more formal methods use random numbers and computers. 


Simulation with Random Numbers 

Random numbers are used to select limes between arrivals and service times. 
To do this, it is necessary to make some additions to Tables 14-1 and 14-2. 

A series of 100 two-digit numbers ranging from 00 to 99 will be added to 
both tables. In Table 14-1 this series will be assigned to each lime between 
arrivals in a way that will correspond to the probability of occurrence for that 
time between arrivals. For example, the numbers 00 to 09 will be assigned to 
the category of I minute between arrivals. This is done in Table 14-3. By 
assigning 10 of the 100 numbers (10 percent of the numbers) to this category, 
we have maintained the correspondence between the probability of that 
particular time between arrival and the percentage of two-digit numbers 
assigned. Now we turn to the next category, 2 minutes between arrivals. Since 


Table 14-3 The Assignment of Two-Digit Numbers 
to the Time-between-Arrivals Distribution 


Time 

between 

arrivals, 

minutes 

Number 

of 

observations 

Probability of 
this time 
between arrivals 

Two- 

digit 

number 

1 

10 

.10 

00-09 

2 

20 

.20 

10-29 

3 

50 

.50 

30-79 

4 

10 

.10 

00-89 

5 

5 

.05 

90-94 

6 

5 

.05 

95-99 


100 

1.00 
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the probability of this event is 20 percent, we will assign the next 20 two-digit 
numbers here. Phis scries will therefore include the numbers I0-29. The next 
category Is 3 minutes, and 50 percent of the numbers, or 30-79, will be 
assigned here. The remaining two-digit numbers are assigned in a similar 
fashion, and the results are shown in Table 14-3. 

The assignment of two-digit numbers to Table 14-4 proceeds in the same 
way. In the first category 20 percent of the numbers, or 00-19, are assigned. 
Thirty percent of the numbers, or 20 — 49, are assigned to the second category. 
Thirty percent, or 50-79. are assigned to the third category, and so on until all 
the assignments have been completed. 

Once the two-digit numbers have been assigned, the simulation process 
can begin. The first step involves the generation of arrival and service times 
using random numbers which can be found in Table 2 at the back of the book. 


To generate a service time, for example, a random number is read from the 
table. Then the interval of two-digit numbers into which the random number 
falls is identified. That category becomes the simulated time between arrivals. 
Before we apply this method to our problem, the concepts behind, and the use 
of. the random number table will be covered more fully. 

The random number table ai the back of the book was compiled by the 

random selection of numbers between OOOOO and 99999. This was done in such 

a way that each number in this interval had an equally likely chance of being 

selected. The table can be read in any way: one way would be to read down 

each column starting with the first, and another would be to read across the 
rows starting with the first. 

Since our example has two-digit numbers assigned to each category, we 

need only two-digit random numbers. The table, however, includes five-digit 

random numbers. One way to modify the table, then, would be to read only 

the first two digits of the five-digit random number. Therefore if we read 

down the first column, the first few random numbers would be 53, 67. II. 80, 
and so on. 

Proceeding with the simulation, we read the first random number from 


Table 14-4 The Assignment of Two-Digit Num- 
bers to the Service-Time Distribution 


Service 

time, 

minutes 

Number 

of 

observations 

Probability 
of this 
service time 

Two- 

digit 

number 

1 

20 

.20 

00-19 

2 

30 

.30 

20-49 

3 

30 

.30 

50-79 

4 

10 

.10 

80-89 

5 

6 

.06 

90-95 

6 

4 

.04 

96-99 


100 

1.00 
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Table 2: it is 53. Reference to Table 14-3 shows that this random number falls 
within the interval 30-79 and is therefore associated with a time of 3 minutes 
between arrivals. If the drive-in teller opens at 9 am, the first arrival is 
therefore at 9:03. To continue, a second random number is selected from 
Table 2: it is 67. Table 14-4 shows that this is associated with a service time of 
3 minutes since it falls in the interval 50-79. Therefore the customer who 
arrived at 9:03 is served by 9:06. 

Before continuing with the simulation, perhaps a few more words ought 
to be said about the way these arrivals and service times were simulated. 
First, two-digit numbers were assigned to each time between arrivals and each 
service time. They were assigned in such a way that the percentage of 
two-digit numbers corresponded to the probability of each category. For exam- 
ple, two-digit numbers from 00 to 19 were assigned to ‘1-minute service 
time.” When read from the random number table, the numbers 00 to 19 occur 
on a random basis and exactly 20 percent of the time. When, in fact, these 
numbers are read, this category will be identified as the service lime. We can 
therefore conclude that this process will randomly generate a 1-minute 
service time on an averafie of 20 percent of the occasions. 

Now we will continue with the simulation example. To facilitate record 
keeping, all the simulation data will be recorded in Table 14-5. The first row in 
the table includes the data that have already been generated. The first random 
number selected was 53, and this corresponded to a lime of 3 minutes 


Table 14-5 Simulation of Drive-in Teller 


Random 

number 

Time 

between 

arrivals 

Clock 
time at 
arrival 

Time at 

which service 
can begin 

Random 

number 

Service 

time 

Service 

ends 

Waiting 

lime 

53 

3 

9:03 

9:03 

67 

3 

9 06 

0 

11 

2 

9:05 

906 

60 

4 

9 10 

1 

16 

2 

9:07 

9 10 

74 

3 

9:13 

3 

10 

2 

9:09 

9.13 

61 

4 

9 17 

4 

43 

3 

9:12 

9:17 

76 

3 

9 20 

5 

89 

4 

9:16 

9 20 

32 

2 

9 22 

4 

43 

3 

9:19 

9:22 

92 

5 

9:27 

3 

06 

1 

9:20 

9:27 

66 

4 

9.31 

7 

87 

4 

9:24 

9 31 

24 

2 

9:33 

7 

69 

3 

9:27 

9 33 

19 

1 

9 34 

6 

98 

6 

9:33 

9:34 

52 

3 

9:37 

1 

93 

5 

9:38 

9:38 

53 

3 

9:41 

0 

72 

3 

9:41 

9:41 

20 

2 

9:43 

0 

18 

2 

9:43 

9:43 

32 

2 

9:45 

0 

32 

3 

9:46 

0 46 

42 

2 

9 48 

0 

45 

3 

9:49 

9:49 

15 

1 

9:50 

0 

56 

3 

9:52 

9:52 

89 

4 

9 56 

0 

79 

3 

9:55 

956 

22 

2 

9:58 

1 

62 

3 

9:58 

9:56 

68 

3 

10:01 

0 

77 

3 



45 





42 
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between arrivals. Since the drive-in teller opened at 9 a m , the first arrival 
occurred at 9:03. The second random number was 67, and this corresponded 
to a service lime of 3 minutes. Service for the first arrival was therefore 
complete at 9:06. Waiting time is recorded in the last column of the table. The 
first customer did not have to wait for service: therefore waiting time is 
recorded as zero. 


The next arrival is generated by selecting the next random number: it is 
11. This number corresponds to a time of 2 minutes between arrivals. 
Therefore the second arrival occurs at 9:05. The drive-in teller is not 
available, however, until service has been completed for the previous cus- 
tomer; this will occur at 9:06. Consequently service cannot begin until 9:06, 
and I minute of waiting time must be incurred. The next random number, 80, 
is used to select a service time of 4 minutes. Therefore service for this second 
arrival is complete at 9:10. 

As we continue with what now should be a familiar process, the next 
arrival is generated by selecting the next random number; this arrival occurs 
tit 9.07 and must wait until 9:10 to be served. Wiiiting time is therefore 3 

minutes. The next random number is used to select a service time, and service 
is complete at 9:13. 

I his process is continued in Table 14-5 until 10 a m. We can therefore 
conclude that in the first hour of operation customers had to wait a total of 42 
minutes. No one customer had to wait more than 7 minutes, and the average 
waiting time for all 19 customers was 42/19, or 2.2 minutes. In addition no 
more than two automobiles were vsaiting at any one time, and it can tentatively 
be concluded that waiting lines will probably m>t extend into the street. 


THE NUMBER OF REPLICATIONS 

On the basis of a I -hour simulation we concluded that the average waiting 

time per customer was 2.2 minutes. Now let's stand back and consider what 
confidence we can place in Ihis estimate. 

The particular arrival and service times just used were based on a series 
of random numbers selected from the random number table. Suppose that the 
process was repealed once again. If the random numbers were selected from 
a different place in the random number table, the arrival and service limes 
would be somewhat different from the ones just determined. This would also 
lead to a slightly different average wailing time for the half-hour period. With 
two different average waiting times the question is: Which one should be 
used? The answer is. both. The reason behind this is that each run or 
replication will lead to different results, and it is the average of these results 
that will prove to be more useful since extreme results from any one 
replication will be smoothed out in the averaging process. If two replications 
are better than one. why not undertake several? In fact most simulations 
involve several replications, sometimes numbering in the thousands. The 
more replications, the more the credibility that can be placed in the average 
value as being a true representation of the process average. 
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There is no hard and fast rule to determine the number of replications. 
However, if it can be seen from one replication to the next that the outcomes 
are quite close to one another, a fairly small number of replications may be 
enough. On the other hand, if the outcomes are quite different, many more 
replications may be needed. 

Performing many replications by hand can be very time-consuming, and 
in the case of large-scale simulation problems it can be impossible. The 
computer in most cases is absolutely necessary. Once the computer program 
is written for the first replication, it can be repeated over and over again very 
efficiently until the desired number of replications is achieved. 


Sample Size 

The data that were used for the simulation were based on a sample of 100 arrival 
and service times. Is it enough to simulate this process from this small sample, or 
would a larger sample have been more representative of the population from 
which these statistical patterns vsere drawn? The ansvver to this question is quite 
complex and is beyond the scope of this introductory chapter. At the very least 
the determination of sample size requires careful consideration. If the variability 
in the population is large, a larger sample si/e will be needed than if this 
variability is small. 

Quite related to this is the fact that these statistical patterns may change 
over time. In our example it was implied that the arrival pattern was the same 
at 9;00, 9:15. 9:30. perhaps even at 10. II. 12. i. 2 . and 3 o’clock. The 
assumption makes the data collection phase simpler, but the resultant sim- 
ulation may not be realistic. Indeed arrival patterns change throughout the 
day and even between the days of the week. A more realistic simulation might 
require several arrival patterns, each one determined for different days and 
different time periods. 


Independence 

One of the basic assumptions of the simulation model just developed was the 
independence between arrival and service times. I hat is. a service time was 
generated independently of the arrival time. For example, if several arrivals 
occurred in quick succession and a waiting line developed, this in no way 
influenced service time. Our model, therefore, had no provision for a teller to 
increase service speed in response to a long line. Although this may be a 
perfectly reasonable assumption to make in this simulation, it may not always 
be the case. When it is not. a more complex model must be formulated. 
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CASE STUDY: Chester Electrical Company 

The Chester Electrical Company is a wholesaler of replacement parts used in 
household appliances. Recently it has been experiencing an increasing number 
of stockouts. The president of the company. Mike Chester, has asked the 
inventory control department to study the present inventory control system 
and make any recommendations that could improve the system. 

I he manager of inventory control. Jack Salem, decided to choose one 
product, a replacement motor used in a well-known washing machine, and 
determine if the inventory control methods used for this product could be 

improved. If the result was successful, he planned to extend this study to 
other products. 

Jack recognized that two decisions had to be made for each item in the 
stockroom: when to reorder and how many to reorder. He was also aware 
that neither lead lime nor demand were known with certainty and that this 
complicated the decision. 

To obtain some additional information he collected the demand data for 
this product over the last 200 weeks and lead time data over the last 100 
reorders. I hese data are presented in Tables 14-6 and 14-7. 

As he examined these data carefully he wondered if it would be possible 
to simulate several dilTerent reorder point and reorder quantity strategies. If 
this could he done, the results could be compared and the best one chosen. 

Simulation of the Inventory System 

Given demand and lead-time distributions, it is possible to simulate any 

nuniber of order quantity and reorder point strategies. In simulation, the 

model cannot be used to determine the best reorder point and order quantity 

strategies. .All that can he done is to test several dilTerent ones by "running" 

the simulation model. In this way a good hut not the best strategy can be 
uncovered. 


Table 14-6 Weekly Demand Data for Washing- 
Machine Motor 


Demand 

Number of 
weeks in 
which this 
level of demand 
was observed 

Probability 
of this 
demand 

Two- 

digit 

numbers 

1 

10 

05 

00-04 

2 

60 

-30 

05-34 

3 

100 

.50 

35-84 

4 

20 

.10 

85-94 

5 

10 

-05 

95-99 


200 

1.00 
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Table 14-7 Lead-Time Data for Washing- 
Machine Motor 


Lead 

time, 

week 

Number of 
occasions on 
which this 
lead time 
was observed 

Probability 
of this 
lead time 

Two- 

digit 

numbers 

1 

40 

.40 

00-39 

2 

40 

.40 

40-79 

3 

20 

.20 

80-99 


100 

1.00 



For illustrative purposes only one strategy will be tested. If a computer 
program were available, countless others could also be tested and the results 
compared. The strategy which will be tested requires that a reorder be placed 
for Q= lO motors when inventory is depleted to r = 5. 

The simulation of a 20-week period is presented in Table 14-8. In week I 
It IS assumed that no units have been carried over from previous periods and 
that lO units arrive at the beginning of that first week. The beginning 
inventory, found in the third column, is therefore lO units. Next a random 
number is read from the random number table at the back of the book for the 
purpose of generating a demand from Table 14-6. The random number read 
was 53 and this is associated with a demand of 3 units. Ending inventory is 
therefore 10-3. or 7 units. This is entered in column 6 of the table. Since no 
stockouts occurred, the entry in column 7 is zero. In addition no reorder was 
placed during this week since demand was not depleted to r = 5 units. 

In week 2 the beginning inventory is 7 units. The next random number, 
67, is associated with a demand of 3 units, and this therefore depletes the 
ending inventory to 4 units. Since the reorder point was passed {r = 4). a 
reorder for 0=10 units is issued. Now it is necessary to read another random 
number so that the lead time for this order can be established from Table 
14-7. The random number is 98 and is associated with a lead time of 3 weeks. 
The order will therefore arrive at the beginning of the fifth week. This 
expected delivery is entered in the second column of the fifth week. 

In week 3, beginning inventory is 4 units, demand is determined to be 2 
units, and ending inventory is therefore 2 units. 

In week 4. beginning inventory is 2 units, and demand is determined to be 
3 Units. Since demand exceeds available supply, a stockout is incurred. It is 
entered in column 7. Because of the nature of the product it is unlikely that 
the customer will wait until the next shipment is received. Therefore all 
stockouts in this problem will be considered to be lost sales and the order will 
not have to be filled when this shipment arrives. 

The simulation process is continued in the same way for the next 16 
weeks. On the basis of this 20-week simulation it can be seen that the current 



Table 14-8 Simulation of Inventory Problem When 0=10 and r = 
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Strategy will resuk in the placement of five orders for 10 units each and the 
occurrence of three stockouts. 

The economic consequence of this strategy can be determined if some 
cost estimates are made. Suppose that the cost of carrying inventory from the 
end of one week to the beginning of the next is $1 per unit. In addition the 
costs of placing an order are $20. and the cost of incurring a stockout is $.^ per 
unit. 

The cost of carrying inventory for the 20-week simulation can be com- 
puted by multiplying the ending inventory for each week by $1 and summing 
the results. Carrying costs for this period are therefore $86. 

Since five orders were placed, the fixed order costs were $100. and with 
three stockouts these costs were $!.''. 

The total cost of this strategy is the following: 

86+ 100+ 15 = $201 

Additional replications could be run and the average cost of these 
replications computed. Then these results could be compared with those of 
additional simulations in which other order point and order quantity strategies 
would be tested. 


CASE STUDY: Giftware Company 

The Giftware Company of Toledo. Ohio, manufactures a line of giftware 
products. At the present time it is deciding whether to add hanging planters to 
its line. If added the product will be manufactured in (iiftware’s Houston 
plant and will be distributed through eight wholesale showrooms located in 
major giftware markets across the United States. Before final approval is 
given to the project, the president has asked for a prtifilahility estimate. 

The investment in machinery necessary to manufacture this product has 
been estimated at $25,000. There is still, however, a considerable amount of 
uncertainty associated with sales revenue and manufacturing cost estimates. 

The marketing department has estimated that there is a 20 percent chance 
that sales in the first year will be $40,000. a 30 percent chance that first-year 
sales will be $50,000. a 40 percent chance that they will be $60,000. and a 10 
percent chance that they will be $70,000. This subjective probability dis- 
tribution is summarized in Table 14-9. 

The machinery is capable of producing 15.000 units each year. Produc- 
tion personnel feel that there is a 10 percent chance that manufacturing 
expenses could be kept as low as $20,000. an 80 percent chance that they 
could be $30,000. and a 10 percent chance that they could be as high as 
$40,000. This subjective probability distribution is repeated in Table 14-10. 
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Table 14-9 Subjective Probability 
Estimates of Project Revenues 



Subjective 

Two- 


probability 

digit 

Revenue 

estimate 

number 

$40,000 

.20 

00-19 

50,000 

.30 

20-49 

60,000 

.40 

50-89 

70,000 

.10 

90-99 

Table 14-10 

Subjective Probability 

Estimates of Project Expenses 


Subjective 

Two- 


probability 

digit 

Expenses 

estimate 

number 

$20,000 

-10 

00-09 

30,000 

-80 

10-89 

40,000 

.10 

90-99 


Simulation of an Investment Proposal 

Given these subjective probability estimates, it will be possible to simulate 

this project and estimate its profitability. The measure of profitability that will 

be used is called the benefit-cost ratio and is computed by dividing the 

benefits derived from the investment by its investment cost. Benefits in our 

case will be the revenues less manufacturing expenses. To keep the analysis 

simple It will be assumed that this project will have an expected life of 1 year. 

This will avoid the need to take the present value of future flows into 

consideration In fact, given the rapid change of consumer tastes in the 

giftware marketplace, this may not be an unrealistic assumption. 

The simulation process for this problem requires that a revenue is 

generated from Table 14-9 and then an expense from Table 14-10. Finally the 
benefit-cost ratio is computed. 

In the first replication a random number 98 is read from the random 

c^r'nnn thereby generating a revenue of 

$70,000. Then a second random number is read, and an expense of $20 000 is 

generated. Profit is therefore $70,000 - $20,000. or $50,000, and the benefit- 
cost ratio is 2. 


.*> 0.000 


/25.000 — 2 


A ratio of 2 implies that the benefits from this investment are twice as large as 
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its cost. The simulation process continues in this way: the results of 20 
replications are presented in Table 14-11. 

By examining column 7 it can be seen that in several replications the 

benefit-cost ratio was below 1, A ratio below 1 implies that the profits during 

the first year are not large enough to cover the investment cost. A ratio of 

exactly 1 implies that profits just cover the investment cost. There are. on the 

other hand, several ratios above 1. and this implies that there is a chance that 

the project will be profitable. A more effective analysis can be made if these 

results are displayed graphically. In Figure 14-2 a frequency distribution of 

the results is shown together with a histogram. The frequency distribution 

shows that for three of the replications the ratio was .4. for seven of the 

replications the ratio was .8, and so on. The histogram presents these results 
graphically. 

The histogram displays clearly the risk associated with the project. For 
example. It can be seen that there is a 50 percent chance (. 35 + . 15 ) that the 
project will not be profitable (benefit-cost ratio of .4 or .8). But there is a slight 
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Figure 14-2 Simulation results presented as a frequency distribution and histogram. 
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chance (5 percent) that the benefits will be twice as large as the costs. The 
average or expected value can also be computed from the frequency dis- 
tribution; it is 1.04. Therefore the conclusion drawn from the expected value 
alone is that the project is slightly profitable. But when the full range of 
outcomes is observed, it can be seen that the project does involve a consider- 
able degree of risk. Depending on the decision makers' attitude toward this 
risk the project will either be accepted or rejected. 

The traditional approach to investment analysis completely ignores risk. 
For example, if this problem were solved by those methods, the expected 
value of revenue determined from Table 14-9 would be subtracted from the 
expected value of costs determined from Table 14-10. The result would be an 
expected profit of $24,000. 

54,000 -30,000 = $24,000 
The benefit-cost ratio would be .96: 


24 . 000 / _ 

725.000 — -yo 


The traditional analysis, then, would ignore the riskiness of the project and 
summarize its attractiveness with one single benefit-cost ratio. The result 
of the simulation analysis was not just the expected benefit-cost ratio hut 


the full range of ratios which expressed the riskiness of the project. Most 
practitioners feel that this is a valuable dimension to the problem which 
should not be ignored. 


SUMMARY 

Simulation models capture the essence of complex s\ stems and can be used 
to test alternative strategies in the search for soluti».)ns to decision problems. 
This technique has been applied in practice as much as. if not more than, any 
other quantitative method covered in this hook. Its success assures it a secure 
place as a valuable management tool. 


questions 


1 

2 


4 

5 


Why is a single replication generally inadequate in simulation analysis.^ 

Determine the longest length of the \^ailing line during the l-hour simulation in the 
St. Louis Safe and Trust Company case? 

Why is it seldom possible to uncover the optimal solution using simulation 

methods? 

Would you consider the project in the Giflware Company case risky.’ 

The Pleasant Mountain Ski Area has just added a chairlift to its north slope. 
Management hopes that this new chairlift will eliminate the long waiting lines that 
formed last season. 
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Describe a simulation model that could be used to predict the 
wailing lines at the Pleasant Mountain facilities, which now include 
chairlifts and two T bars. 


length of the 
three double 


PROBLEMS 


14-1 


14-2 


14-3 


14-4 


14-5 


14-6 


Return to the St. Louis Safe and Trust Company case and continue the 
simulation presented in Table 14-5 until 12 A.M What is the average waiting time 
per customer for the first 3 hours? 

Starting from a different place in the random number table, return to the St. 
Louis Safe and Trust Company case and simulate the process for a 3-hour 
period. What is the average waiting time per customer? 

Return to the St. Louis Safe and Trust Company case and compute the average 

time between arrivals from Table 14-1 and the average service lime from Table 

14-2. What conclusions can be drawn from these figures? If the simulation model 

were to be continued for a 7-hour business day. what would you expect to 

happen to the waiting line? Is it reasonable to assume that a second drive-in 

teller would completely eliminate the possibility of a waiting line? 

What conclusion would you reach in this case? Should a drive-in window 
he con St Fueled? 

C ontinue the simulation of the Chester Company inventory system for another 
It) weeks. How many stockouts are incurred over this 30-week period? 

Return to the Chester Company case and test the following strategy for a 

“ peno . Q — 10. r - 3. Assume that S units have been carried over from 

the previous period and that no orders are outstanding. What is the total cost of 
this strategy? What is the average cost per week? 

Suppose thal ihc investment required to manufacture hanging planters in the 

(..iftware Company case can he reduced to $15,000. What effect will this have on 
the risk of the prt)ject » 
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CASE STUDY: Atlanta Bank and Trust Company 

The Atlanta Bank and Trust Company has recently purchased a parcel of land 
adjacent to its main downtown location for the purpose of ollering a drive-in 
banking service to its customers. The problem which the bank is currently 
facing is this: Should one or two drive-in teller stalls be built? 

At a recent meeting Jane Brown, vice president of operations, made the 
following comments. "Gentlemen, it seems clear to me that since our com- 
petition has been offering drive-in service for some time now. we ought not 
waste any more time. In fact I am sure that we have lost many customers just 
because this convenience has not been offered at our downtown branch. You 
know how banking customers are: they take their business to the bank that 
offers the most convenient service. When we do open our new drive-in 
facility, I am sure that most of these old customers will return. In my mind I 
am convinced that we therefore need two teller stalls. Even if they don't 
return, our business is expanding so fast that we will eventually need this 
capacity.” 

Gil Urban, senior vice president, was a little more cautious. "Given the 
traffic problems here in the downtown area and my skepticism about demand 
for this service, I would prefer to build one drive-in teller stall and see what 

happens." 

Jane Brown responded. "I think the problem with >our approach. Gil. is 
that a long queue of cars will turn away more customers than we gain. 
Imagine what would have happened if the New York Thruway opened with 

only one tollbooth in either direction." 

“Just a minute, gentlemen." interrupted Bruce Dubins. senior analyst 
with the management science group. "1 have collected some information 
which you might find useful. Last week I went to one of our large branches 
which already has drive-in banking and studied their arrival and service rates. 

I realize that these rates are not directly applicable to our situation, but given 
the volume of traffic, traffic flow patterns, and the proximity of competition. I 
feel that these data are close enough to be useful. Here are copies for each of 
you." Bruce then handed out Exhibits A and B. 

After looking at the exhibits. Gil was the first to speak. It looks like the 
average time between customer arrivals is about the same as the service time. 
Therefore one drive-in teller stall should be sufficient. 

Jane replied, "I think it is premature to conclude that no wailing line will 
form. What happens if several autos arrive one right after the other? Accord- 
ing to Exhibit A this is certainly a possibility." 

"But, Jane,” said Gil, "I don't think this means that we should spend the 
money to build a second drive-in facility w'hose capital costs will average $100(1 
per year over the 15-year life of the structure and whose staffing costs will total 
$10,000 per year including fringe benefits. Even if we assume that customer 
waiting time eventually costs the bank 10 cents per minute in loss of goodwill and 
eventual loss of customers. I think one drive-in facility will be sufficient. 
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Exhibit A Time between Arrivals 
for 100 Observations 


Time 

between 
arrivals, minutes 

Number 

of 

observations 

1 

15 

2 

20 

3 

35 

4 

15 

5 

10 

6 

5 


100 


Exhibit B Service Time for 
100 Customers 


Service 

time, 

minutes 

Number 

of 

observations 

1 

10 

2 

20 

3 

40 

4 

15 

5 

15 


Gil continued 
report back to the 
meeting.” 


, "Bruce, why don't you continue with your analysis and 
committee next week? Right now I have to run to another 


QUESTIONS 


1 


4 

5 

6 


Simulate a drue in facility with one teller (limit the simulation to the time period 

Simulate a driNe-in facility with two teller stalls (limit the simulation to the time 
period 9-10 am.). 

Compare the average yearly capital, operating, and waiting costs of the two 
a ternalives. Assume that the bank is open 6 hours per day and 250 days per year. 
Have any alternatives been left out? 

Comment on the relevance of Exhibits A and B to the case 

Would additional replications of the simulations performed in questions 1 and 2 be 
helpful? Explain. 
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CASE STUDY: Somerville Fabrication Company 

“Sorry,” said the voice over the intercom system, "the overhead crane is 
backlogged with requests and will be unable to pick up your job for at least 15 
minutes.” Marie LeBlanc. a machinist for the Somerville Fabrication Com- 
pany, lit up a cigarette and prepared for the long wait. 

This condition was becoming more frequent lately. The shop was so busy 
that the crane was unable to keep pace with the demands for service. 

The Problem 

Somerville Fabrication Company specialize in the machining of large cast- 
mgs which generally weigh from 100 pounds to several tons. It is therefore 
impossible for these jobs to be moved or positioned by hand. Instead an 
overhead mobile crane is used. 

The crane runs on tracks and is positioned 100 feet above the shop floor. 
The operator sits inside the cab and receives instructions through a mobile 
radio which keeps him in contact with the central dispatcher on the shop floor. 
The dispatcher, on the other hand, receives requests for crane service from 
the 135 machinists who are scattered throughout the 40,000-square-foot shop 
floor. Unless the machinists receive prompt service from the crane, they are 
unable to perform any additional work on their current job or other jobs. An 
unavailable crane always means lost production time. 

The Alternatives 

The manager of the machine shop. Dan Gurney, has been concerned about 
these delays for several months and has collected some information from two 
sales representatives who specialize in materials handling equipment. The first 
recommended that the use of the present crane be discontinued and that it be 
replaced by a new one capable of performing the jobs 50 percent faster. 1 he 
present crane is leased for $5000 per year; the faster one could be leased 
for $12,000 per year. The present crane has an annual operating cost including 
fuel, maintenance, and labor of $30,000. It is expected that the new crane 
would incur the same costs. The shop is on a two-shift schedule, each one 8 
hours long, and the company is open 200 days per year. 

The second sales representative recommended that a second crane iden- 
tical to the present one be used. He felt that this would meet the needs of the 
shop more than adequately. The cost of leasing the second crane would be the 
same as the present one. 

Priority Calls 

The demand for crane service is initiated when a machinist places a call to the 
dispatcher. The call is then put into one of two categories. The first is the 
routine category, and as calls arrive, they are scheduled on a first come, first 
served basis. The second is a priority category, consisting of all calls whose 
jobs are behind schedule. All priority jobs are taken ahead of routine jobs, but 
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a job which is already being serviced cannot be interrupted fora priority job. The 
priority job, however, would be next. 


Relevant Cost Savings 

Dan Gurney met with the accounting department for the purpose of determin- 
ing the possible savings that could be accrued by the addition of crane 
capacity. Working together, they estimated that it cost the company $1 for 
every minute of waiting time on routine jobs and $2 for every minute on 
priority jobs. 


Discussion of Problem 

Dan Ciurney was presenting this information to the vice president of finance. 
Betty Wilson. Betty, it s very difficult to determine the total cost associated 
with either of these alternatives because there doesn’t seem to be any pattern 
associated with calls for service. Sometimes calls arrive one right after the 
other and a large backlog occurs. Why, on Wednesday of last week one 
routine job had to wait I hour for the crane. On other occasions the crane is 
idle. I just can t seem to uncover any pattern ’ 

Bctlv Wilson added. It looks to me as if you already have enough crane 
capacity on the average, hut I think this is one of those situations where the 
averages don't tell the whole story.” 

I hey were both silent for a moment, and then Betty Wilson continued. 

Dan. I ll bet that our management science group can help us with some 
estimates. Why don't you familiarize them with this problem and ask them to 
report to us in 2 weeks with some preliminary comparisons?” 


Data Collection 


I he management science group decided that the 
costs of the various alternatives w'as to simulate 
needed some data. 


easiest way to compare the 
the process. To do this, they 


The crane operators on both shifts were asked to record the time it took 
to service each call. Early during this data collection process it was deter- 
mined that service times seemed to be independent of arrival rates, the time 
of day, or the shift. The results of 200 calls for service are given in Exhibit A. 

In addition, the dispatcher was asked to record the time between calls. 
After careful analysis it was determined that the pattern was the same 
throughout the day and (.>n each shift. It was also discovered that ap- 
proximately 30 percent of all calls were in the priority category. There was no 
pattern to these priority calls: they seemed to occur on a random basis. The 


results of the 200 calls which the dispatcher recorded are given in Exhibit B. 

With the data collected, the next step was to simulate each of the 
alternatives and determine the cost of each of them. 
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Exhibit A Service Times 


Service 

Number 

times, 

of 

minutes observations 

3 

40 

4 

80 

5 

50 

6 

30 


200 

Note: Service 

times include 

the lengtij of time 

it takes for the 

crane to travel from 
next. 

one job to the 

Exhibit B Time between Arrivals 

Time 

Number 

between 

of 

arrivals, minutes observations 

2 

4 

3 

20 

4 

100 

5 

40 

6 

20 

7 

10 

6 

6 

— 

200 


questions 

1 Simulate the crane process for I hour, given the current ^ilualio^ of t>nc crane. 
(Assume that the plant opens at 8 a.m.) 

2 Simulate the crane process using an additional crane identical to the present one. 
Simulate the process for 1 hour. <Assume that the plant opens at 8 a.m.) 

3 Simulate the crane process using a crane which is 50 percent faster — one that will 
do the job in two-thirds of the time presently required. Simulate the process for I 
hour, (Assume that the plant opens at 8 a m.) 

Compute the total yearly costs associated with each of these alternatives. What will 
be the saving associated with a faster crane? With an additional crane * 


CASE STUDY; New York Ambulance Service 

It Was the fifth time this week that the mayor's office had received a complaint 
^ out the quality of ambulance service. The sick and injured were wailing 
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whal they thought was an unreasonably long time for an ambulance to arrive 
after a call had been placed. According to those who complained, the solution 
was very simple — add more ambulances. 


City^operated Ambulance Service 

The City of New York provides ambulance service to its approximately 8 

million inhabitants with 109 ambulances stationed at 49 hospitals. 

Ambulances are permanently assigned to each of these hospitals, and 

they respond to calls which originate only within their clearly defined hospital 

district. For example, seven ambulances are assigned to the Kings County 

Hospital in Brooklyn and respond only to calls originating in that district. 

Most calls for emergency ambulance service are made through the police 

department. Upon receipt of a call the police officer on duty calls the nearest 

hospital and provides the details. The hospital dispatcher then determines 

whether an ambulance is available, and if one is not, the Ctill is placed in a 

queue. When available, the ambulance is driven to the scene of the call. 

emergency treatment is provided if necessary, the patient is loaded into the 

ambulance, the ambulance is driven back to the hospital, the patient is 

unloaded, the ambulance is cleaned, and then it becomes available for another 
call. 

The demand for ambulances had increased so percent in the last decade, 
and It IS unlikely that this growth in demand would subside in the future. No 
new ambulances had been added in the last 3 years. 

The Problem Discussed 

y>e mayor called a mecling for the purpose of discussing this problem. 

Attending were the mayor's chief aide, the head of ambulance services, a 

budget department representative, a member of the mayor's management 

science department, and the head of data processing for the police depart- 
ment. ^ 

T he representative from the budget department spoke early in the meet- 
ing. I think It s clear that we need more ambulances, but I can assure you 
that we do not have enough money to add as many as we would like to We 
should find the .. signments that lead to highest payoffs and then try to get 
approval for those ambulances in the next fiscal budget. My guess is that we 
can get at most It) new ambulances.*’ 

The head of ambulance services said. 'It isn l very clear to me how we 
can determine the payoff associated with various assignments. For example, if 
we take the Kings County Hospital district, how could I determine the 
effectiveness of adding another ambulance > Perhaps we should just add the 
10 ambulances evenly among the hospitals." 

John Dennison of the management science staff interrupted. "I think our 
staff could provide some useful insight into this problem. Bill, what kind of 
records does the police department keep on ambulance calls?'* 

Bill Jones, head of data processing for the police department, thought for 
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a moment and replied, "Our records probably go back about 5 years and 
include a series of data for each ambulance call. These include the time the 
call was received, the location in the district from which the call originated, 
the time at which the ambulance was dispatched, the lime it arrived at the 
scene, the lime the ambulance started on its return to the hospital, the time it 
returned to the hospital, and the time it was available for the next call. ' 

“If we can have access to those records." said John Dennison, "we can 
build a simulation model and determine the consequence of adding am- 
bulances to these districts. Give me 3 weeks and we will simulate the Kings 
County Hospital district. Then I will be able to tell you just how effective the 
addition of new equipment to this district will be. After that we could simulate 
the other districts or just apply the insight that we gain from the Kings 
County Hospital district simulation to these other districts." 


questions 

1 What are the alternative strategies which should be tested in (be Kings Count) 
district simulation? 

2 What criterion should be used as a basis for comparing the outcome of these 

alternatives? 

^ Design a simulation model that can be used to test these aliernalo es. .Shov\ the 
sequence of steps that will be necessary to carry out the simulation. Idenlif) the 
data needed, the resulting probability distributions, and the way in which these 
distributions will be used for each of these steps. 

4 Would it be possible to run a simulation of this si/e by hand, or would a computer 
be necessary? 





Exhibit A Kings County Hospital Region 
Hospital represented as <3> The dots 
represent the approximate density of the 
calls. 



368 


CHAPTER 14 


Suppose, instead, that they were assigned to wail on street corners in areas of 
heavy demand (see Exhibit A). Could the simulation be used to test this strategy? 
6 Discuss the difference between quantitative methods used by profit-maximizing 
firms and by government organizations. 


CASE STUDY: Salant Sound Studio, Inc. 

1 he vice president of finance. Ken Swenson, had just received a project 
proposal that looked better to him than anything he had seen in 3 years. 
Preliminary analysis of the project show'ed that it had a potential benefit-cost 
ratio of 4; that is. it could return four times as much as its investment. Surely 
this warranted a closer look. 

Company Background 

The Salant Sound Studio. Inc., was founded in 1968 by Sheldon Salant. Ken 

.Swenst)n. and Dwight Edmonds. The company produces and markets a line of 

audio and \ ideo tapes for businesses, schools, and institutions. One of its 

most profitable packages is a combination of video cassettes and texts in the 

learning disabilities field. Most schools find the materials to be the best of 

their kind on the market. Other products include audio and video cassettes in 

such fields as reading, sex education, science, mathematics, and history. 

In general the owners of the firm have done little script writing. Since the 

beginning thev have made it a policy to hire the best people in the field, pay 

them well, and in addition offer them a royalty based on the quantity of tapes 

sold. Professionals have also been used in every phase of the production 

process: sound and video technicians, even the actors— all have been top- 
qualilv professionals. 

Statistics by Video Cassette 

In the past most of the packages developed at the Salant Sound Studio have 
been directed toward the elementary and high school markets. In fact, not 
many of Saianfs competitors have ventured into the college market. The new 
proposal on Ken Swenson s desk was the first move of that kind ever suggested. 

Dwight Edmonds was suggesting that the company develop a video 
cassette course in undergraduate statistics. The proposal went on to say that 
statistics was a required course in nearly all undergraduate curricula and that 
it was generally taught by graduate students who might lack the teaching 
experience and depth of knowledge to leach a good course. Furthermore, 
colleges and universities were under an ever-increasing financial squeeze, and 
they would welcome any opportunity to increase their productivity. With a 
well-designed video tape course, fewer professors would be needed to teach this 
course and the productivity of the teaching staff would thereby increase. The 
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report concluded with the fact that the return on this project could be about four 
times the magnitude of the $200, 000 investment required. 

The Risks Discussed 

Ken Swenson admitted that this was a great idea, hut he was concerned about 
the risks involved. He worried that this concept would not he accepted b\ 
academicians and that the company might lose nearly all its investment. With 
the hope of resolving this issue, he called a meeting with Dwight Edmonds 
and Sheldon Salant. 

Dwight had already done some homework on the projected revenues and 
expenses. “If we look at the difference between revenue and direct expenses 
or gross margin, it seems to me that we have a good chance of a $200. ()()() 
gross margin in the first year, " said Dwight. 

Ken asked, “What do you mean by a good chance?" 

Dwight answered, “I would say a 20 percent chance." 

“What happens if we don't generate a gross margin of $200,000 the first 
year?" returned Ken. 

“Well," said Dwight, "I think there is a .^0 percent chance that the gross 
margin will be $150,000. a 20 percent chance that it will be $100,000. a 10 
percent chance that it will he $50,000, a 10 percent chance that it will he 
$25,000, and a 10 percent chance that our margin will be zero. 

“Furthermore," continued Dwight, ‘'whatever our gross margin turns out 
fo be in the first year. I would expect it to continue at that level over the life 

of the project." 

“Exactly what do you think the life of this project will be?" asked Ken. 

“That's hard to say,” responded Dwight, "hut 1 would expect it to be 4 

years." 

"Do you mean that it's unlikely to be longer or shorter.’ asked Ken. 
Because the profitability of this project surely depends upon its life." 

“Of course not," answered i:»w'ight. ’I here is only a to percent chance 
that our competition will bring this project to an end in 2 years; there is a 15 
percent chance that it will last 3 years, a 40 percent chance that it will last 4 
years, a 20 percent chance that it will last 5 years, and a 15 percent chance 
that it will last as many as 6 years." 

Ken then turned to Sheldon Salant. "Shelly, what kind of investment will 
h take to come out with this package?" 

If we include a programmed text along with the cassette package. 1 
fhink that our costs will run about $200,000. There is. however, a 10 percent 
chance that I could keep these costs to $150,000. but on the other hand there 
ts also a 10 percent chance that costs could go as high as $250,000. Rut I think 
there is an 80 percent chance that I can hold to that $200,000 figure. 

The room was silent as Ken did some figuring: then he said. "If I use 
average values for the gross profit per year, the life of the project and its 
costs, I get the following figures." Ken went to the blackboard and started to 
"'rite the figures found in Exhibit A. “If these are right, the benefits are 1.0065 
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Exhibit A 


Average profits = 20(200.000) + -30(150.000) + 20(100.000) + .10(50.000) 

+ 10(25.000) = $112,500 

Average life -■ .10(2) + .15(3) + .40(4) + .20(5) 4 .15(6) = 4.15 years 

Average cost = .10(150.000) + .80(200.000) + .10(250.000) = $200,000 

Present Value of Profits over a 4-Year Life and a 
Cost of Financing at 15 Percent 




(B) 



(4) 

Discount 


Year 

Profit 

factor 

(A)x(e) 

1 

112 500 

870 

97,875 

2 

112,500 

.756 

85.050 

3 

112.500 

.658 

74.025 

4 

1 12,500 

.572 

64.350 




PV = 321.300 

Benefit-cost ratio 

R = 32' 300/20000^5 _ -J 6065 

time's as 

great as 

the costs. 

So even if 1 use vou 

still look 

s good,' 




-We ail know our policy." continued Ken. "that if a project has more 
han a I. ^percent chance of earning less than its investment cost, we forget it. 
On this basis, should we still be considering this project?" 


QUESTIONS 


1 

2 

3 

4 

5 

6 


Is Ken .Sssenson's anaUsis adequate ’ V\'h>? 

Formulate a simulation model for e\aluating this iincMment. 

I erform _() replications of this model. 

Construct a histogram of the results. 

Dilcrm'nrJhMh? k"' investment decision is made - 

Determine whether or not the project should be undertaken. 
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Network Analysis 


introduction 

Organizations frequently undertake large-scale projects. Some esamples iit- 
clude the construction of a new facility . the development of a new- producl. the 
preparation of a year-end stockholder s report, the development of a new 
production process, or the mslallatjv)n and lest of a new' compuler-based 

accounting system. 

Because most projects share several characteristics in common, it has been 
possible in the past 20 years to dev elop sev eral models that have been used in the 
management and control of a wide variciv of these projects. 

One of the most successful applications occurred during the I9.^0s in the 
olaris missile program. Never before had a project of this magnitude been 
planned, scheduled, managed, and contrt)lled more effectively. For many in 
siness and government, this was enough proof that these models were indeed a 
''aluable aid in the management of large projects. 

Before these models are covered, a case study w'ill be used to introduce the 
concept of a project and the common characteristics which they all share. 
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CASE STUDY: ICM Corporation 

The IC\* Cdrporation. manufacturer of home healing equipment, has recently 
deciiled lo redesign a hurner used in one of its oil-fired heating systems. The 
new hurner will operate more efficiently than the one currently in use and 
should save homeowners 15 percent on their heating bills. 

The project iinolves se\eral activities which are listed in Table I5-I. 
First, the engineering staff must finish the design of the burner. Second, 
the marketing program for promoting the product must be developed. Third, a 
new manufacturing process must be designed. Fourth, advertising media must 
be selected. Fifth, an initial production run must be successfully completed. 
And sixth, the product must be released to the market. 

I he president of the compan\ has asked that the product be ready for 
dchsery in 24 weeks. Otherwise the wdnter selling season will be lost. 


THE DEFINITION OF A PROJECT 

A project can be defined as a task of ctnisiderable magnitude involving the 
expenditure of both time and money that is usually, hut not always, carried 
out once. IC M s hurner project falls into this category. 

Projects share certain characteristics in common. First, they all have a 
vmr/mg and a finishing point. Second, some activities can be carried out 
ifulerenJenHy of others. For example, in house construction the installation of 
e ectrical wiring can be carried out independently of the installation of the 
P urn mg. Other actnities. howe\er. can be initiated only after the completion 
of earlier activities, bor example, the roof can be shingled only after the 
ftaming has been completed. In respect to sequence, these activities are said 
o be JepenJeni on one another. The third characteristic that projects share is 
that each activit\ requires the expenditure of time and money. 


NETWORK DESIGN 


Projects can be described in 
network of activities. In the 
defined, and then, in the third 


a very formal way by structuring them as a 
next two sections, activities and events are 
section, the concept of a network is developed. 


Table 15-1 New-Product Project 



Precedent 

Activity Description of activity relationship 


A 

Finish product development 


B 

Design marketing program 

A 

C 

Design production system 

A 

D 

Select advertising media 

B 

e 

Initial production run 

C 

F 

Release product to market 

D. E 
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Activities 

Activities are the basic jobs, tasks, or operations that must be performed. 
Occasionaily an activity can be initiated with complete independence of other 
activities. That is. it can be performed at any time during the project life. The 
usual case, however, is that it can begin only after one or more other activities 
are completed. These are called predecessors. 

The activities and their predecessors for the ICM case are shown in 
Table 15-1. From this table it can be seen that the design of the marketing 
program and production system must be preceded by the completion i)f 
product development. The selection of advertising media must be preceded by 
the design of the marketing program. The initial production run must be 
preceded by the design of the production system. The release of the product 
to the marketplace must be preceded by both the selection of ad\ertislng 
media and the initial production run. 

Events 

An event marks the beginning or end of an activity. Frequently an event will 
he used to mark the end of one or more activities and the beginning of one or 
more. Therefore the major difference between activities and events is that 
activities represent the passage of time whereas events are points in time. 

Networks 

Now we are ready to combine activities, events, and precedent relationships 

into a network. In this network an activity will be represented by an arrow 

and an event will be represented by a circle. Activity A from fable I.*'- 1 is 

depicted in Figure l.S-I. The circle to the left of the arrow represents the 

beginning of activity A. and the circle to the right represents the completion 
of activity A. 

All the activities associated with the project presented in fable 15-1 can 
be combined into an integrated network of events and activities, fhis is done 
in Figure 15-2. Notice that the event circle found at the end of the activity A 

arrow denotes not only the completion of activity A but also the beginning of 
activities B and C. 


C-* — A — o 


Figure 15-1 Activities and events. 



Rflure 15-2 Network for 


new-product project. 
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Table 15-2 Network and Time Estimates 
for New-Product Project 


Activity 

Precedent 

relationship 

Time 

estimate, weeks 

A 


5 

B 

A 

4 

C 

A 

7 

D 

B 

8 

E 

C 

9 

F 

D, E 

4 


If you carefully compare the network in Figure 15-2 with the description of 
the project in Table 15 - 1 . you should come to the conclusion that Figure 15-2 is 
indeed an accurate representation of the activities and their precedent rela- 
tionships. For example, we find in Table 15-1 that activity F has as its 
predecessors activities D and E. Returning to Figure 15-2, we find that indeed the 
arrows imply that activities D and E must be completed before activity F can 
begin. Checking the other precedent relationships, we find that they also are met. 

Activity Times 

I hc completion of an activity generally requires the expenditure of the scarce 
resource time. A time estimate for each of the activities in our problem is 
given in Table 15-2. 


ANALYSIS OF THE NETWORK 

I he length of time to complete a project is an important piece of information. 
Ciiven the time estimates presented in Table 15-2. it is possible to calculate the ' 
earliest time at which the project can be completed. To calculate this 
systematically, we must first determine the earliest start and earliest finish 
times for each activity. 

Early Start and Early Finish Times 

If we start at the beginning of the network and work toward the end, it is 
possible to compute the earliest start and earliest finish times for each 
activity. Starting with activity A, its earliest start time is zero. We enter this in 
the left-hand side of the bracket over activity A in Figure 15-3. Next we must 
calculate the earliest time at which activity A can be completed. If activity A 
starts at zero and takes 5 weeks, the earliest lime at which it can be completed 
is week 5. This earliest finish lime is entered in the right-hand side of the 
bracket above activity A. Next we turn to activity B. 

The earliest that activity B can begin is week 5, since its predecessor, 
activity A. is completed at that time. Activity B requires 4 weekst therefore 
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Figure 15-3 Earliest start and earliest finish times 


the earliest time at which it can be completed is 5 + 4. or 9 weeks. These early 
start and early finish times are entered in Figure 15-3. 

Turning to activity D. we find that its immediate predecessor, activity B. 
can be completed — at the earliest — in week 9, and therefore the earliest that 
activity D can begin is week 9. Since D requires 8 weeks, the earliest time at 
which it can be completed is 9 + 8. or 17 weeks. I hese times are entered in 
Figure 15-3. 

The earliest activity C can be started is week 5. Since this activity takes 7 
weeks, the earliest it can be completed is .‘' + 7. or 13 weeks. 

The earliest activity E can begin is week 12. -Since this activity takes 9 
weeks, the earliest it can be completed is 12 + 9. or 21 weeks. 

Activity F requires that both activity D and activity E be completed 
before it can be started. Activity D is completed in week 17, and activity E is 
completed in week 21. Therefore, activity F cannot he started before week 21 
because both of these precedent activities must be completed before acti\it> 
F can begin. We can generalize that whenever two or more activities merge 
into an event circle, the activity which follow's can be started only after all the 
predecessors are finished. 

In our case, ail the predecessors are finished by week 21. Therefore the 
earliest that activity F can begin is week 21. and the earliest it can be 

completed is 21 +4. or 25 weeks. 

It can also be concluded that the earliest time the project can be 

completed is week 25. 

The path through the network which includes activities A. C, E, and F is 
called the critical path. A critical path can be defined as a path of activities 
such that a delay for any activity on this path will delay the completion of the 
project. In our example any delay along the path ACEF will delay the project 
completion beyond week 25. To illustrate this, suppose that activity E is 
delayed and requires 10 weeks rather than 9; then the earliest that this activity 
can be completed is week 22. Activity F can then begin in week 22 and can be 
finished in week 26. This increase therefore delays the completion of the 
project from week 25 to week 26. Clearly all activities along this path are 
critical to the timely completion of the project. 

Activities B and D are not critical to the completion of the project in 25 
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weeks. They can be delayed by a few weeks with no effect on project 
completion. Because of this, activities B and D are said to have slack. In the 
next section, we will develop a formal method for identifying the critical path 
and determining the slack associated with those activities which do not lie 
along this critical path. 


Late Start and Late Finish Times 


The formal method for identifying the critical path and determining the slack 
associated with those activities which do not lie along this path requires that 
we calculate the latest times at which an activity can be started and finished. 
This is accomplished by working from the end of the network backward to 
the beginning. 

Turning to the end of the network, we must determine the latest time at 
which activity F can be finished and still remain on schedule. If we would like 
the project to be completed by week 25. this becomes the latest finish time for 
activity F. It is entered in the right-hand side of the bracket which is found 
below the activity arrow in Figure 15-4. Since activity F requires 4 weeks, the 
latest it can be started is 25-4, or week 21. It also is entered in Figure 15-4. 

To turn to activity E. the latest it can be finished is week 21: otherwise it 
would interfere with the latest start for activity F. The latest it can be started 
is 21—9, or week 1 2. 

The latest that activity C can be finished is week 12; otherwise it would 
interfere with the latest start of activity E. The latest it can be started is 
12 — 7. or week 5. 


The latest that activity O can be finished is week 21: otherwise it would 
interfere with the latest possible start of activity F. The latest activity D can 
start is 21—8. or week I 

The latest that activity B can be finished is week 13. and the latest it can 
he started is 13-4. or week 9. 

Next we turn to activity A. From Figure 15-4 we can see that the latest 
activity B can be started is week 9. and the latest activity C can be started is week 
5 . It can be concluded that the latest activity A can be finished is week 5 if activity 
C is to proceed on schedule. We can generalize that when an activity is followed 
by one or more activities, the latest finish time for the activity being analyzed is 



Figure 15-4 Earliest start and earliest finish times. Latest start and latest finish times. 
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Table 1S-3 Computation of 
Slack for Each Activity 


Activity 

Latest start 
less 

earliest start 

Slack 

A 

0-0 

0 

6 

9-5 

4 

C 

5-5 

0 

D 

13-9 

4 

E 

12-12 

0 

F 

21-21 

0 


the smallest of the latest start times associated with those activities which 
follow. 

To continue with activity A. the latest that it can be started is 5-5 
weeks, or week 0. This completes the computation for latest start and latest 

finish times. 

When the delay of an activity will not delay the completion of the 
project, we say that the activity has slack. The exact amount of slack 
associated with each of these activities can be computed by taking the 
difference between the latest start times and the earliest start times. This is 
done in Table 15-3. Notice that activities A. C. E. and F all have zero slack. 
These activities therefore define the critical path since a delay in any of them 
would delay the completion of the project. Activities B and D have 4 weeks 
of slack. This means that if either activity B or D were delayed for up to 4 
weeks, the completion of the project in 25 weeks would not be jeopardized. 
Notice also that if activity B used 2 weeks of slack, only 2 weeks of slack 
would remain for activity D. When these slack times are violated, a new 

critical path is born. 


PROJECT MANAGEMENT 

The management of a complex project requires more than the design and 
analysis of a network. It requires that all the following steps be undertaken 
either on a formal or an informal basis. First, the establishment of project 
objectives. Second, the design of the network. Third, the analysis of the 
network. Fourth, the initiation of the project. Fifth, the control of the project. 
And sixth, the completion of the project. These steps are summarized in Table 
15-4 and will be discussed in greater detail in the following paragraphs. 

Objectives 

A project is carried out for the purpose of achieving a set of objectives. For 
example, the objectives of the project presented in Table 15-1 were to 
develop, market, and deliver a new oil-fired burner. The project was to take 
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Table 15-4 The Manage- 
ment of Projects 


1 Project objectives 

2 Design of the network 

3 Analysis of the network 

4 Project initiation 

5 Project control 

6 Project completion 


24 weeks or less, ensure a high likelihood of product success, and require an 
investment of no more than $100,000. 

Time and money are two objectives which are common to most projects. 
That is why network analysis with its primary emphasis on time has such a 
broad range of applicability. 

Design of the Network 

Once the objectives have been established, the network can be designed. This 
involves the following steps: the identification of those activities which make 
up the project, their predecessors, the collection of time and cost estimates 
for these activities, and. finally, the formal construction of the project 
network. 


Identification of Activities and Predecessors Each project must be broken 
down to its basic activities. The question that always arises is: What is a basic 
activity? Suppose the project under study is the construction of a house. 
Certainly the installation of plumbing is an activity which must appear in the 
network. But is It enough to include “plumbing" as an activity, or should more 
detail be incorporated in the network by including the 85 activities which the 
plumber must carry out to complete the job? 

If every detail is included, the network may become too large and 
cumbersome. One remedy, if this detail is needed, is to have a master network 
which incorporates little detail but. for certain activities, refers to sub- 
networks which elaborate all the detail. For example, the master network for 
the house project could include an activity called “plumbing" and a note 
alongside this activity would refer the reader to a subnetwork for the detailed 
development of the plumbing network. 


Collection of Time and Cost Estimates It is essentia! that time and cost 
estimates be as realistic as possible. Consequently, it seems only reasonable 
that these estimates be collected from the individuals, groups, or managers 
responsible for undertaking each activity. If done in this way. these estimates 
will be more useful in the control phase of the project since they represent a 
commitment from the group responsible for doing the work. 

Care must of course be exercised in collecting these estimates. To protect 
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their group, many managers might quote high estimates. For example, even if 
a manager feels he may be able to complete an activity in 4 weeks, he might 
estimate that it will take 5 weeks. The extra week buys some "insurance. ' But 
these biased estimates must not be allowed to appear in the final network. 
Perhaps past experience with certain groups might lead to readjustments of the 
estimates, or a careful explanation to those groups of the importance of the 
estimates might help eliminate these biases. 

Formal Construction of the Network Now the formal network can be 
drawn. Since this is a mechanical step, it is not surprising to find that compu- 
ters are often employed to do this job. Into the computer go the activities 
and their predecessors, and out of the computer come^ a completed network. 

Analysis of the Network 

Analysis of the network can begin once the construction of the network has 
been completed. Analysis may include one or more of the following steps, 
the determination of the critical path and slack for each activity, the 
reassignment of resources, the increase of resources, and the decrease of 
activity limes. We will now take a closer look at these steps. 

Critical Path The critical path is a crucial point of focus in the manage- 
ment of the project. Along this critical path are those activities which may 
increase or decrease the project length if their completion times dilfer from 
the estimates. In the ICM case, the critical path includes activities A. C. h 
and F. Activities B and D have 4 weeks of slack, and therefore a delay of 4 
weeks or less in either one will have no effect on project compleiion_ At this 
stage, then, management should prepare to give activities A. C . F. and F specuil 
attention: they must be watched very carefully during the execution of the 

project. 

Reassigning Resources In some situations it ma> be possible to shoi ten the 
length of time needed to complete a project by reassigning resources from slack 
activities to those activities which fall along the critical path. C onsider the K M 
case. Suppose that the workforce allocated to activity D is reduced from Mo 
workers and these extra workers are reallocated to activity C. It has been 
estimated that this would increase the time necessary to complete activity D 
from 8 to 10 weeks but decrease the time necessary to complete activity C froni 7 
to 6 weeks. The new network is drawm in Figure 15-5. and it can be seen that the 

project can now be completed in week 24. 

An advantage of the completed network, then, is that it provides manage- 
ment with the relevant information necessary to make readjustments in 
resources wherever possible. 

Increasing Resources Another advantage of the completed network is 
that it provides the basis for the efficient assignment of additional resources if 
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Figure 15-5 The consequence of reassigning resources. 


needed. Clearly if workers and machines are lo be added in order to reduce 
the length of time necessary to complete the project, they should be added to 
activities along the critical path. 

Decreasing Times After the network has been completed and the critical 
path identified, it might be possible to reduce the time required for one or 
more of the activities along this path. For example, consider the following 
situation. A large firm was increasing its capacity by building a new produc- 
tion facility in Des Moines. Iowa. The network that was drawn for the project 
revealed that it would take more than I year to complete. In the interest of 
completing the project earlier, the project manager took a careful look at the 
critical path. One of the activities along this path involved the purchase of 
new production equipment. The purchasing department at corporate 
headquarters had quoted standard times for the components of this activity. It 
allowed 2 weeks to issue purchase orders, ! week for the orders to arrive at 
the suppliers. 5 weeks for the suppliers to ship the orders, 3 weeks for 
shipping, and 1 week to process the machines through incoming paper- 
work and inspection. Total time for this activity was 12 weeks. The project 
manager arranged to reduce this to 7 weeks at no increase in project cost by 
alerting the purchasing department and suppliers to the urgency of the 
project. They both agreed to give these orders top priority. 

Project Control 

After the project has been started, the formal network remains a valuable 
tool; it identifies the critical path and therefore those critical activities which 
must be watched very closely, for if these activities are delayed, the entire 
project is delayed. Slack activities do not require this close attention. 

Periodic Updating Since it is likely that some activities proceed faster 
than expected and some proceed slower than expected, the network must be 
periodically updated. It is possible that the critical path may change over time. 

In order to update the network, it is necessary to collect new information 
on the status of each activity including its revised activi y time. Depending on 



NETWORK ANALYSIS 


361 


the project, this might be done daily, weekly, or monthly. After the data are 
collected, the network is updated. The critical path may have changed, and 
activities which had slack before may now be critical. 

New Analysis With this revised network, the process of reanalysis must 
begin. Resources may be shifted, additional resources may be required, or it 
may be possible to decrease the activity lime for some activities by giving 
them special emphasis. 

Perhaps the most valuable aspect of the updated network is that it serves 
as a very real focal point for planning and controlling the remainder of the 
project. Without the network all those involved in the project might have 
different ideas as to what is critical and what is not. The network eliminates 
this confusion and provides a common ground for discussing the alternative 
strategies which can be employed to ensure efficient and timely project 
completion. 


THE PROBLEM OF UNCERTAINTY IN TIME ESTIMATES 

It has been assumed that activity times arc known with certain!)'. In 1 able 
15-2, for example, it was assumed that activity B required exactly 4 weeks to 
complete — no more, no less. We have been developing, then, a decision model 
under certainty. 

Since the length of time it takes to complete an activity is seldom known 
with certainty, it would seem more realistic to incorporate risk in the analysis. 
One way to accomplish this is to express the length ot time it would take to 
complete an activity in three estimates. The first is an optimistic estimate based 
on encountering few if any difficulties. 1 he second is a most likel)' estimate, and 
the third is a pessimistic estimate based on encountering several difficulties. 

These three estimates express the risk associated with an activity lime. 
Naturally as the risk gets greater, the spread between the optimistic aitd 
pessimistic times will increase. As the risk gets smaller, the spread between 
these values will decrease, and when the activity times are known with 

certainty, all three estimates will he the same. 

This method has been used for some time. It vvas first developed in the 
1950s for the Polaris missile project, and w as known as PURI . an act ony m for 
program evaluation and review technique. Hvery PHR 1 network, then, includes 
three estimates for each activity time, and is therefore a network model undei 
risk. A complete development of this model is presented in Appendix A. 


SCHEDULING WITH SCARCE RESOURCES 

It was also assumed in our network model that resources were available when 
needed. However, it often happens that a scarcity of resources can interfere with 
the project schedule. 
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^ Activity 

1 — - 

Time 

' A 

3 weeks ] 

B 

1 6 weeks i 

C 

2 weeks ! 

1 1 

D 

! 1 

4 weeks | 


Figure 15-6 Network for a construction 
project. 


Consider the construction project shown in Figure 15-6. The critical path 
is BD. and from the information gi\en. the project can he completed in 10 
weeks. 

Suppose that a new/ dimension is introduced into the problem: resources. 
I he company responsible for the entire project has a limited quantity of 
heavy-duty construction equipment. Activity A requires five pieces of this 
equipment, and acti\it> B requires eight pieces. The company, however, has 
only se\’en pieces. 1 his means that it will be impossible to complete the 
project in 10 weeks. Some work can be started on activity B. but the bulk of 
the w'ork will have to wait until activity A is C(.)mpleted. The result of this wdll 
be the delay of the project. 

We can c(.>nclude that when resources act as constraints, the network 

problem and the subsequent scheduling t>f activities become a difficult job. 

Models have been developed to incorporate this added dimension, but they 

are beyond the scope of this book. As long as the availability of resources is 

not a dominant problem, the models which are presented in this chapter are 
perfectly adequate. 


SUMMARY 

The use of nelwork models tends to structure the design nnd management of 
projects in several ways. First, it requires that estimates be made of the length 
of time necessary to complete an activity; second, it requires that precedent 
relationships be clearly established: and third, it focuses attention on paths 
which are critical to the completion of the project. Already in widespread use. 
network models are a proven management tool. 
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QUESTIONS 

1 When does a slack activity become critical? 

2 If the “latest finish" of a slack activity is esceeded. will this have any effect upon 

the completion date of the project ’ 

3 What action can management take to shorten the critical path.’ 

4 Why is it necessary to update a netw-ork'.’ How often should this be done? 

5 What are the advantages of using network models for the management of large 

projects? 


PROBLEMS 

15-1 Return to the ICM case and determine the consequence of a delay in the design 
of the marketing program by 7 weeks. 

15-2 The design of the production system in the ICM case has been delayed by . 

weeks. What effect will this have on the slack time for each activity.’ 

15-3 Draw a network for the construction of a house. 

15-4 Draw a network which includes all the activities that would be undertaken by a 
student applying for admission at a university. The final activity m the network 

should be the student's arrival on the university campus. 

IS-S The activity times and precedent relations are given below for a project, bind 

the following; 
a Critical path 

b Earliest start and earliest finish limes 
c Latest start and latest finish times 
d Slack for each activity 


Activity 

Precedent 

relation 

Time 

A 


4 

B 

A 

3 

C 

A 

7 

0 

A 

9 

E 

B 

11 

F 

E 

4 

G 

C 

6 

H 

D 

3 

1 

G. H 

7 

J 

F, 1 

11 


15-6 


The activity times and precedent relations are given 

the following: 
a Critical path 

b Earliest start and earliest finish times 
c Latest start and latest finish times 
d Slack for each activity 


below for a project. Find 
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15- 


15-8 


Activity 

A 

B 

C 


Precedent 

relation 


Time 


4 

7 

11 


D 

A 

9 

E 

B 

8 

F 

C 

4 

G 

F 

7 

H 

D. E 

8 

1 

C 

4 

J 

1 

2 

K 

H. G. J 

5 

The acti\'iiy times and precedent i 

the following: 



a Critical path 



b Earliest start 

and earliest finish 

c Latest start and latest finish tin 

d Slack for each activity 


Precedent 


Activity relation 

Time 

A 


4 

B 

A 

7 

C 

B 

6 

D 

A 

3 

E 

B 

2 

F 

C 

5 

G 

D 

6 

H 

E 

1 1 

J 

E 

5 

K 

J. G 

10 

M 

F. H 

2 

N 

M. K 

5 

The Ace Construction Comp 

any has 

large warehouse. 

When the 

project 


Find 


, - . j,.-, V,.. win oe working 

that tf'corn'ntwin h" M construction equipment. It is unlikely 

In .h^ M k7 u short notice. 

are given. ln*the las^rolumn'o/ 'thriablT'^^^^^ 

heavy-duty construction equipment t‘hat will be^^rd'd^^nTthe^^Itr^^^^^^ 
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Activity 

Predecessors 

Time 

Equipment 

requirements 

A 


3 

2 

B 

A 

4 

4 

C 

A 

6 

3 

D 

B 

7 

5 

E 

B 

3 

2 

F 

C 

2 

1 

G 

E 

2 

6 

H 

F 

4 

3 

1 

G. H 

3 

1 

J 

D 

7 

4 

K 

J. I 

5 

2 


Under the present circumstances, when can the project be completed? 
Develop a schedule for the activities. 

If Ace could rent as many pieces of equipment as it needed, when would 
the project be completed ? 
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CASE STUDY; Electrodyne Company 

The Electrodyne Company of Palo Alto. California, was founded in 1942 by 
its current chairman of the board. In those early years it produced only one 
piece of electronic equipment: a frequency generator. The demand for such 
generators was so great that the owner soon moved the operation from his 
garage to more spacious quarters. 

Over Its life, the company has shown spectacular growth. It is 

now a Fortune 500 company with a product line including hand calculators, 
small computers, electronic medical equipment, and test equipment. Amaz- 
ingly enough. Eleclrodyne still manufactures the frequency generator that got 

the company started, although it has undergone some minor electronic 
changes. 

I he company includes twel\e divisions located on the East and West 
C oasts of the United States. Ten of these divisions occupy separate facilities in 
ten difTerenl locations. Two divisions— the electronic test equipment and 
calculator divisions— occupy the same facility in Palo Alto. 

the calculator division has recently undergone a period of substantial 

growth^ As a result of this, the corporate manager of manufacturing. Ralph 

l.eed has made the decision to separate these divisions. He felt that the 

calculator division should remain in Palo Alto, but the electronic test equip- 
ment division should be located elsewhere. 

Shortly iifter making this decision. Mr. l.eed assigned a task force to 

nnderlake the project of finding this division a new home. The task force was 

to manage the project from the search for land to the successful completion 

of a prototype production run. In fact, the prototype run was to consist 

mamly of the manufacture of the division's most popular product, the 
frequency generator. 

During the first few task force meetings, the activities which made up the 
Pioject were discussed and analyzed. It was then decided to divide these 
responsibilities .among the three members of the task force. One member was 
to he responsible for site selection through plant construction, another 
member un.s to be responsible for workforce selection and training, and the 

detail fo ih J^isning the production system. The 

details for these three areas are given in Exhibit A. 

When Mr. Deed Hrst met with the task force, he asked that they report to 

" A fer^hTorTf “ halfway through the project. 

After the preliminary plan was completed, the group held their meeting 

I hey estimated that the project would cost $471.8.^1 and that it would be 

completed in .Ml weeks. Approval was given to pioceed with the project and 

-d of tL ^roject-s 
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Exhibit A 


Site Selection through Plant Construction 

The first activity which must be undertaken is the search for available land This activity is 
estimated to take 6 weeks and cost $10,000. Once this is completed, site evaluation and 
selection can take place. If the land cost is included in this activity, its total cost will be 
$64,000. This activity will take 3 weeks 

Once the site is selected, the architects can begin to design the building. The 
architectural fee will be $11,000. and the design will be completed in 6 weeks. 

After the building has been designed, construction bids will be received and the 
contract awarded. This activity will require 3 weeks and will cost an estimated $1600. 

Construction will begin immediately after the contract has been awarded. It will take 28 
weeks to complete. Total construction costs are estimated to be $240,000. 

Workforce Selection and Training 

Once the site for the new facility has been selected, it will be possible to identify those key 
people who will be willing to move to the new location These key people, including a 
division manager, will then become actively involved In the project. It will take an estimated 
4 weeks and $2000 to accomplish this activity 

Once the key people have been identified, and the production system has been 
designed, the next step will include the recruitment of a labor force This will require 
newspaper ads and interviews which can be undertaken from a suite of rooms in a local 
motel or hotel. The estimated cost for this activity is $15,000. and the process will take 4 
weeks 

After the labor force has been recruited and after the arrival of the necessary 
production fixtures and equipment, a training program will be started It is expected that 
adequate facilities will be rented for this training program and that it will not be necessary 
for the new plant to be completed before training can begin. It is estimated that training 
costs, including rental of training facilities, will total $16,500 and will require 4 weeks to 

complete. 

After the key people have been identified and the production system has been 
designed, it will be necessary to establish production standards for the new plant. This will 
take 5 weeks and cost $5000. 

The Production System 

The design of the production system can begin after the building design has been finalized. 

The activity will take an estimated 12 weeks and cost $10,000 

After the process has been designed and the key people have been selected, it will be 
necessary to order the materials handling equipment. This activity, including the cost of the 

equipment, will total $11,400 and require 3 weeks 

After the materials handling equipment is ordered, it will take 15 weeks to receive 

delivery. Delivery costs will be $450. 

After receipt of the materials handling equipment and after completion of the con- ^ 
struction, the materials handling equipment can be installed. Installation will take 3 weeks 
and cost $3500. 

The production fixtures and equipment can be ordered after the production system is 
designed and the key people are selected. This activity will take 2 weeks, and the cost, 

including the equipment, will total $61,800. 

Delivery of the production fixtures and equipment will take 6 weeks and cost $600. 
All parts and subassemblies must be ordered before the prototype phase can begin 
During this time It should become apparent whether any new suppliers will be necessary 
This activity can start at any time during the project, provided that the parts and subassem- 
blies are ready for the prototype run. Cost of this activity is $6000, and it will take 12 weeks. 
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Exhibit A (continued) 


After training has been completed, and after the materials handling equipment has been 
installed, the fixtures must be moved and installed in the new plant. This activity will take 1 
week and will cost $500. 

The last step in the project is the prototype run. This will take 4 weeks and cost 
$12,500. Before it can be started, however, the following activities must be completed: parts 
and subassemblies ordered, production standards available, and fixtures moved and in- 
stalled in the new plant. 


Exhibit B Status Report, Twenty-fifth Week 

The following activities have been completed: 
Activity Cost incurred 


Land search $ 7,600 

Site evaluation and selection 73,200 

Building design 10.100 

Key personnel selected 1.100 

Order parts and subassemblies 8,000 

Contract awarded 2.000 


The following activity has been started but not completed. The figure in the parentheses 

represents the portion of the activity completed. The cost figure represents the cost already 
incurred 


Activity Cost incurred 


Construction V? $80,000' 


The activities which remain have not been started 


•Assume that costs are spread ever^iy over the construction period 


QUESTIONS 


1 

2 

3 


Was the original target of 50 weekv a reasonahie one'» 

Would ii he reasonahie lo place all ihc emphasis on (he critical path ’ 

On the has.s of the progress report, will the project he completed on time? If not. 
uhat could he done to reduce the time necessars to complete the projecf’ 

K the project over or under its budget ’ 

(Optional; see Apendix D.l Suppose that the ordering of fixtures and materials 

handling equipment required that onl^ production s>stem design be completed 

before they could be started. How would this change the original network, and 
would this jdTcct (he critical path*.’ 
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CASE STUDY: Ronald s 

Ronald's is a fast-food chain with 150 take-out locations throughout the 
Midwest. Its menu includes hamburgers, french fries, and soft drinks. 

At the present time Ronald's is preparing a construction plan for a new 
location at the Wisconsin Dells, a summer resort area in central Wisconsin. 

The site was purchased 4 months ago. and preliminary blueprints of the 
facility were prepared at that time. On the basis of these plans Ronald s asked 
three construction companies to bid on the job. Last week the job was 
awarded to the Wapon Construction Company. 

The project has been scheduled to begin on February 1 and to be 

Exhibit A Activities and Predecessors 


In the first week of the project the final blueprints can be started and the excavation for 
the foundation can begin. 

After the blueprints are drawn, the lumber and building materials can be ordered At 
that same time it will also be possible to order the kitchen equipment. 

Once the excavation for the foundation has been completed, the foundation can be 
poured. 

The delivery of the lumber and building materials is an activity which follows the 
ordering of these materials. After the lumber is delivered and the foundation poured, the 
frame construction can begin. 

After the frame is constructed, two activities can begin. First, plumbing and electrical 
work and. second, exterior finishing. 

Following the placement of the order for kitchen equipment, the delivery of the 
equipment must take place. After the equipment is delivered and both the plumbing and 
electrical work are completed, the kitchen equipment can be installed. 

The interior finishing must wait until the kitchen equipment is installed. 

Landscaping and parking facilities must wait until the exterior finish work is completed. 

Once the landscape and interior finish work is completed, the project is finished. 

These activities and their estimated completion times are given below. 

Estimated 

completion 


Activity 


A. 

Final blueprints 

3 

B. 

Foundation excavation 

2 

C. 

Order lumber and building materials 

1 

D. 

Order kitchen equipment 

3 

E. 

Delivery of lumber and materials 

2 

F. 

Pour foundation 

1 

G. 

Frame construction 

8 

H. 

Exterior finish 

5 

1 . 

Electrical and plumbing 

3 

J. 

Install kitchen 

3 

K. 

Delivery of kitchen equipment 

5 

L. 

Landscape and parking 

3 

M. 

Interior finish 

4 
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completed in no more than 20 weeks from this date. Any delay of the project 
beyond this 20-week deadline would mean that revenue from the height of the 
tourist season would be lost. 


At a recent meeting with Wapon representatives, the various activities, 
their time estimates, and precedent relationships were discussed. A summary 
of these data is presented in Exhibit A. 


At the close of the meeting it became clear that it would be very difficult 

to finish the project in 20 weeks and at the cost which Wapon had originally 

quoted. Ronald's management then asked Wapon's representatives if they 

could speed the completion of these activities. Wapon's response was that 

several activities could he rushed, but that this would be at an additional cost 
to Ronald's. 


The meeting came to a close after Ronald's management asked Wapon to 

submit m writing an estimate of the costs necessary to ensure completion bv 
week 20. 


Exhibit B 

• • ^ ^ 

Memo 

To: Ronald's 

From Wapon Company 


Several of the activities comprised in the Wisconsin Dells project can be comoleted 
brwh.crrhr'^^'^'h ‘^^luding a list of those activities and the amount 

measures are''unTer'a\rn° '' 


Cost of 

Activity No. of weeks reduction reduction 


B 

1 

500 

G 

1 

400 


2 

800 


3 

1300 


4 

2000 

H 

1 

200 


2 

350 

J 

1 

400 

M 

1 

500 


2 

1200 


Please note that the time to complete somp 
those activities which are listed above can be shorteneTsor^r 

week, but others can be shortened by 4 weeks For p . be shortened by just 1 

1 or 2 weeks. The cost to shorten .t by 2 weeks howp ^ shortened by 

shortening it by 1 week. v r, is more than double the cost of 
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This morning Ronald's received the information included in Exhibit B. 
Time is running short, and Ronald's management would like to decide 
which of those activities should be rushed to completion. 


QUESTIONS 

1 Draw the network for this project. 

2 Identify the critical path. 

3 What is the earliest the project can be completed if no speedup is incurred? 

4 What activities should be rushed to completion? What will be the cost of this 
speedup? 
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APPENDIX A: PERT 


INTRODUCTION 

The network model developed in the beginning of this chapter assumed that each 

activity time was known with certainty. For some projects, this may be an unrealistic 

oversimplification. In research and development projects, for example, seldom are many 

activity times known with certainty. In these situations it would be more appropriate to 

use PERT, a technique which incorporates into the analysis the risk associated with each 
activity. 


TIME ESTIMATES 


In PERT it is assumed that those responsible for each activity can make three 

estimates. The first is an estimate of activity time if everything proceeds exceptionally 

well. It IS called an optimistic time. The second is an estimate of the most likely time to 

complete the activity. The third is an estimate which allows for the occurrence of 

difficulties and delays in completing the activity. It is called a pessimistic time 

An example of a project with these PERT time estimates is given in Figure 15A-I 

1 he three time estimates for each activity can be summarized as an expected value in 
(he following way: 


, _ + 4 /.„ + 

6 

where r.. = expected time 
= optimistic time 
t.„ = most likely time 
= pessimistic time 

For example, the expected time for activity A is 4 weeks 


Activity 

Optimistic 

1 

time 

Most likely 
time 

Pessimistic 

time 

A 

T~ " ' 

1 week 

4 weeks 

7 weeks 

0 

, 4 

1 

1 7 

' 16 

C 

5 

8 

1 1 

D 

; 1 

7 I 

13 

. — I 






Figure 15A-1 PERT network and time estimates 
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Activity 

Expected 

time 

A 

4 weeks 

B 

8 

C 

8 

0 

7 



Figure 15A-2 PERT network and expec- 
ted times. 


1+4(4) + 7 24 


This and the remaining expected values are presented in Figure I5A-2. 

A well-developed theory lies behind the compulation of the expected value in this 
way. It has been found that a “beta probability distribution" best describes the 
distribution of time estimates. The formula given above is the method for computing 
the mean of a beta distribution. Not only does this method make sense theoretically, 
but it makes sense intuitively. It seems reasonable to weight the most likely estimate 
much more heavily than the optimistic and pessimistic estimates. Since a full develop- 
ment of the theory behind the beta distribution is beyond the scope of this chapter, the 
computation of these expected values will have to be accepted on this intuitive basis. 


analysis of the network 

Once the expected values have been computed, the analysis of the network can 
proceed using these values. This is done in Figure I5A-2. The critical path is ACD. and 
the earliest that the project can be completed is 19 weeks. 


the risk associated with project completion 

Let’s take a closer look at this project completion dale. Our results showed that the 
project would be completed in week 19. Clearly there was no certainty associated with 
the activity times: three estimates were given for each one. Then why should only one 
estimate be given for the completion of the project'^ By providing this single number. 

weeks, the impression is given that this is a decision problem under certainty. It is 
not, and our next step is to express the risk associated with project completion in an 

explicit way. 

The risk associated with project completion can be expressed by combining the 
risk of those activities which lie along the critical path ACD. 

To turn to activity A. its risk can be described by the standard deviation of the 
activity completion time. Two extreme estimates are made for all activities: optimistic 
and pessimistic. Since plus and minus 3 standard deviations, or a total of 6 standard 
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deviations, should include nearly the full range of all possible completion times for an 
activity, the standard deviation can be estimated in the following way: 




For activity A the standard deviation is therefore I week 


7 - I 

s = — = I 


The standard deviations for the remainder of the activities along the critical path are 
given in Table l.^iA-l. 

In combining these measures of risk for each activity to determine the risk of the 
prt>ject. it is necessary first to convert the standard deviations to variances and then 
add. To convert a standard deviation to a variance simply requires squaring the 
standard deviation. This is done in Table l.''A-l. 

The last step is to add the variances along the critical path and then take the 
square root of this sum. The result will be (he standard deviation of the critical path. 
Returning to our csample. we have the following. 

\ ariance of critical path = I + l + 4 = 6 

Standard dev iation of critical path = V6 2.45 

We can therefore conclude that the completion of the project depicted in Figure 
l-^A-I can be described by a distribution whose mean is 19 and whose standard 
deviation is 2.45, In fact a stronger statement can be made about this and other 
distributions which describe the risk associated with a critical path; They are normal. 

Since the distribution is normal, certain conclusions can be drawn about the 
completion of the project with the help of Table 1 at the back of the book. For 
example, it can be said that there is a 68.2b percent chance that the project will be 
completed within plus or minus 1 standard deviation of the mean, or between 

19 ± 1(2.45) 

16.5.^ and 21.45 w'eeks 

I here is a 95.44 percent chance that the project will be completed within plus or 

Table 15A-1 Computation of Standard Deviation and 
Variance for Activities along the Critical Path 


Activity 


A 

c 

D 


Optimistic 

time 


Pessimistic 

time 


Standard 

deviation 


1 

5 

1 


7 

11 

13 


1 

1 

2 


Variance 

1 

1 

4 
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minus 2 standard deviations of the mean, or between 
19 ±2(2.45) 

13.10 and 24.90 weeks 

These probability statements add a new dimension to the analysis and com- 
municate, in an explicit manner, the risk surrounding the completion of the project. To 
many project managers, this extra dimension is well worth the extra effort. 

PROBLEMS 

lSA-1 Find the critical path for the following project; 



Precedent 

relationship 

Time estimates, days 


Activity 

Optimistic 

Most likely Pessimistic 

A 


2 

4 

7 

B 

A 

1 

3 

5 

C 

A 

2 

3 

4 

0 

B 

3 

5 

9 

E 

C 

5 

6 

8 

F 

D 

2 

4 

6 

G 

E 

3 

5 

6 

H 

D 

4 

6 

7 

1 

H 

4 

6 

9 

J 

F 

1 

5 

7 

K 

G 

1 

4 

6 

L 

1. J, K 

2 

3 

4 


Determine the likelihood that the project described in problem I5A-1 will be 
completed in less than 30 days. 

Find the critical path of the following project and determine the likelihood that 
it will be completed in more than 21 days. 


lSA-2 

15A-3 


Activity 

Precedent 

relationship 

Time estimates. 

days 

Optimistic 

Most likely 

Pessimistic 

A 


2 

5 

8 

B 


4 

5 

7 

C 


6 

8 

12 

D 

A 

1 

3 

7 

E 

D 

2 

4 

5 

F 

B 

8 

9 

11 

G 

C 

4 

5 

7 

H 

G 

6 

8 

10 

1 

E. F. H 

1 

2 

3 
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I5A-4 Find the critical path of the following project. What is the likelihood that the 
project will be completed between 21 and 23 days from the start? 


Time estimates, days 


Precedent 


Activity 

relationship 

Optimistic 

Most likely 

Pessimistic 

A 


2 

4 

6 

B 


1 

3 

5 

C 

A 

4 

5 

6 

D 

C 

4 

7 

10 

E 

B 

5 

6 

7 

F 

E 

1 

2 

3 

G 

E 

2 

2 

2 

H 

F 

3 

5 

7 

1 

G 

3 

6 

9 

J 

D, H. 1 

2 

4 

12 


15A-5 Find the critical path of the following project. What is the likelihood that the 
project will require more than 11 w-eeks? 


Activity 

Precedent 

relationship 

Time estimates, weeks 

Optimistic 

Most likely 

Pessimistic 

A 


2 

3 

4 

B 

A 

4 

5 

6 

C 


2 

6 

10 

D 

B. C 

1 

2 

3 


15A-6 Is it likely for the noncritical path in problem 15A-5 to take longer than 10 
weeks? Compute exactly how likely this is. 

Since it is likely that a noncritical or near-critical path can become critical, 
it therefore seems reasonable for management to watch noncritical as well as 
critical paths. Should all noncritical paths he watched with equal emphasis? 

What effect can these near-critical paths have on the kinds of probability 
statements that were made in problem 15A-^? 

If you read Appendix B. you will find that these problems are resolved by 
the use of PERT simulation techniques. 


APPENDIX B: PERT Simulation 


INTRODUCTION 


In Appendix A the probability estimates of project completion were based solely on 
the mean and standard deviation of the critical path. It is quite possible, however, that 
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Figure 15B-1 PERT si..iulation network. 


the completion of a project might also hinge on the mean and standard deviation of 
near-critical paths. If there is a noncrilical path, for example, whose length is close to 
that of the critical path but whose standard deviation is larger, it is certainly possible 
for this path to become critical. Therefore an analysis which focuses only on the 
critical path— as PERT did— can lead to incorrect probabiliu statements concerning 
project completion. A more appropriate analysis would require that attention he given 
not only to critical paths but also to those which are near-critical. To accomplish this, 
we now turn to PERT simulation. 


the network and subjective 
probability estimates 


A PERT simulation network is shown in Figure I5B-1. Rather than an optimistic, most 
likely, and pessimistic estimate for each activity, a subjective probability distribution 
of activity times is determined in the following way. The person responsible for each 
activity is asked to list the various times that the activity could take to be completed. 
Then for each of these times, the likelihood of occurrence must be estimated. l-or 
example, it was determined that activity A could take 3. 4. h. or 7 weeks. The 
likelihood that it would take 3 weeks was determined to be percent, the likelihood 
that it would lake 4 weeks is 10 percent, the likelihood that it would lake 5 weeks is 70 
percent, the likelihood that It would take 6 weeks is 10 percent, and the likelihood that 
it would take 7 weeks is 5 percent. This and the remaining probability distributions for 
each activity are given in Figure 15B'I- 
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SIMULATION 

Each replication in the simulation process will include the followinc steps: 

1 Generate an activity time for each activity from its distribution 

2 Determine the critical path and the project length 

3 Repeat steps I and 2 until the desired number of replications are completed 

First two-digit numbers are assigned to the times associated with each distribution, 
and then the random number table is used to generate activity times from each of these 
distributions. A sample replication is shown in Figure 15B-2. The result of this replication 
indicates that the project will be completed in 36 weeks and that the critical path includes 

acti\ ities B. D, and G. I his result and the result of 19 additional replications are shown in 
Fable 15B-1. 

The average completion date for these 20 replications is 37.05 weeks. A histogram 

of completion dates is shown in Figure I5B-3, From it we can estimate the likelihood 

of different completion times. For example, the likelihood that the project will take 

more than 37 weeks is or 30 percent. This estimate, however, is based on only 20 

replications, and perhaps it would be better to complete more replications before an 
estimate is made. 

An.ilher useful piece of informuiion which the simulation provides is a critical 
mdex for each activity At the bottom of Table I5B-I, the percentage of the time that 
each ticttv It> was critical is shown. This is called a criiicl imlix and can be used as a 
measure of the likelihood that an activity will he critical. For e.sample, activity A has a 
ctitical index of .:.s. I his means that if the project were undertaken repeatedly. 
actiMiN A would he found on the critical path 2.-i percent of the time. Said another 
way, activity A has a 25 percent chance of being on the critical path. With these 
indices management knows which activities to watch closely, which to watch oc- 
casioninly. and which are unlikely to be critical. 

Quite noticeable, then, should be the fact that the identification of a critical path is 
missing. Only a critical index is given for each actixity. This information, however, is 


Activity 

A 

B 

C 

0 

E 

F 

G 



I 


Tiino 

5 
1 1 
12 
18 
10 
13 
7 




C;5 171 

> 



F[0 13i 






O' 


-t 


Gi29 361 

•> 


Figure 15B-2 Sample replicatiofi. 
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Table 156-1 Simulation Results 


Critical path 


Completion 

Replication A B C D E F G date 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

11 

12 

13 

14 
• 15 
16 

17 

18 

19 

20 

Critical 

index 


1 

1 


1 


1 

1 



1 — 

1 — 

— 1 

1 1 
1 — 

1 — 

1 — 

1 — 

1 — 

1 1 

1 — 

1 — 

i 1 

— 1 

1 — 

1 — 


1 

1 

1 


1 1 

1 — 

1 — 

1 — 

1 — 

1 — 

1 1 

1 — 

1 1 


1 

1 

1 

1 

1 


90 .25 .90 .25 00 


1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 0 


36 
38 
38 

37 

37 

38 
37 
37 

39 
37 
37 
36 ' 
37 

37 

38 
36 

36 
38 

37 
36 


tnore useful than the information prosidcJ h\ the h.isie Pi:KI method described in 
Appendix A. for it lakes into account not onh cnlicctl paths but tiear-crilical paths as u ell. 


COMPARISON OF THE RESULTS 

is very interesting to compare the results of the simulated PERT network with the 
results that would have been achie\ed if the network in Figure l.‘'B-l were anal>/ed 
only expected values as if it were a deeision problem under certainty. Ihe 
expected values for each activity are computed and entered in Figure The 

earliest that the project can be completed, according to our new analysis, is the 
thirty-seventh week. The critical path is HDG. 

In certainty analysis a single critical path is identified. In our problem it is implied 
that path BDG is the only one necessary for attention. The importance of the other 
paths is placed in the background. Under certainty analysis one never knows just how 
tniporlant these other paths are. 

The major benefit associated with the incorporation of risk is that the reiaiivc 
all activities is identified, fhcrc is no longer a critical path, onl> critical 

indices. 


Number oi observations 
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Completion time 


Figure 15B-3 Distribution of simulated completion dates 


1 Activity 

Expected value 

1 ^ 

5 

1 0 

1 1 

1 1 
' c 1 

13 

0 

i 18 

1 E 

9 

F 

13.9 

G 

8 



Figure 15B*4 The PERT simulation 
problem of Figure 15B-1 solved as a 
network problem under certainty. 
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PROBLEM 

15B-1 Given the following network and subjective prohabilily estimates of activity 
completion times, find the likelihood that the project will be completed in 29 
days. Base your answer on 10 replications. 



APPENDIX C: Critical Path Method 


INTRODUCTION 

The critical path method IC'PM) was developed for situations where the project 
manager has the flexibility to channel rcs<.)urces it) certain activities in the interest ol 
improving the project s completion date. It docs nv)t. hv)vvever. incorporiOe PFRT S 
ability to deal with risk. Therefore. CT>M is a model under certainty. 


activity and project COSTS 

The central idea in CPM is that certain costs vary with lime. These costs 
can be broken down into two categories: direct activity costs and indirect project 
costs. Direct activity costs are those costs which arc incurred by the use of labor, 
machines, and money. There is an Inverse relationship between these costs and the 
length of time it takes to complete an activity. In Figure l‘'t -In it can he seen (liat as 
the expected completion date of an activity is shortened, the direct cost of performing 
that activity increases. This follows because additional resources are necessary t«.'> 
accomplish a decrease in activity time. 

The second set of costs is related to the inJirci ! costs associated with the entire 
project. These include supervision, some supplies, and a host (>f fixed expenses which 
are normally allocated to the project. Many of these increase with the duration of (lie 
project. Therefore if the total project length can he shori -ned. these costs will be 
saved. The direction of these project-reiaied costs is shown in Figure \H'-\h. 

We have identified two sets of costs, each working in an opposite direction. If an 
activity is shortened, certain costs increase; if the project is shortened other costs 
decrease. It can therefore be concluded that additional resources can be applied to an 
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Completion time 


Figure 158-3 Distribution of simulated completion dates. 


Activity 

Expected value 

A 

B 

5 

1 1 

C 

13 

0 

18 

E 

9 

F 

13.9 

G 

6 



nrnhi^ 156-4 The PERT simulation 
problem of Figure 15B-1 solved as a 
network problem under certainty. 
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PROBLEM 

15B-1 Given the following network and subjective probability estimates of activity 
completion times, find the likelihood that the project will be completed in 29 
days. Base your answer on lO replications. 



appendix C: Critical Path Method 


introduction 


The critical path method (CPM) was developed for situations where the projei.t 
manager has the flexibility to channel resources to certain actisities in the interest of 
improving the project’s completion date. It does not. howc\er. incorporate PERT S 
ability to deal with risk. Therefore. CPM is a model under certainly. 


activity and project costs 

The central idea in CPM is that certain costs vary with time. These costs 
can be broken down into two categories: direct activity costs and indirect project 
costs. Direct activity costs are those costs which are incurred h> the use of labor. 


"'achines, and money. There is an inverse relalionvhip be(ween these eovis and the 


length of time it’takes to' complete an activity. In Figure l.« -lu it can be seen that as 
the expected completion date of an activity is shortened, the direct cost of per oimin^e 
that activity increases. This follows because additional resources are necessar\ to 

accomplish a decrease in activity time. 


The second set of costs is related to the imlirecl costs associated wilh the enme 

hiLti 


UJ lO ICIUIVU IW SUV l * I 

project. These include supervision, some supplies, and a host of fixed expenses u iic i 
are normally allocated to the project. Many of these increase with the duration ol me 
project. Therefore if the total project length can be shori-ned. these costs w 


ill be 


saved. The direction of these project-reiated costs is shown in Figure I5( IF 


We have identified two sets of costs, each working in an opposite diretlmn. 
activity is shortened. certain costs increase; if the project is shortened 
decrease. It can therefore be concluded that additional resources can be applied to an 


/ 
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Figure 15C-1 Direct activity and indirect project costs. 


activity provided that the cost of the additional effort is less than the saving which 
accrues from a shorter project cycle. ” 

'5C-2. The data above each arrow 
represent the average time or normal time for the completion of that activity the 

mm mum possible completion time if extra resources were employed and 15?^ ly ^e 

cost o reducing the average time in dollars per day. Activity B. for exampl ha a 

n^mal completion time of 4 days and can be completed in a minimum o7' days if 

s^afficient resources are used. The cost of reducing the completion time is Sl^r day 


CPM TIME GRAPH 





<7 = average time 

r ~ minimum completion time 

s = cost of reducing activity time in S/day 


Rgure 150-2 Critical 
example. 


path method 
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Figure 15C-3 Critical path method time graph. 

12 days. The critical path of the project is AD, and to shorten the project length, it 
only makes sense to focus on activities which lie on the critical path. Therefore, either 
activity A or activity D should be shortened. Activity A can be reduced to a minimum 
of 4 days at a cost of $3 per day, and D can be reduced to a minimum of 4 days at a 
cost of $2 per day. First we will choose that activity which is least costly to shorten. 
Activity D is therefore shortened to its minimum of 4 days. Since the project now 
takes I day less, the indirect cost saving is $5 and the net saving is $5 “ 52 = $3. 

If we ignore those costs which are not under our control at this stage in the 
planning process, the controllable cost of the schedule before any changes were made 
was: 


Cost ~ cost of reducing completion date + indirect costs 
= 0 + (I2 daysKS.*) per day) 

= $60 

Now that we have reduced the schedule to 1 1 days, the cost becomes 


The new CPM graph rctleding thi 


Cost = $2+ ll($5) = $57 

We have therefore effected a $3 cost saving 
change is found in Figure 15C'4. , , 

The critical path of our new CPM graph is still AD. ActisUy D can 
shortened. The cost of shortening A is $3 per day and it couUi be shortcne to a - 
after it is shortened by I day, another critical path, BCD. emerges. Mosing one s ep 
time, we first reduce A by I day. The controllable cost of this new lO-day sc 

becomes 


Cost = ($2 + $3) + 10($5) = 5 + 50 = $55 

The first cost in the first parentheses represents the 52 cost *bat was incurred in 

previous step, when we shortened the project from 12 to 1 1 days. Ihe . 
shortening the project from II to lO days. The new CPM graph is drawn m g 

15C-5. 

We now have two critical paths, AD and BCD. Since D cannot be shortened any 
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Figure 15C-4 Critical path method graph shortened to 11 days. 
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Figure 15C-5 Critical path method graph shortened to 10 days 


further, any reduction in the project must occur in activity B or C and in A. The choices 
we have, therefore, are to shorten B and A or C and A. The cost of shortening B and A is $4 
per day. The most that they can be shortened is by 2 days, since B cannot be completed in 
less than 2 days, and A cannot be completed in less than 4 days. If. on the other hand, we 
shorten C and A, the cost per day is $7. We therefore choose to shorten B and A. The cost 
of the schedule is 


Cost = [$: + $3 + 2(S4)1 + X($5) 
- $ 1 3 + $40 
= $53 


/ 

/ 

/ ' 






1 


1 

1 

J 


A 



D 




012345678 


Days 

Figure 15C-6 Critical path method graph shortened to 8 days. 
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The new CPM graph is shown in Figure I5C-6. This is the schedule with the lowest cost, 
since any further reduction in project time must come as a result of decreasing activities C 
and A at a cost of $7 per day, which exceeds the saving that such a change would generate. 


PROBLEMS 

15C-1 Solve the following CPM problem: The figures above each activity represent 
the average time in which the activity can be completed, the minimum time, 
and the cost of reducing activity time in dollars per day. In addition, the saving 
which accrues if the project is shortened is $5 per day. 



15C-2 


Solve the following CPM problem; For each day .ha. .he projec. is shor.enecl, 
a saving of $7 is realized. 




per day. For each day .he projec. is shor.ened a ^ ,hen .ake .o 

Lved. Wha. ac.ivi.ies should be shor.ened. and how 

complete the project? 
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APPENDIX D: Dummy Activities 

Cunsider the project described in Table 15D-I. Please lake a pencil and paper and 
draw the network before reading further. 

Many people will draw the network as it Is shown in Figure I5D-1. Upon closer 
examination of this figure, however, it will be discovered that not only must activities 
A and F be completed before activity B can be started, but also activities A and F must be 
completed before activity C can be started. But this is the wrong representation because 
Table I5D-1 requires that only activity A Is a predecessor of activity C. Figure 15D-1 is 
therefore an inappropriate representation of Table 15D-1. 

This dilemma can be resolved by introducing a dummy variable. This is done in 
Figure 15D-2. A close examination of this figure reveals that all the precedent 
requirements of Table 15D-I are indeed met. 

A dummy variable is used whenever two or more activities have some but not ail 
of their immediate predecessors in common. In our case activities B and C have some 
but not all of their immediate predecessors in common. On this occasion all the 
predecessors must be drawn leading to separate end events (circles), and dummy 
activities should be added from these events to comply with the precedent rela- 
tionships. Since activities A and F were the immediate predecessors, they were drawn 
leading to separate events in Figure I5D-2. The dummy activity G was then added to 
comply with the precedent relationships in Table 15D-I. 


Table 15D-1 Project 


Activity 

Precedent 

relationship 

Activity 

time 

A 

_ ^ 

5 

B 

F. A 

6 

C 

A 

5 

D 

B 

12 

E 

D. C 

4 

F 

- 

3 



Figure 15D-1 Erroneous implication that activity F must precede activity C as well as 
activity B. 
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PROBLEMS 

15D-1 Draw the network for the following activities: 



Precedent 

Activity 

relationship 

A 


B 

A 

C 

B 

0 

A 

E 

A 

F 

B, D, E 

G 

D. B 

H 

C. G 

1 

C. G. F 

J 

H, 1 

Draw the network for the 


Precedent 

Activity 

relationship 

A 


B 


C 


D 


E 

A 

F 

B. A 

G 

C. B. A 

H 

D. C. B, A 

Draw the network for the f 


Precedent 

Activity 

relationship 

A 


B 

A 

C 

B 

D 

B 

E 

D 

F 

C 

G 

C. E 

H 

F 

1 

H. G 
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Markov Models 


INTRODUCTION 

Pe7h'',n''s iheT'','' 'hrough time, 

erhaps the most common application of this analysis is in marketing where 

the variable studied is market share. The object of these studies b to 

determine the eventual share of the market which a product can obtain 

soft drink'' ? <^""’P=>ny remain unchanged A 

.(ft drink producer, for example, may currentiv sell 15 percent of all soft 

drinks sold. But this market share may change over time The relson hlh H 

. .s IS that some customers may switch to competiti^ brJndVrnThe.r 

r:main t^rSod'cb" — 

This brand-switching process will lead to chances in ih^ 
market share. Markov analysis is one means of studying this brtd-sSing 
behavior and predicting the behavior of the variable, market share, over time 


PROPERTIES OF MARKOV MODELS 


Markov models are used to analyze a process which 
properties. First, there must be a finite set of possible 


exhibits the following 
outcomes. To continue 
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with the marketing example mentioned above, the set of outcomes would 
include all competitive soft drink products from which a consumer could choose. 

The second property of the process is that the probability of the next 
outcome — also called a transition probability — is entirely dependent on the 
prior outcome only. Relating this to our example, the probability that a 
consumer will purchase this company's soft drink is dependent only upon the 
prior outcome or the drink purchased last time.' 

The third property of the process is that the probabilities remain constant 
over time. For example, the probability that a consumer will purchase this 
company’s soft drink having previously purchased a competitor's brand will 
remain unchanged over time. 

We can therefore conclude that the process which is modeled by a 
Markov model should exhibit a finite set of outcomes, outcome probabilities 
dependent only on prior outcomes, and constant probabilities over time. 


CASE STUDY: Consolidated Electric 
Power Company 


The Consolidated Electric Power Company provides electric power to 2()0.0()() 
subscribers in a large Midwestern city. Its power is generated by several large 

gas turbines which range in age from 1 to 15 years. 

The only times at which ail of these turbines are operating simul 
taneously is during the peak demand for electricity which occurs both in 
December and August. At other times only the most efficient generators are 

used while the rest are kept in reserve. ri- i i 

Turbines occasionally break down and must be repaired. ou 
happen that an inadequate number of turbines are in operating com ition li 
meet the power requirements of Consolidated s customers, the compan> must 
purchase power from other electric companies. The cost of purchasing i is 

power is much higher than the cost of generating its own. 

At the present time Consolidated Electric is preparing a long-range 

capital investment plan. As part of this plan it needs to know the 

of time or likelihood that a turbine will be in operating condition. t->ven ^ 

information the company will be able to determine the numier o 

that will be needed during the next 5-year period. ...la like 

Three types of turbines are currently in use. and Conso i a e 
to proceed by analyzing the performance of each group separa e y. 
group includes the oldest turbines. The data for this group a 
collected and are presented in Table 16-1. 

' Markov models which exhibit this second property are said ^ | complex 

Higher-level models do take into consideration more ihan just the pnor outeomc. 

models are not covered in this chapter. 
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From\ ’’’O 

Subsequent state 

Not 

Initial 

Operating 

operating 

state \ 

(state 1) 

(state 2) 


Operating 

.80 

1 

1 

20 

(state 1 ) 

Not operating 
(state 2) 

' 40 

.60 


Table 16-1 Transition matrix, machine 
problem. 


During any one day a turbine from this group may either be operating 

(slate 1) or not operating (state 2). During the following day the machine may 

also be operating or not operating. If the turbine is initially operating, the 

probability that it will still be operating during the next day is 80 percent. The 

probability that it will not be operating is therefore 20 percent. If the turbine 

is initially not operating, the likelihood that it will be operating the next day is 

40 percent and the probability that it will not be operating is 60 percent. This 

machine behavior is recorded in the form of a transition matrix; it is shown in 
Table 16-1. 

I he outside left-hand column of Table 16-1 represents the initial state of 
the turbine, and the outside top row represents the subsequent stale or 
outcome of the turbine 1 day later. The values within the matrix represent the 
probabilities of moving from one state to the next. 

It can be concluded that this case exhibits the properties discussed in the 
previous section. First there is a finiie set of two possible outcomes: operating 
and not operating. Second, outcome probabilities depend only upon prior 
outcomes. Ihird. the probabilities can be assumed to be constant over time 


THE CHANGES OVER TIME 

The process described in Table 16-1 can be represented by probability 

trees. The first probability tree, in Figure 16-1. describes the sequence of 

outcomes y the turbine is initially in state I (operating). The second tree, in 

Figure 16--, describes the sequence of events if the turbine is initially in state 2 
(not operating). 

The Changes over Time Given Initial State 1 

^A^i •' ‘f'at h will be in state I on day 2 is read directly from 

Table 16-1: it is .8. This can be expressed in the following way; 


plate 1 on 
\ day 2 


state 1 on\ _ 
day 1 / 
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Day 3 



Joint prob. 
,8^8 = .64 


2 / .4 = ,08 


Figure 16-1 Probability tree for days 1, 2. and 3 given initial state 1 


Probability of State 1 on Day 3 The likelihood .ha, .he 
state I on day 3 given that its initial state was 1 , can be 

the two paths through the tree that terminate in state on ay 
jointprobabilities shown in Figure 16 - 1 . This likelihood can bee p 
the following way: 


p / state 1 
Von day 3 


state 1 \ - / state 1 


on day 1 


^ p / state 2 
Von day 2 


state 1 
on day 1 


)=p( 

) K 


on day 2 


stale 1 
on day 1 




slate 1 
on day 3 


slate I 
on day 2 


state 1 
on day 3 


state 2 
on day 


[e 2 \ 
av 2/ 
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We can therefore conclude that if the machine starts off in state 1. the 
likelihood that it will be in state 1 on day 3 is .72. Since it must be in either 
state 1 or state 2, the likelihood that it will be in state 2 on day 3 is 


1.00-.72 = .28. 

Thus far we have determined that if the machine starts in state 1. the 
likelihood that it will be in state ! on day 2 is .8 and the likelihood that it will 
be in state 1 on day 3 is .72. Next we will compute the likelihood of the 
machine being in state I on day 4 given that it started in state 1. 


Probability of State 1 on Day 4 Computing the probability that the 
machine will be in state 1 on day 4. given that it started in state 1. can be 
simplified by referring to Figure 16-3. 


p/ state I 
Von day 4 

+ p / state 2 
Von day 3 


state 1 
on day I 

state 1 
on day 1 


= p / ' 

\on day 3 

stale I 
on day 4 


stale 1 ^ p / ' 

on day 1/ uin day 4 

state 2 
on day 3 


stale 1 
on day 3 


or we can write this as 


( 


state 1 
on day 4 


state 1 
on day I 


Up/' ' 

/ Von day 3 


state 2 
Von day 3 

and finally we have 


slate 1 V 
on day 1/ 


4) 


state 1 
on day I 


(. 8 ) 


/ stale 1 
von day 4 


^ = .72(.8) + .28(.4) = .576 + . 1 12 - .688 

dav 1/ 


state 
on day 


Correspondingly we have 


p/ state 2 
Von day 4 


state I 
on day 1 


) = '■ 


000 -.688 = .312 


(16-2) 


We can now conclude that if the machine '"J Ui'lull be in 

likelihood that it will be in state 1 on day 2 is .8. the likcl.hood ha , u,l be 

Slate ! on day 3 is .72. and the likelihood that it will be in sta c t 

. 688 . 


General Expression If Equations 16-1 and 16-2 ' probability 

1 be seen. That is, we can write the general expression for the probabil 
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Oav 4 


State 1 
on day 3 


State 2 
on day 3 



on days 3 and 4 given that the system started in state 1 

d ‘,h '’f“M ' "■ started in state I on 

Uti> I. in the following way: 


state I 


on day n 

^p/ state 2 
\on day ;i — I 


state 1 
on d 


\ _ p / state 1 
liiy 1/ \on day n 

state 1 \ . 
on day I * 


state 1 
on day I 


)(. 8 ) 


(16-3) 


For example, applying this to day 5, we have 


( 


state 1 
on day 5 


state I ^ ^ p / state 1 


on day 1 


on day 4 


state 1 \ ^ 
on day 
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+ P 


( 


State 2 
on day 4 


state 1 
on day I 


){.4) = .688(.8) + .3 r2(.4) = .6752 


Correspondingly 


p / state 2 
Von day 5 


state 1 
on day I 


= 1.0000 -.6752 = .3248 


we could continue and compute these probabilities for days 6. 7. S. etc. Since 
the compulations should be familiar to you by now, only the results are 
reordered in Table 16-2. 


Steady State It can be seen from Table 16-2 that the probability of being 
in slate 1 on some future day tends toward -/% g/re/i that slate 1 was observed 
on day 1. To prove an important point, we will now examine the probabilities 
of being in states 1 and 2 given that we sumed in Mure 2 on day I. 


The Changes over Time Given Initial State 2 

Probability of State 1 on Days 2 and 3 Figure 16-2 represents the possible 
sequences on day 2 and day 3 if the machine is not operating (state _ on ay 
The likelihood that it will be operating on day 2 can be read directly as .4. e 
likelihood that it will be in state 1 on day 3 can be expressed as follows. 


/ stale 1 
Von day 3 


state 2 
on day 1 


/ state I 
Von day 2 


/ state 2 
Von day 2 


stale 2 V p/ slate 1 
on day 1/ ^Von day 3 


state 2 \ p / state 1 state 1 
on day 1/ ^ 'on day 3 on day 2 

state 2 \ 
on day 2* 


Table 16-2 Probability ol Machine Being in State 1 
or 2 on Day « Given That It Started in State 1 


Day 

n 


/ state 1 
\on day n 


state 1 \ 
on day 1 / 


/ state 2 
Von day n 


state 1 
on day 1 


1 1.0 0 

2 .8 2 


3 

.72 

.28 

4 

.688 

.312 

5 

.6752 

.3248 

6 

.67008 

.32992 

7 

.668032 

.331968 

8 

.6672128 

,3327872 

9 

.6668850 

.3331150 

10 

.6667540 

.3332460 

11 

.6667016 

.3332984 

12 

.6666805 

.3333195 
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or 


/ state 1 
\on day 3 


/ state 2 
\on day 2 


state 2 
on day I 


) = p( 


state 2 
on day I 


)<• 


4) 


state 1 
on day 2 


state 2 
on day 1 



or 


/ state 1 
Von day 3 


state 2 
on day 1 



+ .6(.4) = .56 


Correspondingly 


(16-4) 


p / state 2 
von day 3 


state 2 \ 
on day 1 / 


1.000 -.56= .440 


I'hese arc ontorod 


in Table 


16-3. 


16 4 rrhf 'See Figure 

16-4 ) The probability of being ,n state I on day 4. given that the system 

started in state _ on day 1, can be expressed in the following way: 



State I 
on day 4 


+ P 


state 2 
on day 3 


^late 2 \ p / state 1 
on day 1/ \on day 3 

''tide 2 \/ state I 
on day 1/ ^ Ion day 4 


''dde 2 \ p / state 1 
on day 1/ \on day 4 

stale 2 \ 
on day 3/ 


stale 1 \ 
on day 3/ 


Table 16-3 Probability of Machine Being in State 1 
or 2 on Day n Given That It Started In State 2 


Day 

p 1 slate 1 

stale 2 \ 

pi state 2 

State 2 \ 

n 

on day m 

on day 1 ' 

' on day n 

on day 1 ' 

1 

,0 


1.00 


2 

40 


-60 


3 

56 


44 


4 

.624 


.376 


5 

.6496 


.3504 


6 

65984 

34016 

7 

.663936 

.336064 

8 

.6655744 

3344256 

9 

.6662297 

.3337703 

10 

.6664918 

3335082 

11 

.6665966 

.3334034 

12 

.6666385 

.3333615 
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Day 4 




Figure 16-4 Probability tree for days 3 
and 4 given that the system started in 
state 2 on day 1. 


p / state 1 state 2 \ / state 1 slate 2 V 

Von day 4 on day 1/ Von day 3 on day 1/ 

+ p ( state 2 state 2 \ 

Von day 3 on day 1/ 


and 


( 16 - 5 ) 


state 1 I state 2 


on day 4 1 on day 


“ '\ = .56(.8) + .44(.4) = .624 

ay 1/ 
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Correspondingly 


p / state 2 state 2 \ _ 
Von day 4 on day 1/ 


000 -.624= .376 


These are entered in Table 16-3. 


Ceiierul Expression Once again, if we leexamine Equations 16-4 and 
16-5. a pattern can he seen. We can write the general expression for the 
probability of being in state I on any day n given that the machine started in 
state 2 on day I, This is expressed in the following way: 

p/ state 1 state - \ ^ state I slate 2 \ 

Von day ;i on day )/ Urn day ti - 1 on day 


state 2 si 

on day n - 1 on 


ate 2 \ 
day \r- 


(16-6) 


I he general expression can be applied to days 5. 6. 7. etc. The results i 
recorded in Tiihlc 16-3. 


are 


steady State referring to Table 16-3 it can be seen that if the machine 

-tarts ,n stole 3 (ont of order), the likelihood that it will be in state I during 
some future period lends toward y,. ^ 

Referring to Table 16-2, you will recall that sve discovered that if the 
machine started m stale I. the likelihood that it would be in state I during 
some future period would also be y.. We can therefore conclude that 
tcKo, dess of, he nut, at state the likelihood of the machine being in state I during 
some future period is y,. This is called the steady-state probability of being in 

^ X (I i C j . 

steul'v r I'n" “f computing the 

Steady-Slate probability. 

Computing Steady-State Probabilities 

that ?hrnrobahdhV '"f ‘k 'e=*^ned 

ow I d several time periods „ tends 

lov^tud ;. rherefore \vc can write: 


state 1 


stale 1 


on day n + 1 | on day I 


\ p / Slate 1 
' Von day n 


state I 
on day 


:e 1 ^ 
ay 1/ 


as M oc 


(16-7) 


since both the left- and right-hand sides will tend toward y, as n gets very large. 
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Equation 16-3 was staled in the following way: 


( 


state 1 
on day n 


‘ ) = p( 
dav 1/ I 


state 
on day 


state I 
on day « - 1 


state 1 
on day 1 


(. 8 ) 


+ p ( 2 state 1 

Von day /i - 1 on day I 


This can be written in the following way: 


( 


state 1 
on day /i + 1 


^p/ state 2 
Von day n 


stale 1 \ _ 
on day 1/ 

on day 1/ 


state 1 
on day n 


stale 1 


on day 


av 1/ 


8 ) 


Combining this with Equation 16-7. we have: 


p/ stale 1 
Von day n 


ate 1 \ / 

dav 1/ V 


St 

on aay 


state 1 
on day n 


slate 1 
on day I 


(. 8 ) 


^ p / state 2 
Von day /i 


state 
on day 


av 1/ 


since 


p / stale 2 
Von day n 


state 1 \ I _ p/ ^*ate 1 
n dav 1/ day n 


on day 


slate 1 
on day I 


We can now write: 


( 


state 1 I state 


el \ p/ I 

av 1/ Von day n 


on day n on day 


stale 1 
on day 1 


(. 8 ) 




[i-p( 


state 1 stale I 
on day n on day 1 


)]<■ 


4) 


(16-8) 


Multiplying, we have: 


p/ state 1 
Von day n 


stale 1 \ p/ state I state 1 V 
on day 1/ \on day n on day 1/ 


+ . 4 - 


/ slate 1 
Von day n 


state 1 
on day 1 
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Collecting like terms and solving, we have: 


p / state I 
Von day n 




state 
on day 


( 


state I 
on day n 


state 1 
on day I 




It IS therefore in this way that we can solve for steady-state probabilities. The 
answer we have just derived does indeed correspond with the one determined 
in the previous section: The likelihood that the machine will be in state 1 on 
some future day /? (given that it started in stale I) is 2 / 3 . 

Given That the Initial State Is State 2 We have determined previously 
that the initial state of the machine has no bearing on its steady-state 
probabilities. It will now be shown that the probability of being in state 1. 
given that the machine started in state 2, is also 

Following the same method used in the last section, we have the 
following: 


state I 
on day n + | 


state 2 
on day 1 


\ p / state 1 
/ Von day n 


stale 2 
on day 1 


) 


as ;i 


00 


(16-9) 


From Equation 16*6 we can write; 




state 1 
on day /i -h 1 


+ P 


/ state 2 
Von day n 


state 2 \ / state 1 

on day 1/ Von day n 

state 2 \ 
on day 1 


state 2 
on day 


ay l/- 


8 ) 


Combining with Equation 16-9. we have: 


p / state I state 2 \ / state I 

Von day n on day \) ^ Von day , 


+ P 


/ state 2 
Von day n 


state 2 
on day 1 


)(. 8 ) 


State 2 
on dav 1 


)(.4) 


and 



( 


State 1 
on day n 


state 2 \ ^ / state 1 

on day 1/ Von day n 




State I 
on day n 


State 2 \1 
on day 1 / ^ 


state 2 \ 
on day 1 
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Collecting like terms and solving: 


/ state 1 
\on day n 

l state 1 
\on day n 


state 2 
on day 1 


I - .8 + .4)= .4 


state 2 \ ^ 

on day 1 / .6 


This result shows that the probability of being in state 1 on some future day n 
is % — given that state 2 was the initial slate. In the previous section it was show n 
that the probability of being in state 1 on some future day n is given that state 
1 was the initial state. Once again we conclude that the slead> -state proh;ihilit> 
of being in state ! is yy regardless of the initial state. 


EXAMPLE OF A MARKOV MODEL: MARKET SHARE 

Suppose that only Ford and Chevrolet compete in the marketplace for 
lower-priced full-size cars. Of primary interest to both companies is the 
share of the market which they can win. The data presented in Table 16-4 
represent the brand-switching behavior of Ford and Chevrolet customers. 

The outside left-hand column of this transition matrix represents the car 
which is currently owned: the outside top row represents the next purchase^ 
The values within the matrix represent the probability that a customer wtl 
move from one brand on the present purchase to the same or another brand 
on the next purchase. For example, the likelihood that a present For owner 
purchases another Ford is 70 percent. The likelihood that a Ford owner 
switches to a Chevrolet on the next purchase is 30 percent. 

We can also conclude that the example exhibits the pr()perties ^ 

in the beginning of the chapter. First, there is a finite set o outcomes, 
and Chevrolet. Second, outcome probabilities depend only upon prior 
comes. Third, the probabilities will be assumed to be constant over time. 

This model and its solution can be valuable to the ecision 
many ways. First, just the formulation of the model in terms o a a . 
matrix focuses attention on the fact that changes in mar et s are 
pendent on winning new customers, losing customers an re ^ 

out of brand loyalty. The matrix also identifies the degree o c 


To next 

FromV.P'Jfchase 

present 
purchase 

Ford 
(state t) 

Chevrolet 
(state 2) 


(state 1) 
Ford 


(state 2) 
Chevrolet 


.70 

.30 

.40 

.60 


Table 16-4 Transition matrix for Ford 
and Chevrolet brand-switching behavior. 
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customers are won from competitors and the degree to which customers are 

lost to competitors. This insight may be valuable in developing marketing 
strategy. 

From this model the decision maker will also be able to predict market 
share at some future point in time. For example, if Ford's current market 
share is 30 percent, the model can be used to determine its future market 
share. These calculations are presented in the next section, where the even- 
tual market share for Ford is computed. 

Computing Steady-State Probabilities 

Suppose that Ford would like to know its steady-state market share. In other 

words It would like to determine the steady-stale probability of being in state I in 
some future period n. 

Following the same pattern developed in Equation I6-8, we have: 


( 


state I 
on day n I 


state I 
on day I 


] = p( 

J Von d« 


state I 
ly /? 


,/ state 2 
Von day n 


stale I \ ^ 
on day l/*‘ * 


state I \ 
on day ^ 


and since 


K 


state I 
on day n -i- I 


slate I \ _ p/ state I 
on day 1/ Von day n 


slate 1 \ 
on day 1/ 


we can write 


as M ^ 


/ Slate 1 state 1 \ ^ p/ state I 
Von day n on day 1/ \on day n 


+ P 


/ stale 2 
Von day n 


state I 
on day 1 


>• 


4) 


state 1 

on day l/^‘ ^ 


and 


stale 1 
on day 1 


,/ stale 1 
Von day n 

[l ~ p( ' 

L Von day /? 


\ p/ state I 
/ Von day n 


state 1 
on day 1 


)]' 


4) 


stale 1 
on day 1 



Collecting terms and solving: 


( 


stale 1 
on day n 


state 1 
on day 1 


)(1-.7 + .4) = .4 
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'( 


State 1 
on day n 


state 1 

on day 1/ .7 


= _ = y, 


We can therefore conclude that Ford's eventual share of the market will he Y- 
or 57 percent. 


HOW USEFUL IS THE MODEL? 

Most Markov model applications have been in marketing, and the purpose of 
these models has been to determine the eventual market share of a product or 
service. Perhaps the most useful aspect of this modeling process has been the 
insight into complex systems which these models provide. 

In the beginning of the chapter It was stated that in simple Marko\ 
models the probability of going into any slate depended onl> on the current 
state and not on any previous states. Therefore if consumers indeed have no 
memory” and if their next purchase is not influenced by previous purchases, 
the Markov model may be a reasonable representation of realil\. If con- 
sumers do have a memory, however, the use ol this Markov model ma> prove 

misleading. 

In the beginning of the chapter it was also stated that the probabilities 
found in the transition matrix were assumed to be constant over lime. Again 
we have an assumption which must be compared with ihe system being 
modeled. Is it reasonable to assume that the probability of switching trom a 
Ford to a Chevrolet will not change over time? If so. we are implying that 
advertising, promotion, pricing strategy, and competitors actions will not 
change the likelihood of a customer switching out of a I-ord and into ;i 
Chevrolet. The model assumes that these probabilities will not change, aiu 
once again if this does not seem like a reasonable representation of reality. 

use of the model may be misleading. 

In conclusion the usefulness of the model to the decision ma li 
upon how close the assumptions of the model fit leality. It may be. lowe e 
that even though the correspondence may not be close, the mote can 
provide valuable insight into a problem. 


SUMMARY 

Markov models are used to model a process which exhibits a finite 
outcomes, outcome probabilities dependent only on piioi ouleome 
constant probabilities over lime. Analysis of these modes 
regardless of the initial state, the probability that the j’'" . 

certain state on some future date would be a constant. is was e. 

steady-state probability. 
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QUESTIONS 


3 

4 


‘=‘>" be used to model 

Suppose that one of the turbines in the Consolidated Electric Power case is 
l^hJruLr'’'^^"'''" •>’- be operating at some date in 

Is a transition matrix likely to remain unchanged over lime'> Explain 
What can cause a transition matrix to change over time? 


PROBLEMS 

16-1 


nratrtx ,s g.ven below. Assume that the process begins in statri 

To 

From 


State 1 


State 2 


State 1 
State 2 


7 

3 

2 

8 


16-2 


"o7jrys1 Ihr^g^S^u-nds"^^^^^ probability 

g.ven below. Assume that the process begins in state 1 


To 

From 

State 1 
State 2 


State 1 


State 2 


1 

.9 

.2 

8 


16-3 


16-4 


and compute ChcvroiecI tteady-sm^’n^^^^ market share earlier in the chapter 
Suppose that Chevrolet is curLtI e 

What will its market share eventually be? “ Porcent market share. 

relationship of the'’curren”UnU.rs'ht'i''e 'io'’'th 'b^ 
The likelihood that a machin^whlch is C rr share? 

m the next period is . 7 . The likelihood lhat"it « iThTout " f" 

will be out of order also in the next period i*; d l>*^elihood that it 

in order is .6. What is the steady s-Uenr^KK,". ''l^-'-hood that i, will be 
order given that it starts off out of order? ** ' machine being out of 
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16-5 Given the following transition matrix, compute: 

a The steady-state market share for brand X (assume brand X as the initial 
state). 

b The steady-state market share for brand Y (assume brand X as the initial 
state). 



16-6 Given the following transition matrix, compute: 
a The steady-state market share for brand Alpha, 
b The steady-slate market share for brand Beta. 



16-7 Given the following transition matrix, compute: 

a The steady-state market share for brand X (assume brand X is the initial 

state). 

b The steady-state market share for brand Y. This is called an absorbing 
Markov chain. Can you explain why? 


16-8 



Lord. 


The three major competitors for low-priced full-size ‘*1^^ 

Chevrolet, and Plymouth. A transition matrix describing purchasing be a . 
given below. Find the steady-state market share for PI>moui (assumu 

stale is I), Ford, and Chevrolet. 


\To 

Fronri\,^^ 

Ford 
(state 1) 

Chevrolet 
(state 2} 

Plymouth 

(state 3) 

Ford 
(state 1} 

.5 

.3 

2 

Chevrolet 
(state 2) 

.2 

1 

.6 

.2 

Plymouth 
(state 3) 

1 ' 

.2 

.4 

.4 
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CASE STUDY: Golden Snacks 


Mr. Jack Golden owns and operates 25 snack bars in discount stores located 
within Greater Cleveland. His snack bars sell soft ice cream, hamburgers, hot 
dogs, soft drinks, and popcorn. 

I he space for the snack bars is leased from several discount chains. The 

leases are wrttten to cover a 5-year period, and over half of them include 
options to renew. 

I he danger in leased space is that if the tenant operates a very profitable 
concession, the discount chain may decide not to renew the lease and 
thereafter operate the concession themselves. In the last lO years this has 
happened three limes to Mr. Golden. 

At the present time Mr. Golden is considering an addition to his chain of 

snack bars. This addition is located in a new discount store scheduled for 
opening in 6 months. 

I he lease for this space will be in effect for 5 years with no option to 

leneu . Management of the discount chain, however, has assured Mr. Golden 

that if they are both happy, there is no reason why another lease cannot be 
negotiated. 

Ihe terms of the lease call for a rental payment of 6 percent of gross 
I ecei^pts. However, this rental payment must not be less than $300. Therefore 
‘ li . Ciolden must guarantee a minimum rental pavment of $.300 per month 
I roni a demographic study of the area surrounding the store, the discount 
ch;un has compiled some interesting Hgures which have been made available 
to Mi. Golden. Ihe store is expected to draw an average of 15.000 shoppers 
poi week. Records show that opening week will bring 30.000 shoppers. The 
estimate is that 15 percent of them will spend an average of 50 cents at the 
snack bar. Ihe discount chain therefore forecasts a first-week gross of $'»'>S0 
lor the snack bar. ' 

Mr. Cjoldcn has had enough experience to know that 50 percent of those 
u ho make a purchase at his snack bar will return next week for another 
piiKhase. Of those who do not make a purchase this week, only 10 percent 

sMil make a purchase next week. Mr. Golden's records also show that the 
average expenditure in his snack bars is 50 cents. 

I here will be sevenil expenses incurred each month in addition to the 
lease payments. Wage costs are S401) per week, food costs are one-third of 
gross receipts, repairs average S20 per week, administrative costs average $50 
per week, while $2> allocated to miscellaneous and $ 7 S to utilities 

^>nd refrigeration equipment' needed 
Ml, Golden will borrow $.20,000 from a local commercial bank The rate of 

m eres, on the loan will be ,0 percent. The equipment will have a $5000 

SI vage value at the end of 5 years and little or no salvage value at the end of 
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QUESTIONS 


1 Determine Mr. Golden’s steady-state market share. 

2 Estimate the profitability of this investment. 

3 Suppose that special in-store promotions could increase the percentage of people 
who were not customers of the snack bar in the previous period but will be 
customers in this period from 10 to 15 percent. What effect will this have on the 
profitability of the snack bar? If this in-store promotion costs $100 per week, is it 
worth it? 

4 Should Mr. Golden sign the lease? 



Chapter 17 


Quantitative Methods 
in the Organization 


CASE STUDY: Criminal Court Scheduling 

The criminal courts in Middlesex County were overloaded for many years. 
Recently the situation had become even worse. In response to pressure from all 
sides, the mayor's office hired a consulting firm to analyze the problem. 

The consulting firm found that few things could be done to alleviate this 
overload. Crime rates had increased, and court facilities had failed to keep 
pace w ith this increased load. It was impossible to change either of these two 
factors in the short run. 

1 he consultants did find, however, that poor scheduling of criminal cases 
often resulted in too many cases scheduled on one day and not enough on the 
next. Better scheduling, they concluded, could result in a greater number of 
cases being processed through the same facilities. 

With the full cooperation of the mayor, the consulting firm developed a 
scheduling model. The model took into consideration the expected length of 
lime necessary to hear a particular case, the availability of judges, court- 
rooms. lawyers, police, and witnesses. It also considered the priority of the 
case by scheduling cases involving serious crimes such as murder ahead of 
cases involving less serious crimes. Two months ago the mayor presented this 
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model to a group of county officials including court administrators, lawyers, 
and judges. It was the first time that the court administrators had heard of the 
model. They listened to the mayor make his presentation, and uhen he \eas 
through they voiced their opinions. First they felt that the model could not 
possibly take into consideration all the factors that they did when a schedule 
was made. Several examples were given. Second, they pointed out that the 
model required tremendous amounts of data which were difficult to obtain. 
Even if the data were accessible it was unlikely that their computers could 
handle this extra burden. Third, they felt that scheduling problems should not 
take priority over the efforts to expand physical facilities. Fourth, they felt 
that the consulting firm lacked an understanding of their problems and that if 
anyone was to make changes in the scheduling system it should he the 
administrators themselves. 


The atmosphere during the meeting continued to be negative. It was 
apparent that the time and money which had gone into the model were 


wasted. Only the mayor was convinced of its potential. 

In the months that have passed since this meeting, the model has 
collected dust while the court system has remained overloaded. 


SUCCESSFUL QUANTITATIVE METHODS 

The use of quantitative methods in the court scheduling case was completely 
unsuccessful. The blame, however, cannot be placed on the model itselt. It 
was excellent. Where then can this blame be placed? Perhaps tt can be placed 
on the management role played by the mayors office. The mayoi ignotet 
some of the steps that should have been taken if one is to expect the 
successful use of these methods in an organi/ation. A complete list of ihcwe 
Steps includes the following: 


1 Recognizing and defining the problem n u. 

2 Determining the criterion by which alternative sit.itegies wi 

compared 

3 Estimating payoffs 

4 Deciding who in the organization will solve the ptohkm 

5 Developing a model of the system . . , ■ i t a 

6 Developing a decision support system which includes t k . 

7 Testing the decision system before it is implcnicntet to cnsun. 

does what it is expected to do 

8 Implementing the decision system 

9 Controlling the decision system 


The purpose of this chapter is to explore several of these 

detail. 


steps 


in giealci 
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RECOGNITION AND DEFINITION 
OF THE PROBLEM 

II is not easy to recognize when a problem exists. There is the story of the 
management scientist who was taking a plant tour of a large printing com- 
pany. He stopped in front of a printing press to see 10 jobs waiting for their 
turn on the machine. He thought that here indeed was a complex problem. If 
the 10 jobs could be taken in any order, there were over 3 million possible 
sequences! His curiosity got the best of him and he asked the operator how 
this “complex" sequencing problem was solved. The operator replied, “I 
don't have any problem. I just take whichever one I want to." The manage- 
ment scientist was astounded. He realized that the operator was unaware that 
a problem even existed. 

In general, problems are first recognized from symptoms. For example, 
problems in inventory control may be suggested by high inventories or an 
unusually large number of stockouts. Production scheduling problems may be 
suggested by the late shipment of finished goods or high per unit production 
costs. Toller scheduling problems at a bank may be suggested by long waiting 
lines. In the court scheduling case we saw that a high backlog of criminal 
cases suggested problems in the scheduling system. 

Management's job is to he constantly on the lookout for symptoms and to 
dig beneath the surface in an effort to find out just what the real problems are. 

Some practitioners might say that management already has loo many 
problems and that it should not look for more. But better managers disagree. 
They are always on the lookout for symptoms. They continually screen 

problems which arise and select for further study only those which have a 

potentially high payoff. Problems with low payoffs, which might include the 
printing press sequencing problem, might go unsolved indefinitely. Indeed, 
managers must know when to say no! 

Once it has become clear that a problem exists, the problem must be 
carefully defined. If it is defined in an ambiguous way, the solution which 
follows is unlikely to be useful. This step, then, must never be ignored. 

DETERMINING THE CRITERION BY WHICH 
ALTERNATIVE STRATEGIES WILL BE COMPARED 

Alternative strategies are compared on the basis of a criterion In some 

situations it is clear which single criterion is to be used. For example, most 

inventory control problems are solved by comparing alternative ordering 
Strategies on the basis of cost alone. In other situations, however there may 
be several criteria which must be considered. Marketing decisions, for exam- 
ple. are often made on the basis of revenue, profit, and market share Health 
care decisions are based on such criteria as availability of service cost and 
quality of service, hconomic decisions made by the federal government 

generally consider such criteria as costs, unemployment, rate of growth, 
inllation. and balance of payments. 
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When there are several possible criteria or when it is unclear what the 
criteria should be. no further progress on the problem should be made until ihis 
issue IS resolved. Without agreement on the criteria, there vs ill be no agreement 
on the strategy to solve the problem. If one decision maker desires to mininii/e 
per unit costs while the other wishes to nia\imi/e revenues, there ma\ be little 
chance that any agreement on market share sirategv will be reached. 

Whether or not a quantitative model is used, it is still very difficult to 
resolve a multiple-criteria decision problem. In practice these pri>biems are 
often reduced to their most dominant single criterion. This was certainly true 
of all the quantitative models presented in this hook. All v>f the sy stems vv Inch 
were modeled were reduced to a single criterion. In the court scheduling case, 
for example, the simulation model which was developed by the consultants 
had as its criterion the maximization of the number of cases heard in the court 

system. 

But limiting a model to a single criterivm has its shortcomings. First, there 
must be general agreement on the criterion chi>sen. .Second, care must he 
exercised in using the results of this model in the decisii)n-making process. In 
spite of these shortcomings, the use of such a model is often very prv>ductive. 


estimating payoffs 

Before any major commitment is made to study a problem, there must he 
some assurance that the payoff or benefits from the study will exceed the 
cost. It would make no sense Iv> spend on a project ti> deleimiiiL 

better sequencing rules for a printing shop if the expected savings ate 
per year. 

How can estimates be made? There are two ways. I he first is subjective 
and the second more scientific. Subjective estimates can be based on ex- 
perience with similar problems in the same field or with similar problems in 
other divisions of the company. For example, a new inventory system which 
saved one company 3 percent might be expected to save at least that amount 

for another company whose problems are even worse. 

The second method for making an estimate is based on the concepts o 

statistical sampling. In this method, the problem is sampled, the sample is 

studied for potential savings, and then it is assumed that the percentage 

savings in the sample will he similar to the percentage savings in the 

population. For example, a large firm was experiencing several problems in 

inventory control; costs were high and stockouts were frequent, Mana_c-m 

, c ' 4 1’ V It i' \ 1 1 tn * 1 1 

inat a major change i 
that a complete redesign 
project, a preliminary 
random sample of _ _ 

results showed that an improved system could reduc, ^ 

5 percent. This meant that $80,000 per year could be saved. Since ic ct 


ample, a large nim •••r- 

:osts were high and stockouts were frequent, i ana_c-m 

lange in the inventory system was necossaiy. t 
design would cost $200,000. but before M approved 
lary study was undertaken. The study was b-scd o. a 
100 items from a total of 10.000 items kept m 'O'sk. I . 

Iild reduce total inventory costs in 
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the redesign was $200,000, and since the benefits would occur for at least 5 
years, it was decided to proceed with the project. 

As we discovered in the court scheduling case, the likelihood of a 
successful payoff does not depend solely on the technical aspects of the 
model. It also depends upon some management and organizational factors. 
First, it depends upon whether or not management and operating personnel 
feel that there is a real need for the new information. If they do not feel there is, 
the results will never be used and the expected payoff will never be realized. 
Second, the ultimate user must be willing to cooperate in the study. Third, the 
study must receive the support of top management. These factors will be 
considered in the next section. 


DECIDING WHO WILL SOLVE THE PROBLEM 

Once it has been decided that a problem should be studied, it must be 
determined who should he responsible for the study. Should it be the sole 
responsibility of management scientists, or should they work together as a 
team with others who also share an interest in the problem? There are three 
basic methods of team organization; the pure management science team, the 
management science team with periodic middle-management interaction, and 
the management science-management team. 

Pure Management Science Team 

The pure management science team is generally composed of management 
scientists, computer scientists, and statisticians. Most often they receive 
assignments from management and have very little formal obligation to 
interact with other groups or levels within the organization. 

riie group can define the problem as they see it. Consequently, conflict 
and compromise with others in the organization can be kept at a minimum 
during this stage of the project. 

Because of this isolation there may be a tendency to overmodel the 
system. Ovcrmodeling occurs when more detail or more elements than 
necessary are included in the mode). The result is that the development of the 
model may take too long, that the end user may receive more information or 
be required to supply more data to the problem than necessary, and that the 
decision system may be too complex to use. 

To prevent overmodeling, the management science group must ask them- 
seUes the following questions.' First, will the added detail delay the project? 
Second, will the added detail improve the payoff of the model'’ Third, will the 
added detail help management to avoid major mistakes that a more general 
model would have ignored'.’ Fourth, will the greater detail make the model 
more difficult to use and consequently limit its use? 


' Harve\ Shycon. ■ Pcrspcctiscs on Managetnenl 
niillctin). \ol. I. no. 2. Febriiarv 197). pp. 62-64. 


Science 


Application." 


Interfaces (The 
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Overmodeling is only one reason why the model may not be very useful to 
the end user. Another may be attributed to the fact that the group had the 
freedom to define the problem as they saw it. Unfortunately, this ma\ not be the 
same way that the end user saw it, and it therefore ma> be quite unlikel> that it 
will ever be used as part of the decision-making system. 

Management Science Team 

with Formal Communication to Management 

The next form of organization is the management science team with formal 
communication ties to middle management. In general, this management 
science team is still a pure management science team, hut a difference is th<it 
periodic sessions are scheduled w'ith middle management. The purpose of the 
sessions is to keep management continually informed about the progress of 
the project. Management, on the other hand, can use the sessions to criticize, 
suggest, provide direction, and give support to the studs. 

Under this form of organization the management science team will 
undoubtedly face many more problems and conflicts than under the first form 
of organization. But because management is not actualK part of the dail> 
team, it is often unclear how this input will affect the final model and decision 
system. At the very least, this form of organization will ensure that more 
problems are encountered in the system design stage and fewet problems at 
the implementation stage, w'ith hope of a higher likelihood of pri>ject sikcoss. 

Management Science-Management Team 

The third form of organization is the integrated management science and 
management team approach. This group includes management scIenIlsI^. 
representatives from middle management, and the end user. In addition, formal 
lines of communication may be established through periodic meetings with the 

fop administrative level in the organization. 

Each member of the group is considered to be an equal working partner 
who shares the common goal of the group, which is to maximize the pa>oli 
from the project. In spile of several problems in dealing with a heterogeneous 
group such as this, more often than not the adumtages far outweigh the 

disadvantages. 

A common source of conflict is that the members of the gioup usiialK 
have different intuitive models of the real-world system and its decision 
problems. The elements that one person sees as dominant will not ncecssaii \ 
he the ones that others see. For example, one person nia> see a piobleni ‘‘Y‘" 
inventory control problem with the order quantity as the maj‘>r issue. Aiiot lei 
person may see it as an integrated production and in\entor\ soniiol pio 
with both order quantity and the impact of these ordeis on 
schedules as the major issue. These different view's, and possihl\ ^i ere 
objectives, will often introduce a high level of conflict in the car \ stage 

fhe project. 

There are substantial benefits, however, from taking this .ipproa*. i 


l-'irsi. 
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the diversity of interests, the wide range of experience, and the different 
perspectives on the problem will ensure that a true systems approach will be 
taken. In other words, it is likely that the problem will be viewed from its 
widest consequences. 

Although more conflicts will arise during the initial stages of the project than 
undei an\' of the other form of organization, few problems will be encountered 
when the decision system is actually implemented. Projects approached in this 
wav will generally have a high probability of success. 

The management scientists may be only a fraction of the team, but their 
role on the team remains unchanged. I hey have the primary responsibility for 
structuring the problem and designing the eventual decision system. The role of 
management is to provide judgments, criticism, direction, and support, while the 
role of die end user is to criticize, prov ide judgments, and ensure that the system 
will ultimately be usable. 

I wo examples of the management science-management team approach 
will be given. The first occurred in a major insurance company, and the 

second in a large paper products company, doth examples are real; only the 
names have been changed. 

I he lop executives at the Adams Insurance Company were convinced 
th<a a large-scale model which simulated main of the interacting departments 
of thetr company would be helpful for decision-making purposes. They 
expected the model to be used, for example, in examining how an increase in 
the different types of insurance the company sells would affect the portfolio 
mix of Its investments and the long-term profitability of the company 

Ihe senior vice president determined the composition of the project 

team. He chose the vice president of economic research, the vice president of 

marketing, representatives from the investment departments, and two from 

management science. The team met weekly and reported on a monthly basis 
to the senior vice president. 

Although the projcet has yet to he completed, the comments of the team 

members are quite interesting. They belies e that they have all gained a more 

thorough understanding of both the functional areas of the business and the 

interrelationships between them. Hven if the project were terminated now. 

they feel that the insight already gained has been worth the effort and 

expenditure. Also unanimous is the conviction that the finished project will 

have a htgh payoff and that it will definitely be used in the decision-making 
process. ^ 

Another exampde of a management science-management team approach 
was reported by Harvey Shycon in Inu-rfacc.s.' The Hall United Paper 
I roducts Corporation is an integrated producer of paper goods. It operates a 
nationwide cornple.x of paper mills, corrugating facilities, and bo.x-manufac- 
turing p ants. These facilities are not perfectly balanced with one another. 

I hat IS. the capactties of the paper mills are not balanced with the corrugating 


Ibid. 
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facilities, nor are the corrugating facilities balanced with the box-manufaclur- 
ing facilities. They do not need to be. since there are ready markets for their 
semifinished products, and ready supplies of semifinished products can easily 
be purchased in the industrial marketplace. When semifinished products are 
purchased by Hall, however, the price is always higher than the production 
costs for the same item. Costs and capacities also vary among the plants; 
consequently, it is not clear at any given lime what the best combination of 
plants might be for producing a given set of products. Nor is it clear which 
plants should ship to which customers. 

In order to solve this complex purchasing, scheduling, and shipping 

problem, the president of the company. Joe Hall, supported the development 

of a large-scale linear-programming model. He appointed a team consisting of 

the head of management science, the vice president of finance, the \ice 

president of marketing, and the manager of inventory planning and schedul- 
ing. 

The president met on a weekl> basis with the team and participated in the 
discussions and decisions, which focused on such issues as the level of detail 
in the model, the degree to which the model should reflect the actual 
conditions at each manufacturing location, the extent to which financial 
considerations were to be included, and the flexibilit> which the model sfioiild 
have concerning the varying products and volumes. 

With this careful integration of middle management, management scien- 
hsts, and top management, it should not he surprising that the project was a 
complete success. The model is used w'eekly as an invaluable aid in the 
decision-making process. 


Additional Evidence 

A total of 16 projects were studied b> Shycv)n.' I he projects were separaictl 
into three categories, the first including those undertaken by pure manage- 
ment science teams, the second by management science teams with formal 
communication to management, and the third by managemeni science- 

management teams. 

Of the five projects in the pure managemeni science categorv. onlv <me 
"'as completely successful; of the four projects in the second caicgt.>r>. three 
'"ere completely successful; and of the seven projects in the management 
science-management team category, six were compleiciv successtul. 

It can be concluded that a pure management science approach mav not Hl 
the best strategy for ensuring project success. 

The Composition of the Team 

The fully integrated management science-management team should include 
fcpresentatives from at least four areas in the organi/ation; management 
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science, compiiler science, general management, and the problem area to be 
studied. 

It is important that the individuals of the management science group 
themselves be applications-oriented. They must, of course, have a strong 
background in their discipline, but they must also be willing to make the 
compromises necessary to ensure the successful application of their tech- 
niques. Therefore, a management science-management team must have one 
or more management scientists who are sensitive to the needs of management 
and are will.ng to work with management toward common goals. 

.Since many decision systems use a computer for collecting, processing, 
and presenting large quantities of data, computer scientists are often a necessary 
addition to the team. The selection of this member must be deliberate and 
cautious. The person must understand the process of collecting and manipulat- 
ing data for the purpose of deseloping relevant and useful fnanaf>enteiU 
information. In short, this person needs to be much more than just a computer 
progra mmer. 

I he third area from which team members must be chosen is middle 
management. I'hey should base a broad perspective of the company's opera- 
tions and be capable of comprehending the complete system under study and its 


problems as ihe> currently exist. Hspecially useful will be their contributions 
dining the formulation stages. I his input should ensure the relevancy of the 
model. 

The fourth area from which a team member must be chosen is the 
problem area itself. This person will likely possess a thorough knowledge of 
all the details. In fact, so much detail may be known that those at this level 
rarely admit to the possibility of dev chiping a general decision-making sys- 
tem. I'hey are often quick to point out some specific event such as ‘The 
November 2. 1973. shortage of raw materials that no decision system could 
possibly have forecast." They conclude that because of such variations from 
normal activities it wiuild be absurd to rely on sophisticated techniques. The 
management scientist should reply that no decision system is designed to 
operate independently of human intervention. It is but an aid in the decision- 
making process and. as such, is not the final word. In short, the decision system is 
designed to function side by side with the ultimate users. For this reason it 
requires their inputs and above ail their cooperation during the design stage. 


Where in the Organization 

Does the Management Science Group Belong? 


There are several ways in whieh the management science group can be 
integrated into the organizational striictnre of the ftrm. The first strategy is 
one in which all the management science skills are located within a group at 
corporate headquarters. This corporate group may undertake studies request- 
ed at either the corporate or divisional level and mav also lend their 
personnel for divisional studies. This approach has several advantages and 
disadvantages. It is an advantage that centralized groups of this type in- 
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variably develop a strong sense of professionalism. The group members share 
many areas of common interest, enjoy the cross-fertili/aiion of ideas, and are 
constantly studying and learning. The result is a highly competent and 
up-to-date management science team; their e.xpertise is often unquestionable. 

One major disadvantage in this form i)f organization, however, is that the 
very level of professionalism which the group enjoys might he its biggest liabil- 
ity. Because of the professional focus, the group members may look it)ward 
outside sources for recognition of their work. These sources include research 
publications, the presentation of papers at professional meetings, and peer 
approval. The danger, then, is that the group's informal goals and objectives 
may be so far removed from the urgency of actual divisional problems that 
their orientation is not toward the client hut toward the profession. ( ertainl> 
this is not always true, but experience has shown that under this form of 
organization there will always he a tendency to drift in the direction ot 
professionalism rather than toward client-centered activities. 

The second strategy still maintains a corporate management science 
capability, but it also includes a management science stalf in each i>f the 
divisions. The purpose of the corporate stalT is to provide assistance to the 
groups at the division level. This might even include a loan of personnel for 
large studies. In general, the corptuate staff is more speeiali/ed than the 
divisional staff, but the dangers of professional drift stilt appK to both groups. 

The next two strategies represent the direciitm in which tnativ people feel 
that the management science held is headed. The first of those is t>ne in whivli 
a strong management science capability at the corporate level is m.iinl.iiiii-d. 
but in addition management scientists arc dispersed throughout the me 
organization of the divisions. For example, some management scieniists me 
assigned permanently to production. inventor> control, maikeling, finance, 
and perhaps engineering. In this way the expertise of a professional group is 
maintained at corporate headquarters, and the onentalion tovv.ird chen - 
centered activities is maintained at the divisional level. It is in the best mtcresi 
of the company to keep the channels of communication wide open Liween 

the management scientists at both of these levels. 

There are an increasini- number of people who believe ihm the onK 



ment science skills. ,, ,, 

Is one strategy better than the others'.’ No. 1 he siraiegv ma > s 
depends upon the firm. What works for one might not work lor aiio ic 


OEVELOPING A MODEL OF THE SYSTEM 


It is at this point in the process of using quantitative 
directed toward the details of the model itself. First, the system 
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Ihe problem exists must be carefully studied. What are the elements which 
compose this system? Which ones are to be included and which excluded 
from the model? How are they interrelated? Only after these questions are 
answered and there is some agreement among the team members can the 
model be formulated. 

During this stage the data requirements of the model must also be 
considered. What data will be needed? Are the data available within the 
organization, or must they be obtained outside? How often must those data be 
updated? Are computer facilities needed to collect, process- and store these 
data? 

THE DEVELOPMENT OF A DECISION SUPPORT SYSTEM 
WHICH INCLUDES THE MODEL 

A mode! generally includes only the dominant elements of a system. Count- 
less other elements of secondary importance are often omitted. Consequently, 
the model represents a somewhat limited view of this real-world system. 
Those who use the model must be aware of this shortcoming and must obtain 
additional information when necessary. This information may be obtained 
from e.xperience. intuition, others in the organization, trade associations, or 
the competitive environment of the firm. 

A model cannot stand alone. It is not the only component in a decision 
support system. It is only one component. It provides one of the many 
sources of information that are required to support the decision-making 
process. 

Those responsible for developing the model should therefore maintain a 
perspective which is broader than the model itself. They must take into 
consideration the fact that the model will be used in conjunction with other 
sources of information and that the success of the model depends upon the 
clTectiveness of the entire decision support system. 

This perspective should also be expressed when training the ultimate 
users of the decision system. It should be made clear that the model does not 
have all the answers. Perhaps if the court scheduling model had been 
acknowledged to be but a part of a court scheduling system, the end users 
would have been more receptive. It should have been pointed out to them that 
the best the model could do would be to recommend a schedule. It would then 
be the responsibility of court personnel to take this and other relevant 
information into consideration before the final schedule would be made. 


TESTING THE DECISION SYSTEM 

It is not enough just to test the model to ensure that it does exactly what it 
was designed to do. The entire decision system must be tested to make sure 
that the model and the system are effective in dealing with the decision 
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problem. This means that the ultimale user musi use the system on a trial 
basis and that the behavior of the decision maker must he t>bser\e>.l to 
determine if any changes need to be made in the s\siem. Seldom uill a 
decision system meet objectives at the beginiiing. C haiiges are inevitable. 


IMPLEMENTATION OF THE DECISION SYSTEM 

The project team including the management scientists must remain irnoKed 
with the project through the actual implementation and initial operation 
of the decision system. If interest in and control o\er the project is gi\en up 
too early, changes may be made by those using it. and this could jeopaidi/e the 
effectiveness of the system. Since main of the users ma\ not haxebeen iinohed 
in the design phase of the system, they may \ic\^ these changes from a very 
narrow point of view, neglecting the broader system-uide implications. 

It is essential that the team keep the implementation phase in mind at all 
times during the progress of the project. Ihe decision system which is timdly 
developed must he kept simple and easy to use. If computer output is uset n 
must be presented logically, he easy to read, and easy to use. fnery detai 
of the system should be worked out: who is responsible for inputs, w n 
receive the output, w'hat kinds of inputs will bo required, are I k\ easy o 
obtain, when will these inputs be required, and last hut e imte y lu e 
what training programs will be necessary to lamdian/e operating p<.isoniK 

with the new system? . ,, ;i.,. ..i ,n 

Only when these implementulii>n problems arc ^.irc u ' ” \sicm 

advance can the chances of damaging changes and inconei.1 ust o 

be minimized. 


CONTROLLING THE DECISION SYSTEM 

Many of the problems that management faces ate ULiniciit. , j- 

selection, portfolio analysis, and production scheduhng are all 
problems which arise over and over again. Consequent \. 
terns which are developed to deal with these proHems 

over again. But real-world systems change. • ‘ svstem 

ciencies, capacities, and fixed charges change. 1 e j^_.;_ision 

and the relationship between them change. As these changes v 
system that was designed at some point in the past hc-.omcs cs . 
to the real-world system and its real-world problems that p.st ^ 

the decision system must therefore he controlled. When u ,, 

model is no longer a useful representation of realty. s \cars is 

modified. Whether this is every year, or every " orconiiol 

impossible to say. It is imperative, however, toost.i is 1 » ‘ .lem. 

procedures to ensure the continued success of the cvisu i 
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SUMMARY 

The purpose of this chapter has been to point out that the successful use of 
management science methods requires much more than the choice and 
analysis of the “right" model. It also requires that meaningful problems with 
potentially high payoffs be studied, that the studies receive the support of top 
management, that a team approach probably be employed, and that the 
decision system be carefully implemented and controlled. Neglect of these 
important aspects of a study could doom it to failure. 


QUESTIONS 

1 Why do you think the criminal court scheduling model met with such resistance? 

2 If indeed court scheduling is a problem, how would you proceed to have the 
problem studied and solved? 

3 A large commercial bank was considering the development of a simulation model 
to help the bank's investment group in making bond portfolio investment decisions. 
What steps would you suggest be taken in order to ensure the success of this 
project? 

4 Why must decision systems be periodically reexamined and modified? 



QUANTITATIVE METHODS IN THE ORGANIZATION 


441 


CASE STUDY: Howard Company 


The Howard Company is a large machine shop which manufactures parts 
used by the defense and aircraft industries. Most of its orders are for small 
quantities, and seldom are two orders alike. Each order is scheduled through a 
unique set of manufacturing steps according to the specifications detailed in 
the customer’s engineering drawings. 

To accommodate this variety in jobs Howard operates lOOO machines 
grouped into 120 functional work centers. One work center is completely 
devoted to drilling, another grinding, another to painting, and so on. The 
company employs 400 hourly workers, and at any one time there are between 

lOOO and 3000 orders in progress. 

When a contract is awarded to Howard, the job is placed on a master 
schedule. It is scheduled early enough to reasonably ensure that it v\iil be 
completed by the date promised to the customer. In man> contiacts it is 
stipulated that Howard must pay a penally if this due date is violated. 

The schedule not only specifies the date on which the job will be started, 
but it also identifies the sequence of operations and work centers necessarv to 
manufacture the part. But when the part actually arri\es at a w'ork center, it 
often must wait its turn in line for an available machine. These waiting lines 
can cause significant delays and can expose the job to late penalties. In the 
past it has been up to the discretion of the machine operator as to which job is 

taken next on the machine. . , , l u- 

Because of these waiting lines, jobs often fall behind sc n u e. is 

situation occurs so frequently that Howard employs _0 expvtiiors 
responsibility it is to identify jobs which are behind schedule and put 
the appropriate work center to give these jobs top priority 
expeditors become aware of the problem too late, and the job is sii not 

on schedule. 

One year ago the president of the company. Allan Ross. dwui. lo t.i 
steps to end three persistent problems: high per unit m.inufaciuring ct ^ 
penalties, and inefficient use of workers and machines. He coniav ee a 
nationally known consulting firm in New York City aiul as et ' 

During the next 9 months the consulting firm dLsigne a 

system directed at solving these problems. I he foe. d point o * 

a simulation model which tested thousands of possible st le u es c 

and recommended the schedule which would niinimi/e the aluiess i 

was designed in such a way that each evening the location of eav t j * 

entered into the company's computer through remote lerriiina s 

work centers. The Lulation model was then run 

available to work center foremen at the start of the next s i 

only specified the order in which the jobs were to ^t,,y 

niachines but also identified critical jobs that were to arrive 

and the work center from which these jobs were ^ Howard s 

Three months ago the consulting firm presenic 
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top management. The officials received it very enthusiastically and recom- 
mended that it be implemented on a trial basis as soon as possible. It took the 
consulting firm two months to install the system and during this time three 
briefing sessions of I hour each were held for the foremen and managers of 
the shop. For most, it was the first they had heard of the new system. 

Last month the trial began, and although it is still too early to reach a 
final conclusion, it appears that the system is a failure. The computer output 
almost never corresponds to the jobs at the work centers. Consequently, the 
schedule makes little or no sense. The foremen are still required to schedule 
according to their best judgment and the expeditors are busier than ever. 

Allan Ross finally decided to have the consultants confront his managers 
and foremen. At the meeting the consultants were quick to place the blame on 
the foremen. 

“You people. ' said one of the consultants, “make no effort to enter the 
location of the jobs on the remote terminals. Without that information it is 
impossible for our system to work.'* 

The foremen admitted that on occasion they were too busy to enter the 
information but contended that most of the lime it was done. 

Steve Rome?., foreman of grinding operations, was next to speak. He said 
that the system didn't give the foremen the information they needed. “Sched- 
uling." said Steve, "depends upon more than the due date of a job. Equally 
important to me is the need to keep my machines and workers busy. Last 
week your computer schedule told me to keep three of my machines and 
workers idle for the first 2 hours of the day so that they could be available for 



I loaded those machines with a .‘'-hour job. The priority job had to wait only 2 
hours, and 1 kept my people busy all day. 1 don't think your system will ever 
work because it doesn't take into consideration the problems that we have on 
the shop floor." 

When the meeting finally concluded, the feeling of the consultants was 
that the managers and foremen were unwilling to use the system properly. 
Ihe managers and foremen, on the other hand, were convinced that the 
consultants did not understand their problems. 


QUESTIONS 


1 

2 


4 

5 


Whai were the symptoms that suggested the existence of scheduling problems? 
What criterion did the consulting company use in solving the scheduling problem? 
Are other criteria rele\'ant.’ Is it difficult to use more than one criterion in the 
development of a model? 

What factors would you take into consideration when estimating the payoffs and 
costs of this simulation model !’ 

Should the simulation model be expected to solve all the scheduling problems? 
What shortcomings do you think the use of outside consultants contributed to the 
eventual failure of the new scheduling system? How could they have been used 
more efficiently? 
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6 

7 

8 

9 


How did the consulting firm fail in the implementation of the decision system? 
Once an effective simulation model is designed for the shop, it will be unnecessary 
to modify the model for several years. Do you agree with this statement or 

disagree? Explain why. 

Do you think the information available to the decision maker from the output of 
this simulation model is timely and relevant to the decisions that must be made'.’ 


Explain. 


Write a brief paragraph describing your final position on the case. One possible 
strategy is to terminate the services of the consulting firm, while another strategy is 
to enforce the use of its system in the plant. Other strategies are also possible 


Support your position! 


Chapter 18 


Computers, 
Information Systems, 

and Quantitative 

Methods 


INTRODUCTION 

Most appliciitions of c^uantitutivc methods reejuire^ the use of a computer. The 
purpose of this chapter is to present the fundamentals of computers and 
describe the way they are used to support these methods. 


THE DEVELOPMENT OF COMPUTER TECHNOLOGY 

The phenomenal success of computers in administration can be attributed to 

n a need for the collection, storage, 
processing, and presentation of large volumes (.)f data. Before organizations 
began using computers these tasks were either undertaken by large clerical 
staffs or left undone altogether. For example, the preparation of company 
payrolls in the past required the maintenance of a large staff. However, as the 
cost of computer processing dropped, and as clerical wages increased, few. if 
any. large companies could still afford these old methods. They turned to 
computers which promised them a dramatic increase in efficiency and a 
reduction in costs. The need had been there all the time. As the cost of 
computer processing came down, its use. not surprisingly, went up. 


444 
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The First Generation 

The first commercial computer. Uni\ac 1. hecame available in 1951. It was 
designed around the vacuum tube, a component which characterized all 
first-generation computers from I9M to 1959. The cost of these machines was 
high, as was the per unit cost of processing data. OiiK the largest companies 
could afford the luxury of a computer during this period. 

Second Generation 

Second-generation computers, which were available between 1959 and l>b4. 
utilized the new technology of transistors. I he speed ol the computer was 
greatly increased and the ca>st per unit of infoimation piocessec noppe 

dramatically. 

Third Generation 

The third generation of computer', ulili/ed a nou lechnology 

technology of integrated circuits. Once nunc, the cos, pc, urn. of ,nlo,m.u,on 

processed dropped. r. n .tKt.h.u.l 

Now computers are available in all price ranges am m si/cs i . 

calculators up. Technology has succeeded m bnng.ng computers u.thm 

administrator's reach. 


the components of a management 

INFORMATION SYSTEM 

Computers are part of '‘''-'-■r 

administrators with relevant, lunch, and ..i m ts muiur^c- 

Consequently, systems of this kind have *>flen ■'ccii ic c c 

mem infonuation .sy.vami.s. But support 

separated, more appropriatelv , into data M 
systems. First, wc will look at data pmcc^sing sv''icin 


lodaV 


Data Processing Systems 

Computers were first used as part of data c.>mnu)ii evainplc 


most computer installations are used in this 1^. 

can be found in billing and payroll. l-.\crv moil 1. > ^,„iniuei. Sioieil m ilw 

from the telephone companv : n prcpaie I,,,,.. 

computer is your telephone number, the class o sl period iIk'C items 

etc.), your base rale, and all loll calls. At the cik o vae ^ ^ ^^.^ond .uul 

are summarized and totaled on >our bilk .Ml this la es a siep-^ b\ 

costs very little when compared w ith accoiuplis un-, i is 

hand. 

r, essine svsiems handle a high 

Characteristics of Data In general, data p < s \ invenioiv records 

volume of data. Thousands of cheeks, hills, inv* k 
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all require that the system be carefully designed to collect, store, process, and 
present this information in an efficient way. 

The level of detail required in such data processing systems is high. 
Every employee must be included in the payroll file, and every customer must 
be included in the billing file. In addition, the level of accuracy must be high. 
Most people would object to being paid for the approximate number of hours 
worked. 

Characteristics of the System The complexity of these data processing 
systems is high. The set of instructions for the computer, which is called a 
computer program, is generally long and complex. Its intellectual complexity, 
however, is low since the program merely carries out the steps which were 
previously accomplished by hand. No complex model building phase is 
necessary. 

It is also quite important that the entire data processing system including 
the computer program be very efficient. With large volumes of data, each step 
must be performed in as little time as possible. Since the program is used on a 
daily or weekly basis, any small savings that can be made will accumulate 
over time. 

Finally, a svord should be said about the consequence of a failure or 
breakdown in a data processing system. It can be disastrous. An entire 
segment of the administrative process can come to a halt. 

Decision Support Systems 

The concept of a decision support system is more recent than that of a data 
processing system. Its focus is on the tactical and strategic decisions that 
administrators must make and on the development of information systems 
that can prove to be useful in this decision-making process. Quite often, a 
quantitative model, of the kind covered in this book, is used as part of this 
system. 

For example, consider a decision problem which is faced on a weekly 
basis by a nationally know-n producer of baked goods whose product line 
includes 50 kinds of crackers and cookies. The company has six plants 
throughout the country, and each plant is able to produce any of the products. 
The output from these plants is shipped to one of four distribution centers, 
and from there the productds shipped to w'holesalers and large retail chains. 
The problem is to determine w'hich products should be made on which 
machine at which factory and shipped to which distribution center. To help 
the company make this decision, it uses a decision support system, including a 
large-scale linear-programming model. Extremely important is the fact that 
the company, and most others who use quantitative models, does not neces- 
sarily implement the precise outcome of the model. The model may be 
weighted heavily in reaching the final decision, but it is generally not the last 
word. That is why the model is said to be a part of the decision support 
system and not the decision system itself. 
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in the next two sections the characteristics of the data -R-rcm^s and 
of the decision support system itself will he presented and contrasted 

those of a data processing system. 

Characteristics of Data In general, the volume of data "hich must be 

handled in a decision support system is much loss er "’"j 

data processing system. The requirements for detail mat also he much 

and there may be less emphasis on accuracy. 

The major problem, howeter. is Iha, the data uhKh 

always found in the traditional catcgoiics o ac The d ala needed 

necessary to collect data which were I’;"' ^,i,e .oailable. 
in a data processing system, on the othei hand, arc usually q 

The complesity of ihe compntei syslein 


including its programs is generally not high, but the m.ellecUial complev.u o 

Often, in 

hat Ihe system be ellicient because decision suppon 

^ 

with each use. ^ ..vt.-ens lIuU is uorih 

is another dilference '"•■lyyeen Ihcsc^ 

processing systems j I ^ls, on the present 

support systems, on the o.hm hmidj^^^^^^^ 

this IS the relesaiit lin c ■ ,.„,essmg s\s- 


Characteristics of the Syslein 

,h. b, i,isb. 

aspect of the system. 

It is not important th 
systems do not get the into 
payoff does not come from repeaieu use v-. ‘ potential 

small savings but rather the intermittent use ol a systci 

payoffs associated with each use. uorih 

Finally, there 
mentioning. Data 
present. Decision : 

and future, since this is me , ,-omprise data pi 

Management information systei ^ r i^us in this hoi>k has been on 

terns and decision support systems. n- u*- in decision support 

quantitative models which ha\e been touiK those s\sicnis. 

systems. Since the computer mav be ^ ho progranimcd is 

familiarity with how computers wor aiu .... tjons. 

essential. These topics are covered in i v nw 


COMPUTER FUNDAMENTALS ^ ^ , 

A computer system is composed of the three ^ units. In addition. 

These include the input, output, an cen 
secondary storage devices may be uset 

n ibeentered.alongvMthihc 

Whenaprogramisloberunonacomputcr.it .^,|llputer system, scwra 

data, in an input device. Depending program and data onto ■' 

methods may be used. One method is j nn input de\ice s<i ei 

card using a key punch. The cards are t cn transfer the progiam 

high-speed card reader. The purpose o i 
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Central processing unit 


Arithmetic- 

logic 


Control 


M 

E 

M 

O 

R 

Y 



Secondary 

storage 


Figure 18-1 The basic units of a computer system 


and data into the central processor. In some computer systems the input can 
be entered directly through remote terminals, thereby eliminating the need to 
keypunch cards. 

Central Processor 

The central processor includes the control, arithmetic, and memory units. 
When programs and data are first entered through input devices, they are 
stored in the memory or storage unit. 

Memory The purpose of the memory unit is to hold programs and data, 
to hold intermediate information during the execution of the program, and to 
hold the result just before it is released as output. 

The memory or primary storage unit inside the central processor can be 
expanded by the addition of secondary storage devices located outside the 
central processor. The purpose of this is to increase the capacity of the 
computer. 

Arithmetic-Logic Whenever the program requires the processing of 
data, the relevant data are transferred to the arithmetic-logic unit. The 
purpose of this unit is to make calculations such as additions, multiplications, 
subtractions, divisions, and comparisons. 

Control Every unit of the computer is under the direction of the control 
unit. It receives instructions from the primary storage unit. After the 
interpretation of these instructions, the control unit may direct the memory 
uiiM to retrieve data, direct the arithmetic-logic unit to perform the necessary 
computations or comparisons, or direct the appropriate output devices to 
orocess the results. 

Output The purpose of the output devices is to convert the results of 
the program, which are in the form of electronic impulses, into readable form. 
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This may be done on a high-speed printer, a video display unit, a teletype, or 
punched cards. 


COMPUTER SYSTEMS 

There are many kinds of computer systems including batch, remote batch, 
multiprogramming, inquiry, and general-purpose time-share systems. It is 
impossible to say which one is belter, because the application determines the 
system that should be used. Consequently, it is necessary to know something 

about each one. 

Batch Processing 

All first-generation computers and many second and third-generation com- 
puters can be classified as batch processing systems. The 
between this and other systems is that the computer is tota y 
job being run. That is, other jobs must wail in a 

processeu is completed. Then the next job in line is run w i e ^ use* of 
and so on. This approach has two drawbacks, including the ^ 

the central processor and the time it takes to complete a job, called 

turnaround time. ^ the 

In most batch facilities the following sequence o s ep'j output 

data and program are entered, the program is ,r'!i nrocessor is 

becomes available. During most of these steps * j C j 

entirely dedicated to this one job and as a result a -’-.derabie oum 

time may be incurred. For example, when 

which are stored in memory be processed, the ot pj.,)cesving. lii'lc 

idly as the search for the data is undertaken. In sine .* c 

can be done to overcome this problem. u .tr h nrocessing. 

The turnaround problem is the second ';':;:,;’p:r;:;:,Ke‘d 

Usually a job is brought to the central computing fas y. • ,,, 

up some minutes or hours later. I he uait depends upo ‘ ,, 

m the queue and on their length. It is not unusua ^ ,,,f ,,„j picking 

hours. This delay, together with the inconvenienc < ^,1 i,;„ch 

tip the job, casts an unfavorable shadow over i le c c 

processing for most decision support systems. ^..hiliiu-s lliismc;ins 

^ Many decision support systems require m- 

that there must be an insignificant period i-cncral. if 'h*^ 

formation in the computer and receiving a real-time 

response time is less than 2 or 3 minutes, the eanabiliiy 

capabilities. Batch processing certainly does not ^ a\e jnieract with 

Many decision support systems also require t a ^ crsalional. it 

the computer in a conversational way. If ‘‘ system with the 

must be capable of a fast response und must a so jelinition 

opportunity of using the computer as a problem 
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conversational systems are also real-time. Therefore batch processing sys 
terns do not fit in this category, either. 


Remote Batch 

One method for reducing the turnaround time is to use remote batch processing. 
In this method terminals are placed in convenient locations. Jobs are entered 
from these terminals and transmitted over a communications system to the 
central computer, where they lake their place in queue wailing for their turn to be 
executed. Once completed, the output is transmitted back over the com- 
munications system to the input-output terminal. Except for the con\ enience of 
remote inpui-ouiput. the system operates basically as a batch process. That is. it 
is not conversational or real-time. 


Multiprogramming 

Multiprogramming is a technique which allows the central processor to 
process more than one program at a time. This overcomes one of the basic 
inefficiencies of the batch process. It works in the following way. If the 
central processor is idle at any time during the execution of a program, the 
next program in the queue is temporarily processed. When the first program 
once again requires ihe use of the central processor, it switches from the 
second to the first. For example, if the primary program directed the com- 
puter to search for data in a storage file, during the time it would take to seek 
and retrieve this information the central processor would switch to the next 
job. A major advantage of multiprogramming, therefore, is that the central 
processor is kept busy most of the time, and the computer becomes more 
efficient. The turnaround lime, however, may still be substantial. Again this 
system is neither real-time nor conversational. 


Inquiry Systems 

An inquiry system operates in real time. Input-output devices in this system 
are located at remote points and connected to the central computer by means 
of a communications system. The system is designed in such a way that the 
remote terminal operator can originate an inquiry and receive an answer from 
the central computer in a few seconds. Typical us.es of such systems are stock 
quotation services and airline reservation systems. In these applications a 
tri\ ial amount of computation and a considerable amount of search for 
particular data held in storage are required. Many of these systems are 
multiprogram med , since a substantial portion of the system time is spent 
searching for data. Although the system is real-time, it is not conversational 
because computers in this category are quite specialized and cannot be used 
as a general problem-solving tool. 


General-Purpose Time-Share Systems 

In a general-purpose time-share system, the user has the impression of being 
the only one using the machine: the response to inputs is nearly instan- 
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taneous. This is accomplished by allocating a slice of the computer's time to 
each of several users located at remote terminals. In this time slice a user has 
complete use of the central processor, after which the next user has exclusive 
use, and so on, the central processor eventually returning to the first user. The 
cycle is so fast that the user gets the impression of continuous, exclusive use. 
The system is therefore real-time. 

The system is general-purpose in that users can retrieve information, use 
standard computer programs, or write their own programs in Basic, Fortran, 
and so on. Because this computer system can be used as a general problem- 
solving tool and because it is real-time, it is classified as conversational. 

In some decision support systems it is essential that the computer have 
this conversational capability. Consider, for example, a decision support 
system used by a major oil refinery which was designed to help its production 
managers formulate weekly schedules. At the center of this system is a 
linear-programming model. From a remote terminal, which is connected to a 
general-purpose time-share system, the model is run using available data and 
the results are observed. Then production managers make several changes in 
the data for the purpose of observing the effect that other levels of workforce, 
equipment, raw materials, demand, and production etficiencies might have on 
the schedule. These changes are entered in the remote terminal, the linear- 
programming model is run again, and the results are observed. Quite often 
several more changes are made before the schedule is finalized. My interaviing 
with the computer in this conversational way. decision makers can gain 
valuable insight into the response of the production system to changes in the 
data. The benefit to the oil refinery has been in the development of more 

efficient production schedules. 


COMPUTER SOFTWARE 

How do we communicate to the computer the logical sequence of steps to he 
executed? Unfortunately the computer has a very limited vocabular> . I here- 
fore the program that describes these steps must he written in a language l l 
computer understands. Several are currently used, such as Fortran, .tsic. 
Cobol, and PL/I. Each has its own language rules, and if you are interestec in 

programming, these rules must be learned. 

Both Fortran and PL/I are general-purpose langu.iges whic can e ii 
*n business and engineering applications. Cobol is a special-purpose angi g 
directed at simplifying the preparation of programs which 
processing problems in business. Basic is another 
which was developed to make it quite easy for beginners to e < 
program the remote terminals found in most gencial-purpo''i. 
systems. A few elementary rules of Basic as well as an example are g 

Appendix B. . ,u lin.* n 

It would seem inefficient if every time a popular written, 

programming was to be run on the computer, a program a o 
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Fortunately, most computer systems permanently store this and other com- 
monly used programs in their secondary storage units. When a user wants to 
analyze a linear-programming problem, it is necessary only to supply the data 
and call for the stored program. The user therefore needs to know very little 
about computer programming. 

Permanently stored programs are called “canned programs” or “software 
packages.” Besides linear programming, they are generally available for the 
transportation method, for network analysis (PERT), for decision-tree analy- 
sis. and to a less extent for forecasting and inventory control. 

Unfortunately, the logical sequence of steps followed in one simulation 
model may be different in the next. Therefore, no single canned simulation 
model has ever been developed. There are. however, many common sets of 
steps in the simulation process, and two languages. GPSS and Simscript. are 
used to exploit these common aspects. They make the programming job 
easier. 

When a canned routine cannot be found to meet the needs of the user, 
then, of course, a program must be written. If, on the other hand, a canned 
routine will meet these needs, all the user needs to know is how to call the 
routine and the format that the data should take when entered in the 
computer. An example of a canned linear-programming routine used on a 
general-purpose lime-share system is given in Appendix A. 


QUANTITATIVE METHODS AND COMPUTERS 

The models developed in this book can often be found as part of computer- 
based management information systems. We will now return to several of 
these models and examine how computers are used. 


Decision-Tree Analysis 


Small decision-tree problems are solved by hand, hut large ones are often 
solved by using canned programs. 

In the canned programs the user must supply, as input information, the 
size of the decision tree, the probabilities, and the payoffs. The computer then 
calculates the expected payoff for each action alternative, and often the 
program has the additional capability of performing sensitivity analysis on the 
probability and payoff estimates. 

Both hatch and general-purpose time-share systems have been used to 
solve decision-tree problems. For \ery large problems with hundreds of 
branches the lime-share s>’siem prov es to be loo inefficient and time-consuming; 


for these situations the batch system is used. 

If the lime-share system can be used, its conversational benefits allow the 
decision maker to explore the consequences of a series of changes in payoffs 
and probabilities on the expected payoffs of the action alternatives. The 
benefits derived from this interactive process are highly regarded by those 
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who have used such systems. For it is through this interactive process that 
they gain additional insight into the nature of their decision problem. 

Linear Programming 

Most computer systems have canned programs for solving linear-program- 
ming problems. All that is necessary is to enter the data associated with the 
objective function and constraints in the appropriate formal, and the canned 
program does the rest. 

Nearly all linear-programming problems encountered in practice are quite 
large. Some have thousands of variables and hundreds of constraints. Con- 
sequently data are often prepared on punched cards by skilled keypunch 
operators and read into batch processing systems. 


Simulation 

Computers are essential in running simulation models. Not only can the 
simulation model itself be long and complcv. but the desired niimbci of 
replications can be in the thousands. There is no way that simulations of this 

size can be executed by hand. 

Because one simulation problem may be quite different in orm 
another, no single general-purpose simulation program can he wriilen. -ac i 
simulation model must be programmed separateK Ihcic <ue spLi.ial puiposc 
languages, however, such as GPSS and Simscripl. hich make the programming 
of these models easier. Nonetheless running a sinuilalitui model on iIk eoni| uui 

requires computer programming skills. i , . ik. 

Both batch and time-share systems are used to lun simu ations. tu as 

model becomes more complex, the preference shifts to t le use o 

systems. 


Inventory Control 

Nearly all modern inventory control systems place hea\> ■ 

computer. The records kept and the decisions made all require le rc 

Storage, and analysis of tremendous volumes of dai.i. 

Inventory systems have characlcnsiics ol both ‘ , 

decision support systems. They are data processing s\ sIlius -tcsaii c 

collect, store, and present data, and ihev are decision support sv stems I c. 
they are used to determine the routine decisions ol hen and hou niaip 

order. . 

. Once again no general-purpose propm ca^^ 

inventory system. Each one has its own special charactcii »„r;,,ns 

order quantity formulas are frequently an integral p.m i Kennue 

Quite often inquiry-type systems are used ,e,nunals 

terminals may be found in many wareh< 
are entered additions and depletions from 
reports on any item. Since these terminals arc noi 
mode, only real-time capability is necessarv . 


,s are used in irncnlory conirm. . 

.chouse locations, and ,n these tenntna s 

rontstock.lhetetnttnalsalsosuppK a, 

.1. are not used in a ptohieni-solMnL 
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Networks 

Large-scale network models such as PERT often require the use of a 
computer. Canned programs that are available require the user to specify each 
activity, its predecessor, and the associated time estimates. The computer 
then develops the network and determines the critical path. 

Since time estimates may change during the life of the project, the 
network is periodically updated by the introduction of revised estimates. 

Both batch and inquiry systems have been used for network analysis. 
The benefit of an inquiry system is that changes in estimates can be entered 
from remote locations. In addition the progress of the project can be moni- 
tored from those locations. For example, managers thousands of miles from 
the site of a project can receive continuous updates on critical path status. 


SUMMARY 

The purpose of this chapter has been to explore the use of computers in the 

support of quantitative methods. Early use was directed at data processing 

problems, but more recently there has been a significant increase in the use of 

computers as part of decision support systems. Therefore, the modern manager 

must be familiar not only with the use of quantitative methods but with the 
computer as well. 


QUESTIONS 


I 


3 

4 


Describe the differences between the use of computers in data processing and 
decision support systems, 

Do you think that computer-based management information systems emphasize 

quantitat.ve or nonquantitative data? What is the consequence of this for the 
uecision-niiiking process? 

To what extent must managers be familiar with computer programming’ 

Why are batch processing systems generally unsuitable for use in decision support 
systems.’ 

What role will the computer play in an organization by the year 2000? 
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APPENDIX A: Canned Routines 

To illustrate the use of canned routines, a linear-progruniminy prohlem will he 
presented; the computer inputs that are required will be identified; and the solution 
generated by a general-purpose time-share system will be explained. Although the 
format of the input data may differ slightly between computer systems, the example 
shown here should make it quite easy for you to use any canned linear-programming 

routine. 

Consider the Jerry Company case presented in Chapters 7. X. and 9. It is 
summarized below: 

Max P = 20C + 30M 

2C+ iMsXOOO 
2C+ 16.000 

C. Af SO 

The first step in using a canned routine is to summari/e the prohlem ,n inequaiity form 
Turning now to the printout illustrated in Kigure IHA-I. «c se. i at i c ncs | 
is to load the simplex routine. This transfers the program from 
facilities to the central processor. The name of the program used was SIMi .. 
Therefore the first entry was l,()AD**SIMPI-b.X. bor \ 

required by the user has been underlined. wi.ic. 

After the command has been given to load the program, the compuici icsponr 

that it is READY. . . r the 

Next, the data must be entered. I his nitisi be done m t k o o^^ mg . 

left-hand-side constraint coefficients are entered. Fad, cnslranu ,s 

data line, and each coefficienl is separated from ihc next one a . ohiccioe 

constraints are entered, the right-hand-s.de values are eniered. and Imalh ihc ohjedos 

sped and the progr.im \mII be 


111 use 

vour toincmenee, each entry 


constraints are entered, the right 
function coefficients. 

Once the data are entered, the letters RUN are type 

started. 

The 
before 

problem, the number of activities (or v; 


e program asks several quest.ons. and the 

It will continue. It asks whether this is a . ,he number of 

r. the number of acivi.ies ■ '....nstrainis. and ihe 

constraints. The remaining queslhins id.i b- 

e explanations arc necessarv. Hrsl. 
he right-hand-side values. I he dual ev.dualols a 
... .g,. , „l„.- ,.f Ihe Ohjevlive lundion 


proDiem. the number ol activities um sdi.u.-.x.,, - • ..^.oriinis and the 

“less than or equal to" constraints, the quesimns lefei lo ihe 

number of "greater than or equal to constraints, 
level of output detail you would like 
In regard to the output, some 

VECTOR" is nothing more than the ..f - 

the shadow prices. The variable represents the '* ihcy .irc 

Comparing this output with the final basis m a t 

identical. 

Reading the computer output, the solution is. 


Activity Variable 
number name Value 


1 C 2666.67 

2 M 2666.67 r,. ic = l3.U3.t3. 
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LOAD *‘SIMPLEX 
READY 

10 00 DATA 2,1 

1001 DATA 2.4 

1002 D AXA 8000,16000 

1003 D 'aT A20.30 
RUN 


SIMPLEX 19 18 MAY 13. 1975 

TYPE DES FOR A DESCRIPTION AND INSTRUCTIONS 
TYPE INS FOR INSTRUCTIONS ONLY, 

TYPE OMIT FOR OMITTING BOTH, 

? OMIT 

IS THIS A 'MAX' PROBLEM OR A 'MIN' PROBLEM7MAX 

HOW MANY ACTIVITIES DOES YOUR PROBLEM H^^?2 

HOW MANY CONSTRAINTS IN YOUR PROBLEM K*.*. > = )?2 0 0 

DO YOU WNAT THE INITIAL TABLEAU PRINTED^YES 

DO YOU WANT THE INTERMEDIATE BASIC SOLUfl^NS PRINTED?YES 

DO YOU WANT THE FINAL TABLEAU PRINTED?YES 

STRUCTURAL ACTIVITIES 1 -2 

SLACK ACTIVITIES 3-4 

PHASE II INITIATED AFTER 0 ITERATIONS 

INITIAL TABLEAU 

Figure 18A-1 Computer output of linear-programming example 
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X(1} X{2) X(3) 


X (4) 


2 1 1 0 

2 4 0 1 


OBJ FN ROW: 

-20 -30 0 


0 


B VECTOR 

8000 

16000 

OBJ FN ROW; 

0 

INITIAL BASIC SOLUTION 
ACTIVITY VALUE 

3 8000 

4 16000 
2=0 


BASIC FEASIBLE SOLUTION AFTER ITERATION 1 
ACTIVITY VALUE 

1 2666,67 

2 2666.67 
2= 133333 

the SOLUTION IS MAXIMAL. 


OPTIMAL DUAL SOLUTION 
CONSTRAINT DUAL EVALUATOR 

1 3.33333 

2 6.66667 

OPTIMAL TA BLEAU 

X (41 

- 166667 
.333333 


6.66667 

b-vector 

2666.67 
2666.67 
OBJ FN ROW: 

133333. 

time 3 SECS. 


XII) 


X(2) 


X(3) 


1 

0 

OBJ FN ROW: 
0 


0 

1 

0 


.666667 

-.333333 

3.33333 
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APPENDIX B: BASIC Programming: 

Some Rules and an Example 

INTRODUCTION 

In (his appendix a few rules of Basic programming will be presented, along with an 
example, in order lo provide you with just enough of the language to be able to write 
simple programs but not enough to write more complex ones. 


STATEMENT CATEGORIES 

I here are three major categories in which the vocabulary of the Basic language can be 
placed. These include arithmetic, input-output, and control categories. These cate- 
gories and examples of the statements which fall into them are given in Table 18B-I. 

In I able lSB-2 a sample program is presented which is capable of computing and 
priming the sum of two numbers. The category into which these statements fall is 
iilenlified next to each one. Notice (hat the steps in the sample program are written in a 
logical order. I-irsi the data are supplied (A and B). then the sum is computed, then the 
results are printed, and then the computer is informed that the end of the program has 
been reached. In addition. e\ery step is numbered in sequence. 


STATEMENT RULES 


It is essential that 
organized accordin 


certain rules be followed when writing statements. These rules are 
g to the three categories of l able I8B-I. 


Table 18B-1 

Statement Categories 

Categories 

Statements 

Arithmetic 

LET 

Input-output 

READ. DATA. INPUT. PRINT 

Control 

GO TO. END 


Table 18B-2 Sample Program 
and the Statement Categories 


Statement 



Program 

category 

100 

INPUT A. B 

Input 

110 

LET C = A + B 

Arithmetic 

120 

PRINT C 

Output 

130 

END 

Control 
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Arithmetic Statements 

An arithmetic operarion is performed by using the word LET. followed by an equal 
sign and an arithmetic expression. Examples are given below: 

LET C = A + B 
LET Z = X/Y 

In the first example C is set equal to A plus B. and in the second example Z is set 
equal to X divided by Y. 

The symbols which can be used in formulating these mathematical expressions 
are limited to the ones shown below: 


Symbol Operation 


/ 

t 


Addition 

Subtraction 

Multiplication 

Division 

Exponentiation 


For example, if A is to be multiplied by E. it must be written as A » E; and if S is to he 
raised to the fifth power, it must be written as S t 

In Table 18B-2 the letters A. B. and C' are called variables. A variable is a quantity 
that can assume (or be assigned) any of a given set of \alucs. In Basic, \ariahlcs cati 
I>e denoted by single letters. 

To ensure that the arithmetic statement is executed in the right order, parentheses 
sre always used. For example, consider the folk)wing two statements: 

LET A = B + C/2 
LET A = (B + C)/2 

To the computer they are quite different. In the first statement. C will be di\ideii b\ _ 
and the result will be added to B. In the second statement, however. B will he added to 
C and then this sum will be divided by 2. Therefore, operations inside parentheses are 

always performed first. 

Input-Output Statements 

The purpose of the input-output statements is to direct the computer to transfer data 
between the central processor and input-output terminals. The words used to .ic 
complish this are READ. DATA. INPUT, and PRINT 

1 Read statements direct the computer to read data which arc to ht lound in . 

following DATA statement. 

2 DATA statements provide the data requested by a READ statement 

3 INPUT statemenlsdirectlhecompulertoasktheuserioinputtheneccss. 1 . 

fnrough the terminal. , . 

4 PRINT statements direct the computer to type the output on the usvr s ivrmina 
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READ and DATA Statements The READ statement includes the list of the 
variables for which the data are to be read. Consecutive variables must be separated 
by a comma. 

200 READ A. C. X 

This statement will direct the computer to find the next DATA statement, and read the 
first three as the values of A. C. and X. 

The DATA statement is written in the followini: way: 

.^00 DATA 125. 10. 1.5 

The computer will therefore assign the following values: 

A - 125 
C - 10 
X - 1.5 


It can he concluded that whenever a READ statement is used, a DATA statement 
must be included before the END of the program. 

IXPC I Statements I he INPL^T statement tlirects the computer to ask the user 
for input data. Consider the following statement; 

500 INPUT A. B 


When this pri>gram is executed, the computet; will print a question mark on the 
terminal and wait for the user to type the values of the tw'o variables. Once these 
values are received, the program will be continued. 


PRINT Statements I he PRINT statement is used 
terminal. It can be used in the following way: 


to print output on the 


1000 PRINT A. X 


The computer will print the 
The PRINT statement 
following way: 


values which it has stored for variables A and X. 
can be used also to print headings and labels in the 


100 PRINT •THE ANSWER IS- 


Whatever is within quotation marks wi 


be printed out on the terminal. 


Control Statements Control 
various parts of the program. One 
statement. 


statements are used to transfer the control to 
mechanism for accomplishing this is the GO TO 


125 GOTO 100 
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Table 18B-3 Introduction 
of GO TO Statement 


100 

INPUT 

A. B 

110 

LET C 

= A + B 

120 

PRINT 

C 

125 

GO TO 

100 

130 

END 



Table 18B-4 introduction 
of READ and DATA State- 
ments 

100 

READ A. B 

110 

LET C=A+B 

120 

PRINT C 

125 

DATA 10.15.25.60 

126 

GOTO 100 

130 

END 


When the computer arrives at this statement, it will he directed to return to sialeincni 

100 . 


SAMPLE PROGRAMS 

The program illustrated in Table ISB-2 can he analyzed in iIk folUnuiv > 
computer will start executing the program at statement lOd, ■ ‘ 

automatically be typed on the terminal, and the execution o 
temporarily be hailed until the data for A and B are enleted. ( tk<- eiiisKt.. 
will be computed and then the results printed on the terminal. 

Suppose that the user wanted to use this program ’”’ 7 - / 

therefore be convenient to have the computer return to statement 'Vp,,' | his 

This can be accomplished by introducing a (i(> lO statement a icr s a c 

If instead of using an INPUT statement. READ and progra'in is 

the actual data would have to be provided in the program. c ro sl 
shown in Table 18B-4. The first time through the summation 

would read the values of 10 and 15 for A and B. When statement ■ j,, jhc 

computer returns to statement 100 and proceeds to read the nc.i c . ^ 

Data statement. When it returns once again, you will be m orme 
has run out of data and your program will he terminated. 


problems 

18-1 Write a program for computing the average i>f fixe nurti 
as input by the user. 


which are supplied 
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18-2 Write a program for the following expression: 

AB-Cn 

4 

The values of the variables will be supplied by the user. 

18-3 Write a program for computing the standard deviation of the following five 
numbers: 10, 12, 16, 8, and 5. 

18-4 Write a program for computing the economic order quantity. The user will 
supply the demand estimate and per piece cost. The inventory carrying cost is 10 
percent per unit per year, and the fixed order cost is $100 per order. 

18-5 Write a program for computing the total yearly cost of an inventory system. Use 
the data supplied in problem 18-4. 

18-6 Assume that you are involved in a large project and would like to use the 
techniques of PERT analysis. Write a program which asks the user for their 
most likely, optimistic, and pessimistic estimates, and then computes the ex- 
pected time from these estimates. The program should be designed in such a 
way that upon completion of one expected value the process is repeated. 

18-7 The operations department of a large bank is trying to determine the customer 
wailing time (average time spent in the system) if four tellers are used. Their 
problem, however, is that they are not sure of the arrival rates and would like to 
examine the consequence of several different ones. The average service time is 2 
minutes. Both the arrival and service patterns can be represented by Poisson 
distributions. The bank channels customers into one line so that the system can 
be represented as a single-channel arrival-mulliple-channel service type. Write a 
program which can be used for this analysis. 



APPENDIX OF TABLES 


Table 1 Normal Curve Areas 


Area under the stan<liiril normal curve frotii 0 to >lifi\\ii j^luHlt-d, i> .I (j). 

Examples. If Z is the stamhird normal random vaiiahh- and > ^ i I. tln ri 



A Publish 

From Frederick Mosteller and Robert E K Rourke Sturdy Staiisiics. 

'*'9 Company. Inc.. Reading, Mass , 1973. p 313 
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Table 4 Unit Normal Loss Integral 
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• 3400 

0 

.6? 

.61 

. 60 

p R 


.28 

.^9 

. 30 


.5164 

.504.1 

. h900 

2 

. 403? 

.<<116 

• 420 J 

1 

. 0764 

. 064.1 

• 3900 

0 

. 72 

.71 

. 70 

p R 


.36 

.39 

. hO 


. 38<.>. 

.3721 

. JoOO 

2 

.<.712 

.•.756 

• >4 300 

1 

. l<.(«i. 

. 1521 

. 1600 

0 

• f>d 

.bl 

.60 

P < 


.46 

.49 

.50 


. 2704 

.2601 

. 2500 

> 

. 499? 

.4996 

• 5000 

1 

. 2304 

• 2401 

.2500 

0 

.52 

.51 

.50 

-> < 


From Robert A Parsons. Statistical Analysis: A Decision Making Approach. Harper & Row Publishers. 
Incorporated. New York, 1974 
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Table 5 Binomial Distribution (Continued) 


.01 

.02 

9703 

. 9412 

0294 

. 0576 

0003 

. 0012 

0000 

. 000 0 

.99 

.98 

.11 

.12 

7050 

.6615 

2614 

.2788 

0323 

. 0380 

(.013 

. 0017 

.89 

.86 

.21 

.22 

4930 

. 4746 

3932 

.4015 

1045 

. 1133 

0093 

. 0106 

.79 

.78 

.31 

.32 

.3285 

. 3144 

.4428 

. 4439 

.1969 

. 2089 

.1296 

. 0328 

.69 

.68 

.41 

.42 

.2054 

. 1951 

.4282 

.4239 

.2975 

. 3069 

.0689 

. 0741 

.59 

.56 


.c? 

.91?7 

.CC?6 

.0010 


. 1 3 
.6566 
.2952 

. 0022 
.67 


.23 

.*.565 

.*.091 

.1222 

.0122 

.77 


.33 

.3CC« 

.*.*.(.4 

.2189 

.0359 

.67 


.*.3 

.1852 

.*.101 

.3162 

.0795 

.57 


.04 

8647 

1106 

0046 

0001 

.96 


. 14 

.6361 
,3106 
. 0506 
. 0027 
. 86 


.24 
. 4390 
. 4159 
.1313 
.0138 
. 76 


. 34 
.2375 
. 4443 
. 2289 
. 0 393 
• 66 


. 44 

.1756 
.4140 
. 3252 
.0652 
. 56 


• ) 5 
. i?7 * 
.15 5 4 
.0)71 
. 0)01 
. )5 


. I 5 
.5141 
.)»9l 
. 05 74 
.0)34 
. 5 3 


. «2l) 
.4>U 

• 1 4 0 3 

.)l5i 

.75 


. 1 5 
. 2745 
.44)5 
.?59) 

. 0 42 ) 

. 5 5 


.45 

. 1 > 54 
.4)84 
.3)41 
. 0)11 
. 3 5 


. 06 
. 6106 
. 1590 
.0102 
. 00 02 
.94 


. 16 
. 5927 
. 33 87 
. 0645 
.0041 

. 8 ’4 


.20 
. 4052 
. 42 71 
.1501 
.0176 
.74 


. 36 
.2621 
. 4424 
. 2486 
. 0 467 
.64 


.46 

.1575 

.4)24 

.34^6 

.0973 

.54 


.07 
. 8']44 
.1616 
.0137 
.0003 
.93 


. 17 
.5718 
.3513 
. 0720 
. 0049 
.83 


. 27 
. 3690 
.4316 
.1597 
.0197 

.^5 


.37 
. 2500 
. 4406 
.2587 
. 050 7 
.63 


.47 
.1489 
. 3 961 
. 3512 
. 10)8 
.55 


.06 
. 7767 
. 20 31 
.0177 
. 0005 
.92 


.18 
.5514 
. 3631 
. 0797 
. 0058 
.82 


.25 
.?7ic 
. 4355 
. 1693 
. 0220 
,72 


.38 
.23^3 
. 4382 
.2686 
. 0549 
.62 


.48 
. 1406 
. 3894 
. 3594 
. IlOf 
.52 


.09 
. 7536 
.2236 
. 0221 
. 00 0 7 
.91 


. 1 9 
.5714 
. 3740 
. 0877 
.0069 
.81 


.29 
. 35 79 
. 4386 
.1791 
. 0244 
.71 


.39 
. 22 7 0 
. 4354 
. 2783 
. 0«'«3 
.( 1 


.49 

.1327 
.3723 
. 3*^ 74 
.11 7b 
.61 


. 10 
. 7290 
. 2430 
. J270 
. J JIO 
. 90 


. 20 
.5120 
. 3840 
. 0960 
.4060 
. 60 


. 30 
. '430 
. ••41 3 
.1890 
. 0270 
.70 


. ••O 
.2160 
.-•320 
. 2680 
. )o4J 
. 0 0 


. 50 
.1250 
. 3750 
. 3750 
. 1250 
. 50 


.01 
.5606 
.C388 
. bC06 
. 0000 
. 0000 
.99 


.02 
,9224 
. 0753 
.0023 
. OOllO 
. 000 0 
.98 


. 03 

.8853 
. 1 C95 
. 0051 
.OPCl 
.0000 
.07 


. 04 

8493 

1416 

0088 

0002 

OOOO 

. 96 


.35 
.8l'»> 
.l/l> 
.31 3> 
.OJ05 
. 0)00 
. )5 


.06 
. 7807 

.1993 
.0191 
. 03 06 
. 0000 
. 94 


,07 
. 7>.8l 

. 2252 
. 0254 
.0013 
. 0000 
.93 


.08 

.7164 

.2492 

,U325 

.0019 

. oooc 

. 92 


.09 
.6867 
.2713 
.0402 
. 0027 

.oroi 

.‘■i 


.10 

.6761 

.2916 
. J48b 

. 0 j 3o 
. 000 1 
. 90 


.11 

.6274 

• 3102 
.1575 
.0047 

• COOl 
.89 


.21 

.3895 

.4142 

.1651 

.0293 

.0019 

.79 


.12 
.5997 
. 327 1 
. 0669 
. 006 1 
. 0002 
. 88 


.22 
. 3702 
.4176 
.1767 
.0332 
. 0023 
.78 


. 1 .' 
.5 729 
.2424 
.076 7 
.tC76 
.0003 
.87 


.23 

.3515 

.4200 

.1862 

.0375 

.0828 

.77 


. 14 
. 5470 
. 3562 
. 0874 
. 0094 
. 0004 
. 66 


.24 

3330 

4214 

1996 

0420 

0033 

. 76 


• 1 5 
’) 
3785 
J )7i 
0115 

o)a> 

. ih 


. ?5 
31 34 

4!l ) 
210) 
l] . 6 ) 

0)39 

.75 


. 16 
. 4979 
. 3793 
.1084 
. 01)8 
. 0007 
.84 


.26 
. 2 999 
. 4214 
.2221 
.0520 
. 0045 
.74 


.17 

4/46 

3683 

1195 

0163 

0008 

,8 3 


.27 

26-. i) 

4201 
2 331 
0 >75 
0053 
.73 


.18 
.452) 
. 397C 
. 1307 
.0191 
.0010 
.82 


.28 
.2687 
.418C 
. 2439 
.0632 
. JOnl 
. 72 


.19 
. 4705 
.4f 39 
. 1421 
.0222 
.0013 
.81 


.29 

.254 1 
.4152 
.2544 
.0693 
. 00 71 
.71 


.20 
. 409o 
. 0 9 o 
. I 336 
, y 25t> 
. ) Jle 
. 80 


. 30 
. 2401 
.4116 
. 2o46 
. J75t» 
. Jd91 
. 70 


470 


TABLE 5 


Table 5 Binomial Distribution (Continued) 


R 

P .31 

• 32 

.33 

• 34 

• S > 

• 36 

.37 

.36 

• ?9 

. <*Q 


0 

.2267 

• 2138 

.?01S 

• 1897 

.1785 

• 1678 

. 1575 

.1976 

• 1385 

.1296 

4 

1 

.4074 

• 4025 

.3970 

• 3910 

• 3)45 

• 3775 

.3701 

. 3623 

• 3541 

. 3«*66 

3 

2 

.2745 

• 2841 

.^933 

• 3021 

• 3105 

.3185 

. 3?60 

. 3330 

.3396 

. i«*S6 

2 

3 

• 0822 

• 0891 

.09f^3 

. 1038 

. Ill ? 

.1194 

,1276 

.1361 

• 144 7 

.1536 

1 

4 

• 0092 

• 0105 

.0119 

. 0134 

.0150 

.0168 

.0197 

.0209 

.0231 

. J256 

0 


• 69 

• 68 

.67 

• 66 

• 55 

• 64 

.63 

.6? 

.61 

.60 



R 

P .41 

. 42 

• 43 

• 44 

• « 5 

• 4 6 

• 47 

. 48 

.49 

.50 


0 

. 1212 

.1132 

• 1056 

• 0983 

• 0)15 

.0850 

. 0789 

. 07 31 

• 0677 

. 0625 

4 

1 

.3366 

.3276 

• 3185 

• 3091 

• 2)85 

.299^ 

• 2799 

.2700 

• 2500 

. 2500 

3 

2 

.3511 

. 35b0 

• 3604 

• 3643 

• J 5 7 5 

. 3702 

• 3723 

. 3738 

. 3747 

. 3750 

> 

• 

3 

.1627 

.1719 

• 1813 

• 1908 

• 2305 

.211)2 

• 2201 

. 2300 

• 2400 

.2500 

1 

4 

.0283 

.0311 

• 0242 

. 0375 

.0413 

. 0448 

• 0488 

. 0531 

• 0*^76 

.0625 

J 


.59 

.58 

.57 

• 56 

♦ 5 5 

.54 

.53 

.52 

• 51 

.50 



R 

P 

• 01 

.02 

.03 

• 04 

• J5 

• 06 

.07 

.08 

.09 

U 


.9510 

. 9039 

.8587 

• 8154 

. 77 58 

• 7339 

.6957 

.6591 

.6240 

1 


• 0480 

.0922 

• 1328 

. 1699 

• >J39 

. 234? 

• 261 3 

. 2866 

• 30 86 

2 


• 0010 

• 0038 

.0072 

• 0 142 

• J M 4 

. 029) 

.0 3)4 

• 0498 

• 3610 

S 


• 0000 

• 0001 

• 0003 

• 0006 

• OUl 

• 001) 

. 00 30 

. 0043 

.0060 

4 


. 0000 

• oooo 

• OOOO 

• oooo 

. D 001 

. 0001 

• 0001 

• 00 

. 1Cl3 



.99 

• 98 

.97 

• 96 

• )5 

• 94 

.91 

• 92 

.91 

R 

P 

• 11 

• 12 

.13 

• 14 

• 1 5 

• 16 

• 17 

• 18 

.19 

0 


.5584 

. 527 7 

.4984 

. 4704 

.4*37 

.4182 

• 3939 

. 370 7 

. 3487 

1 


• 3451 

• 3598 

• 3724 

.3829 

• 3)13 

. 3983 

. 40 34 

• 4069 

. 4C 89 

2 


• 0853 

• 0981 

.1113 

. 1247 

. U 

. 1517 

• 1652 

. 178e 

• 191 9 

3 


• C105 

.0134 

• 0166 

• 0203 

• 0244 

. 02 89 

.0338 

.039( 

.0450 

4 


. 000 7 

. 0009 

.001? 

• 0017 

.0)22 

. 0028 

• 0035 

• 0043 

.0C53 

5 


. 0000 

• 000 0 

.0000 

• 0001 

• 0)01 

. 0001 

.0001 

.000? 

♦ 08 C2 



• 89 

• 88 

.87 

• 86 

.85 

• a 4 

.83 

• 8? 

.81 

R 

p 

.21 

.22 

.23 

• 24 

.25 

.26 

.27 

.28 

• 29 

U 


• 20 77 

.2887 

.2707 

. 2536 

.2J7) 

.2219 

.2073 

• 1935 

.1804 

1 


• 4090 

• 4072 

• 4043 

• 4003 

.3)53 

• 3898 

• 3834 

. 3762 

• 3685 

2 


.2174 

. 2297 

.2415 

.2529 

.2537 

. 2 7 39 

. 2836 

• 2926 

.3010 

3 


• 0578 

• 0648 

.0721 

• 0798 

.0)7) 

. 0962 

. 1149 

.1138 

. 1229 

4 


. 007 7 

. 0091 

.0106 

.0126 

• 0145 

• 016) 

.0194 

. 0221 

. 0251 

6 


• 0004 

• 0005 

• 0006 

• 0008 

.0010 

. 0012 

• 0314 

• 0017 

.0021 



• 79 

♦ 78 

.77 

. 76 

« 7 5 

.74 

. 73 

.72 

.71 

R 

P 

• 31 

• 32 

.33 

. 34 

. i > 

.36 

. 37 

. 38 

. ** 9 

0 


• 1564 

• 1454 

.1350 

.1252 

.1150 

. 1074 

.0992 

.0916 

. 0845 

1 


• 3513 

• 3421 

.3325 

. 3226 

.3124 

. 3020 

.2914 

• 2808 

. 2700 



.3157 

. 322 0 

.3275 

. 3323 

. 5 5 54 

. 3397 

. 3423 

. 3441 

♦ 3452 

3 


. 1418 

. 1515 

• 1613 

. 1712 

.1311 

.19 11 

.2010 

.2100 

• 2207 

4 


.0319 

. 0357 

. 0397 

• 0441 

. 0 « 88 

. 0537 

.0590 

. 064b 

.17 06 

6 


• 0029 

• 0034 

• 0039 

. 0045 

. J i 33 

• 0060 

. 0069 

• 0 0 7C 

• 00 <)0 



• 69 

• 68 

.67 

• 66 

• 5 5 

.64 

.6 3 

.62 

.61 

R 

P 

.41 

.42 

.43 

• 44 

. 4 5 

• 46 

.47 

• 4 8 

• 4 

0 


. 0715 

. 0656 

.060? 

. 0551 

*0 303 

• 0459 

. 0418 

.0380 

.0745 

1 


• 2484 

. 2376 

.2270 

.2164 

.2)5) 

. 1956 

.1854 

.1755 

.1657 



• 34 5 2 

. 3442 

.3424 

. 3400 

. 35 6) 

.3332 

• 3289 

. 324C 

• 31 85 

5 


• 2399 

.2492 

• 2583 

. 2671 

• 2757 

• 2838 

• 2916 

.2990 

. 3C60 

«• 


• 0834 

• 0902 

.0074 

• 1049 

.112) 

.1209 

. 1293 

.1380 

. 14 70 



• C116 

• 013 1 

.0147 

• 0 165 

• 0 183 

• 0206 

. 0229 

• 0255 

.0282 



.59 

.58 

.57 

.56 

• 3 3 

.54 

• 53 

.52 

.51 


. 10 
. 3905 

.0729 
. JOSi 
. J JOS 
. 90 


.20 

. 3277 

• •4 0 96 

• 

• J912 

• 0064 
. D003 

• il 


• 30 

• loO L 

• J602 
.3087 

• 1323 

• 0284 
■ J 0 2 4 

• 70 


• 40 
. 3778 
.2692 
« ^496 

• 2304 
.0768 

• 3102 
» oO 


« 80 
. J3l3 
. 1863 

• 3125 
.3125 
. 1563 

• 0313 
• 50 


y 


5 

4 

3 

> 

1 


y 


> 

5 

> 

1 

0 


> 

3 

> 

1 

0 


y 


'? 

4 

\ 

> 

1 

0 

< 


> 

.4 

3 

> 

1 
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Table 5 Binomial Distribution (Continued) 


.01 
.^‘.15 
.0571 
.0014 
. 0000 
. 0000 
. OOOO 
.99 



.0^ 

. d9*>8 
.1085 
. 00^5 
.0002 
. 000 0 
. 000 0 
.98 


.03 
.8330 
.1546 
.0120 
. 0005 
.ICOO 
.0000 
. 97 


. 04 
. 7928 
.1957 
. 0204 
.0011 
. 0000 
. 0000 
.96 


. J5 
.7 J51 
.2121 
• 1307 
. JJ21 
.0301 
. 03 03 
. 35 


. 06 
.6899 
.2642 
. 0422 
. 00 16 
. 0002 
. 0000 
. 94 


.07 
.6470 
.29?2 
. 0550 
. 0055 
. 0003 
.0000 
.93 


.09 
.6064 
.3164 
. 0696 
. 0080 
. 0005 
. 0000 
. 92 


.r9 
.5E 79 
. 33 70 
. 0^33 
.0110 
. 0008 
.oroo 
.®i 


. 10 
.5314 
. 354 3 
. 0 984 
.0146 
.0012 
.0001 
. 90 


.11 
.4970 
.3665 
.1139 
.0188 
.0017 
. 0001 
. 0000 
.89 


.12 
. 4644 
. 360 0 
. 1295 
. 0236 
. 0024 
. OOU 1 
. 000 0 
.88 


. 13 
.4376 
.3668 
.1452 
. 0269 
. 0072 
.0002 
. 0000 
.67 


. 14 
. 4046 
. 3952 
. 1608 
. 0349 
. 0043 
. 0 003 
. 0000 
. 96 


. L 5 
. 37 71 
. 3 993 
.176’ 
. 3 1 5 
.0155 
. 3 i J-> 
. 33 03 
.95 


.16 
. 3511 
.4015 
.1912 
. 0466 
. 0069 
. 00 05 
. 0000 
. 94 


.17 
. 3?69 
.4018 
.2057 
. 0562 
. 0096 
. 0007 
. 0000 
.81 


.18 
. 3040 

. 4004 
.2197 
.0643 
.0106 
. 0009 
. 0000 
. 6 ? 


.19 
.2824 
. 3975 
.2331 
.0729 
.0128 
.OC 12 
.0000 
.81 


. 20 
. 2621 
. 3932 
.2458 
.0819 
. 3 154 
.0019 
. 000 1 
. 80 


.21 
.2431 
. 3677 
.2577 
. 0913 
.0162 
.0019 
. 0001 
.79 


.22 
. 2252 
.3611 
. 2687 
. 101 1 
. 0214 
. 0024 
. 000 1 
.79 


.23 
.2064 
. 3 735 
.2785 
.1111 
. 0249 
.0070 
.COCl 
.77 


. 24 
.1927 
. 3651 
. 2882 
. 1?14 
. 028 7 
. 0036 
.0302 
. 76 


. »5 
.1790 
. 9>5J 
.2966 
.1319 
. 0 3 3 3 
.3344 
.0JJ2 
.75 


.26 
. 1642 
. 3462 
. 3041 
. 1424 
. 0 375 
.0053 
. 0003 
.74 


.27 
.1513 
. 3358 
.3105 
.1531 
. 0425 
. 0063 
. 0004 
.73 


.28 
.1393 
.3251 
.316b 
. 1639 
. 0478 
. 0074 
. 0006 
.72 


.29 
. 1281 
.3139 
. 3206 
.1746 
. 0535 
.0C87 
. 00 06 
.71 


. JO 
. 1 1 7o 
. 3025 
. 3241 
.1952 
. J'^95 
.3102 
. 300/ 
. ?0 


.31 
.1079 
.2909 
.2267 
.1957 
. 0660 
.0119 
. 0009 
.69 


.32 
. 0989 
.2792 

. 3284 
.2061 
. 0727 
.0137 
.0011 
.68 


.23 
.t'‘^05 
.2673 
.3292 
.2162 
.0 799 
.0157 
.CC13 
.(•7 


. 34 
.0927 
. 2555 
. 3290 
. 2260 
.0873 
.0180 
. 0015 
.66 


. 3 7 
.1754 
.24 J7 
. 3>9J 
. 2 953 
.0)51 
.3’05 
.3319 
. s 5 


. 36 
. 0697 
.2319 
. 3261 
. 2446 
.1032 
. 0232 
. 0022 
. 64 


.37 
. 0625 
. 2203 
.3?35 
. 2533 
.1116 
. 0262 
. 0026 
.63 


.38 
. 0568 
. 2039 
. 9201 
. 2616 
. 120? 
. 0296 
. 003C 
.62 


.39 
.0515 
.1976 
. 9159 
. 2693 
.1291 
. 0330 
. 0035 
.61 


. 40 
. 3467 
. I 866 
. 3110 
.2/65 
. I 362 
. 0369 
. 3 041 
. o 3 


.41 

.6422 

.1759 

.2055 

.2831 

.1475 

.(.410 

.U048 

.59 


.42 
. 0361 
. 1654 
.2994 
.2891 
. lS/0 
. 0455 
. 0055 
.58 


.43 
.0243 
.15'2 
.2026 
.2045 
. 1666 
. 0503 
. 0063 
. 5 7 


.44 
. 0 308 
. 1454 
.2856 
. 2992 
.1763 
. 0554 
. 0073 
.56 


. ♦ •? 
. 3 ’ 7 / 
.1359 
. 27 83 
. 3 3 52 
.1861 
. 0 »0 9 
.0183 
. 7 5 


. 46 
. 0248 
.1267 
.2699 
. 3065 
.1958 
. 0667 
. 0095 
.54 


.47 
. 0222 
.1179 
.2615 
. 3091 
. 2056 
. 0729 
.010 8 
.53 


. 4 

.0197 
. 109* 
. 2527 
.3110 
.2153 
. 0795 
.0122 
.52 


.49 
. 01/6 
.1014 
, 2436 
.3121 
.2249 
,0764 

.01 36 
.51 


. 60 
.0150 

.3)38 

.2J44 
. J125 
. 2 344 

.0)36 

.3156 

.50 


.01 
.9321 
.0659 
.0020 
. 0000 
. 0001 
. COOQ 
.99 


.02 
. 8681 
. 1240 
.00 76 
. 00U3 
. 0000 
. 0000 
.98 


.03 
. 8080 
.1749 
.015 2 
. 0008 
. ccoo 
. occo 

.97 


.04 
. 7514 
.2192 
. 0274 
.0019 
. 000 1 
.01300 
.96 


. 3 5 
.5)83 
.2373 
. 3 4 3 > 
.3335 
.33)2 
. 3 3 0 3 
. )> 


. 06 
.6485 
. 2 897 
. 0555 
. 0 059 
. 0004 
. 03(30 
. 94 


.07 
.6017 
. 3170 
.0716 
.0090 
. 000 7 
. 0003 
.93 


.08 
. 55 7b 
. 3396 
. 0886 
. 012« 
.0011 
. 0031 
.92 


.09 
.5160 
. ^5 78 
.1061 
.01 75 
. OU 1 7 
. 00 0 1 
.91 


. 10 
. .78J 
. 5/20 
. 1243 
. J2J0 
. 3 J26 
. 3 0 02 

. JO 




472 

Table 5 

Binomial Distribution (Continued) 




TABLE 

5 

R P 

• 11 

• 12 

.13 

• 14 

• 1 7 

• 16 

.17 

.18 

.14 

. 20 



0 

4423 

• 400r 

• 37^3 

. 3479 


.2951 


.2443 

.2288 

.2047 


7 

i 

362r 

• 390 1 

• 3946 

• 3965 

.39 30 

. 3935 

.3941 

. 3830 

. 3756 

. 3670 


6 

2 

1419 

• 1596 

.1769 

. 1936 


.2246 

.2341 

.2523 

. 2643 

.2753 


5 

3 

0292 

• 0363 

• 0441 

. 0525 

. 3 >17 

.0714 

.oai& 

. 0423 

. 1P33 

. 1147 



U 

0036 

• 0049 

• 0066 

. 0066 

.0104 

.0136 

.0167 

. 0203 

.021.2 

. J267 


1 

S 

400J 

. 0004 

• CC06 

. 0006 

.'Ml? 

. 00 16 

.0321 

.0027 

.0034 

.0043 


7 

6 

0000 

• 000 0 

• COOO 

. 0000 

. 0301 

• 0001 

. 0001 

. 000? 

. 0003 

.0004 


i 


• 09 

• 66 

.67 

• 66 

. 

• 64 

.93 

.82 

.61 

.80 

3 



R 

P .21 

.22 

.22 

• 24 

.25 

.25 

• 27 

.28 

.29 

. 30 


0 

.1420 

. 1757 

.1605 

• 1465 

.153> 

. 1215 

.1105 

. 1003 

• 0910 

. 0624 

7 

1 

. 3573 

. 34b8 

• 3356 

• 3237 

.3115 

• 2969 

• 28*>0 

.2731 

• 2600 

. 24*71 

6 

2 

.2850 

. 24J5 

.3007 

• 3067 

.3115 

• 3150 

.3174 

.3196 

.31 66 

.3177 

3 

3 

. 1263 

.1374 

.140? 

• 1614 

.1730 

. 1645 

.1956 

.2065 

. 21 69 

.2264 

4 

4 

• (j3 36 

. 0384 

.0447 

• 0510 

.0577 

. 0646 

.07?4 

. 080? 

• 6686 

.0472 

i 

5 

. 0054 

. 0066 

.0060 

• 0097 

.3115 

.0137 

.0161 

.0187 

• 0217 

. 0250 

> 

6 

. 0005 

. 0006 

. 0006 

• 0010 

.M13 

• 0015 

. 0020 

. 002<. 

• 0030 

.0036 

1 

7 

. 0000 

. 000 0 

.ccoo 

. 0000 

.OlOl 

. 0001 

. 0001 

. 0001 

• 0C02 

. 0002 

3 


.74 

.78 

.77 

• 76 

.75 

. 7 4 

. 73 

.72 

.71 

. 70 



R 

P .31 

.32 

.33 

• 34 

. 15 

. 36 

. 37 

.38 

.34 

.40 



U 

. 0745 

. 0672 

.0606 

• 0546 

.0499 

• 0440 

. 0344 

. 0352 

.0314 

. 0260 


r 

1 

.2342 

.2215 

• 2090 

. 1967 

.1346 

.173? 

. 1619 

. 1511 

.1407 

.1306 


6 

2 

.3156 

. 3127 

.3066 

• 3040 

• 2 36S 

. 2922 

.2853 

. 277? 

.2646 

.2613 


i 

J 

.2363 

. 2462 

.2535 

• 2610 

. 2 > 7 9 

. 2740 

. 2743 

. 2838 

.2875 

. 2903 



4 

. 1062 

.1154 

• 1246 

. 1345 

.14 4 2 

• 1541 

.16 4 0 

.1734 

.1838 

.1435 


i 

5 

.0286 

. 0326 

.C369 

• 0416 

. 0 4 9 > 

• 0920 

• 0 5 7 8 

. 0640 

. 0705 

.3774 


> 

6 

. 0043 

. 0061 

• 0061 

• 00 71 

• 0 3 64 

• 0096 

.0113 

.0131 

.0160 

.0172 


1 

7 

. 0003 

. OOO 3 

• C004 

. 0005 

.03 39 

• OJ06 

. 0004 

.0011 

.0014 

.0016 


) 


.64 

.68 

.67 

• 66 

. > i 

.64 

.63 

.62 

.61 

. 60 

i> 

9 


K 

P 

• 41 

• 42 

.43 

. 44 

• ♦ 5 

• 46 

.47 

• 46 

• 49 

• 50 



0 


• G249 

• 0221 

• 0195 

.0173 

.0152 

• 0 134 

• 0117 

.0102 

.0090 

. 0 078 


r 

1 


. 1211 

• 1119 

.1032 

. 0950 

. J 6 7 i 

• 0793 

. 07?9 

• 0664 

.0604 

.0547 


0 

2 


• c524 

• 2431 

.2336 

. 2259 

• 2 1 40 

• 2040 

.1940 

• 1 641 

.1740 

• 1641 


7 

3 


• 2923 

. 2934 

.2937 

. 2932 

• 2)13 

.2317 

.2367 

• 2830 

• 2766 

• 2734 


4 

4 


• 2031 

. 2125 

• 2216 

• 2 304 

.2 566 

• 2466 

. 2543 

.2612 

.2676 

. 2734 


5 

5 


• C647 

. 0923 

• 1003 

• 1066 

.117? 

.1261 

. 1353 

. 1447 

. 1543 

. 1 o4 1 


2 

6 


. Crl96 

. 0223 

.0252 

. 0284 

. 0 5 2 ) 

. 0353 

. 0400 

• 0445 

. 0494 

.0547 


1 

7 


• 0019 

. 0023 

.0027 

• 0032 

. J J j7 

• 0044 

. 0051 

. 0059 

. 00 66 

• 0076 


) 



• 59 

• 56 

.57 

• 56 

. > S 

.54 

.53 

.52 

.51 

. 50 

7 

< 

R 

P 

• 01 

.02 

• 03 

.04 

^ : 

. 05 

5 

. 16 

• 17 

• Oft 

. C9 

. 10 



0 


. 9227 

. 65U0 

• 70?7 

. 7214 

.9954 

. 60 96 

.5596 

• 5132 

.4703 

. 4305 


3 

1 


• C746 

• 1389 

.1079 

. 2405 

• ?7)5 

.3115 

.33^0 

. 35 7fi 

• 3721 

. i 32b 


7 

2 


• 0026 

. 0099 

.0210 

.0351 

• i 5 1 > 

• 0695 

. 0 3 3 8 

. 1 0 ft7 

• U 0ft 

• 1^88 


*> 

3 


. 0001 

. 0004 

. C C 1 3 

• 0029 

.0)54 

• 0369 

• 01 34 

.1169 

. 0255 

. J 551 


> 

4 


• 0000 

.0000 

• OGCl 

.0002 

.00)4 

.0 307 

.0313 

. uO 2 ] 

. 0031 

• J046 


4 

5 


. COOO 

. 000 0 

• COCO 

• 0 000 

.0)0) 

. J 0 0 3 

• 01)1 

• 0001 

. jr 02 

• 0004 


5 



.99 

. 96 

.^7 

• 96 

• 55 

.94 

• 93 

• 92 

.€>1 

.91 

p 


R 

P 

• 1 1 

. 12 

. 13 

. 14 

• 1 5 

• 1 6 

• 1 7 

• 1 6 

.19 

• 20 



4 


. o937 

. 30S6 

.3702 

• 2992 

• 2725 

. 24 79 

.2252 

• 2044 

. 1 ft53 

.167 3 


3 

1 


.3892 

. 3923 

.3923 

. 3 397 

.5347 

.3777 

.3691 

. 359t 

. 34 77 

. J 357 


7 

2 


. 1664 

. 107? 

.70^2 

. 2220 

. 2 5 75 

. 2513 

• 2646 

. 2758 

.2055 

.2936 


0 

3 


. C416 

. 051 1 

• C f 1 3 

.0723 

• 06 5) 

. 0951 

• 11 3 4 

.1211 

. 1 s'* 3 9 

.1463 


m 

> 

4 


• 0064 

• 006 7 

• c n 5 

.0147 

.013) 

. 0228 

. 02 77 

. 0332 

. 0793 

. 3459 


4 

9 


• 0006 

. 000 9 

.C 01 4 

.0019 

.0)2> 

. 0 035 

. 0045 

• 0090 

. 00 74 

. 0092 


3 

6 


• COOO 

• OCU 1 

• cnoi 

. 0002 

. 0 ) J2 

. ) 001 

.0115 

• 0000 

. or 09 

.0011 


2 

7 


• 0000 

• 000 0 

. CC ( 0 

• 0000 

• 00 0 0 

.0000 

. 0000 

• 000( 

• 00 bl 

. J 001 


1 



• 89 

• 06 

.07 

• 96 

• 6 5 

• 84 

.33 

. 82 

« 

. 60 

7 

< 
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Table 5 Binomial Distribution (Continued) 


R 

u 

1 

2 

i 

4 

5 

6 
7 
9 


R 
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1 

2 

i 
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5 

6 
7 
6 


R 

0 

1 

2 

3 

4 

5 

6 
7 
n 


R 

0 

1 

2 

i 

4 

5 

6 


R 

0 

1 

2 

6 

4 

5 

6 
7 


R 

U 
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2 

i 


p 


p 


p 


p 




p 



.22 

.1512 

. 1370 

.3226 

. 1092 

.3002 

.3052 

. 1596 

.1722 

. 0530 

.06U2 

.0113 

.0137 

. 0015 

.0019 

.COOl 

. 0002 

. 0000 

. 0000 

.79 

.79 


.31 

.32 

.0514 

. 0457 

.1647 

.1221 

.2904 

.2835 

.2609 

. ?66« 

.1465 

. 1569 

.0527 

. 0591 

. Olid 

.0139 

. 0015 

.0019 

. 0001 

. 000 1 

.69 

.68 


.41 

.42 

.1142 

.0126 

.0616 

. 0742 

.1965 

. 1660 

,2259 

. 2723 

.2392 

.2465 

.1332 

. 1426 

. 0463 

. 0512 

.0092 

.0102 

. 0009 

.0010 

.59 

.59 


.01 

.0^ 

.9135 

. R3 57 

. 0630 

• 

.t034 

. OUS 

.6001 

« OOiJb 

. 0000 

• OOQO 

. 0000 

. r^ooo 

* 0000 

• 000 0 

.99 



.11 

.iZ 

.3504 

• 31b5 

.3692 

. 36^4 

.1927 

• 211S 

. 0556 

• 067 4 

• 0103 

« 0130 

.0013 

*0019 

. 0001 

« 0003 

.00 00 

• 0000 

.89 

• d^ 


.21 

.22 

. 1199 

. 1069 

.2662 

.2213 

. 3049 

. 3061 

.1691 

.2014 


.2? 

.24 

.1236 

. 1113 

.2953 

. 2912 

.3 082 

.3106 

. 1 644 

. 1963 

.C669 

. 0 225 

.Oie*' 

. 0196 

.CC25 

. 0031 

.CCC2 

. 0003 

.OCCO 

. 0000 

. 27 

. 26 


.33 

. ’4 

. 0406 

. 0360 

.1600 

. 1484 

.2756 

. 2675 

.2712 

. 2756 

.1673 

. 1725 

. C650 

. 0232 

. L 162 

.0186 

. 0 023 

. 0028 

. 0 001 

. 0002 

.67 

. 66 


. 43 

. 44 

.CIU 

. 0092 

. 0672 

. 0608 

.1726 

.1522 

.2679 

. 2622 

.2526 

. 2580 

.l‘^25 

,1622 

.C‘'25 

. 063 2 

.0124 

.0143 

.001? 

.0014 

. 52 

. 56 


. 6 ’ 

. 04 

. 7602 

.6125 

.; 116 

. 2592 

.(262 

. 043 3 

.0019 

. 004? 

.con 

. 000 3 

. 00 00 

. 0 000 

.COro 

. 0 000 

.<‘7 

. 16 


. 17 

. !*• 

.2655 

. 2573 

.3640 

. 3720 

.2295 

. 2455 

.C6C0 

. 0933 

.0129 

. 0229 

.CC27 

. 0 03 2 

.CDC3 

. 0004 

.c err 

. 0000 

.67 

. 96 


.21 

.24 


. 094fa 


. 2404 

.3c^e 

. 3037 

• ?1?0 

. 2238 



.26 

. lOOL 

. 0999 

.7i7a 

. 2522 

. 31 1> 

.3109 

.237b 

.2164 

• ;)abS 

.0159 

.om 

. 0220 

• 03 33 

. 0042 

• 0 3 0 4 

. 0005 

.0 300 

. 0000 

.7b 

. 74 


. J5 

. 36 

.0311 

. 0291 

.1323 

,1262 

. 2 5 97 

.24 94 

. 2786 

.2605 

.1925 

.1923 

.0909 

. 0899 

,3212 

. 0250 

. 03 33 

. 0040 

.03 02 

.0003 

• j 5 

.64 


• '4 5 

• 46 

.133 

. 0072 


.0491 

.1 > 

.1469 

.^^bb 

.2503 

.^b^7 

.2665 

.1714 

.1916 

.J735 

. 0 2 74 

.3104 

.0188 

*0 J 17 

. 0020 

• 7 b 

.54 


9 

* 3b 

.06 

.blO? 

, 52 30 

. 2 3 A > 

. 3292 

. J 3 

. 0 14l 

.uJ77 

. 0 1 25 

. >3 3b 

.0012 

.0333 

.0001 

. J 3 

. 00 00 

. 3^^ 

. 94 


• 1 "> 

. 16 

. ?3l7 

. 2082 

. U74 

. 3 569 

.7347 

. 2220 

.I3t>3 

.1209 

.0M5 

. 0 345 

» 33b) 

. 0 066 

. lJ0-> 

. 0009 

• 030J 

. 0001 

. 1 7 

. 94 


. >5 

. ’6 

.0'51 

. 0665 

.2253 

.2104 

.33>)3 

.215' 

. 2 3 3i> 

. 2424 


.27 
.OSOb 
.2396 
. 3099 
.2296 
. 1056 
.0313 
. 0059 
.00 06 
.0000 
.73 


. 3/ 
.02>.9 
.1166 
. 239^ 
.2915 
, 2062 
.0921 
. 0295 
. OOitO 
. 0001 * 
.63 


.'.2 

. 0062 
. O'. >42 
.1321 
.2«.3l 
. 2695 
.1912 
. 09-.9 
.0215 
. 0024 
.53 


.02 
.5204 
»3525 
. 1061 
.0196 
. OO.’l 
.00 12 
, 0300 
.91 


.12 
.1969 
. 3446 
. 2923 
. 1 349 
.0415 
. 00 95 
.0012 
. 090 1 
. 93 


.29 
.0722 
.2242 
. 3059 
.2329 
. 1156 
. 0360 
. 00 2C 
. 0009 
. 003C 
.72 


.39 
. 0219 
.1021 
. 2292 
.2915 
.2152 
.1059 
. 0 324 
. 0052 
. 0004 
.62 


.4« 

. 0053 
. 039' 
.1225 
. 235' 
.2717 
. 2006 
. 092t 
. 0244 
.0029 
.52 


.09 
. 4222 
. 369'- 
. 129 ' 
. 026 1 
.00 14 
. OOf 3 

. ooor 

.9? 


.19 
. 1626 
.3312 
. 2909 
. 1499 
.04>10 
.0109 
. 0016 
. 0001 
.9? 


.29 
. 0646 
.2110 
.3017 
.2464 
. 1259 
.0411 
. 00 94 

. or 10 
. 000 1 
.71 


.39 
.0192 
. 099 1 
.21 94 
.29 06 
.22 42 
.1147 
. 0362 
. 00 62 
.0C05 
.61 


.49 
. OC 46 
.1352 
.1193 
. 22 23 
. 2 2 3 0 
.2099 
.IC09 
. 022 2 
. 003 3 
.51 


.09 
. 42 29 
. 3909 

. l‘-02 

. 0349 
.0052 
. 0005 
. 00 0 0 
.91 


.19 
.1501 
.3169 
. 2923 
. U 22 
. 057 1 
.0134 

. K 21 

. 0002 
. 9 1 


. 30 
. J576 
.1922 
.2965 
. 2541 
.1361 
.3462 
.0 100 
. J012 
.3001 
20 


. 40 
.0 169 
. j996 
. 2 090 
. 2262 
. 2322 
. 1239 

.0413 

. j 029 
. 000 2 
. 60 


.50 
. j039 
.0313 
. 1094 
.2199 
. 2 2 3 4 
.2199 
. 109'. 
.0113 
. 0039 
. 50 


.10 
. lo24 
. 1924 
. 1 2^^ 
. ) -.46 
. J02» 
. 0009 
. 0 00 1 
.90 


. 20 
. I 142 
. 3020 
. 1020 
. 1 262 
.0661 
. j 165 
. J J 2 9 
. 0 00 3 
. 90 
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7 

'y 
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> 

i 

J 
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© 

3 

•« 
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J 
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r 

J 

J 

p 

i 
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TABLE 5 


Table 5 Binomial Distribution (Continued) 


I* 
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b 
; 

6 
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0 

1 

^ 

3 
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b 

b 

7 

d 

9 


R 

Q 

1 

2 

3 




-e 

3 

1 

2 

i 

5 

b 

7 

•j 
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^ 

J 

4 

b 


O 


P 


o 


o 


p 


• 1754 

• d0b2 

• 0200 

• 0240 

• 0036 

• 0045 

• 0004 

• O0U5 

• 0000 

• 000 0 

• 79 

• 76 


• 31 

• 72 

• 0?55 

• 031 1 

• 1433 

. 1317 

• <576 

• 2479 

.2701 

. 2721 

• 1620 

• 1921 

• 00 19 

• 0904 

• 0245 

• 0264 

• 0047 

. 0057 

• C005 

• 000 7 

• COOC 

• 000 0 

• 69 

• 66 


• 41 

.42 

• 0097 

• 00/4 

. L542 

• 0494 

• 1506 

• 1402 

• 2442 

♦ 2769 

• 25 45 

.25/3 

• 1769 

• 1663 

« C919 

• 0900 

• 0244 

.0279 

• 0042 

• OOb 1 

• 000 3 

• 0004 

.59 

• 59 


• 01 

.0<' 

• 9044 
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• C914 
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• G042 
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• lOOl 

. 000 8 
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. OOU 0 
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. OOOO 

.99 

.<^8 
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.2766 
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• 0023 

. 0033 
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. 000 4 
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• OOO 0 

.99 
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.21 

.22 
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. 2517 
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• 2244 
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• 1 10 6 
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• 03/5 


.0^54 
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• 1399 
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.0295 
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• 0031 
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. 110? 
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. 1276 
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. 14/5 
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. J003 
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.62 
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.45 
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.47 
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. crt4 
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Table 5 Binomial Distribution (Continued) 
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Table 5 Binomial Distribution (Continued) 
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Table 5 Binomial Distribution (Contmued^ 
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Table 5 Binomial Distribution (Continued) 
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. 0000 

• 0000 

r 

« 0000 

. 0000 
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. 1460 
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. 0 772 

• 0^69 

2 

.2162 

.2010 

.1858 

. 1 707 

.1955 

3 

.c490 

. 24^.7 

.2405 

. 2 336 
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.2155 

.2213 

• 2292 

9 

. 1161 

. 1290 
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.0000 

• 0000 

• 0300 


. 79 

. 78 

.77 

. 76 

.79 


• 26 

.27 

.28 

.20 

. 30 


0 109 

. 0089 

. 00 72 
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.2276 

.226? 

. 2231 

.:i0& 

11 

1797 

. 1852 

. 1935 

.2005 

. 3061 

13 

1029 

. 1142 

. 1254 

. 1365 
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.0627 

.0717 

.0611 

9 

0165 

. 0201 

.0244 

.0293 

. 0 343 

7 

0049 

. 0058 

. 007(. 

. 0093 

.0116 

6 

G009 

.0013 

.0017 

.0023 

. 0 030 

5 

DOO? 

.0002 

. 0003 

. 00 04 

. 0 006 

4 

0000 

.0000 

.0000 

.OCOl 

. 000 1 

5 

.74 

.75 

. 72 

.71 

. 70 

•> < 


R 

P .31 

.32 

.33 

• 34 

• 59 

U 

• O03d 

. 003 1 

• 0029 

• 0020 

• 33 1) 

1 

• G29A 

.0217 
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Table 5 Binomial Distribution (Continued) 
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Table 5 Binomial Distribution (Continued) 
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Table 5 Binomial Distribution (Continued) 
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Table 5 Binomial Distribution (Continued) 
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Table 5 Binomial Distribution (Continued) 
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